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Abstract

How should we react to dynamically changing inputs in various areas of com-
puter science? This is one of the main questions we discuss in this thesis. The
problem is present both in machine learning environment coping with massive
amount of data available today and on the low level programming of computers.

One of the hot topics currently in machine learning are so called ensemble
methods. An ensemble model is a collection of multiple divergent, often simple,
base models. The variance of base models has been shown to give clear benefit
to the predictive power over using a single model. Not surprisingly, ensemble
methods also give new possibilities for coping with dynamic online inputs; we
can simply reweight the base models to adapt.

However, in this thesis we are especially interested in ensemble methods in
a specific framework. In many practical problems, we have multiple related at-
tributes that need to be predicted. For example, predicting the growth of flora
or biological composition of water are tasks that can be presented with multi-
ple attributes that clearly relate to each other. Recently there has been some
progress on methods that gain both smaller and more accurate overall models
by making use of relations between the predicted attributes. In this thesis, we
show that we can achieve both small and accurate models with a rule based
ensemble method FIRE. The method is extensively evaluated experimentally.

We also pull some strings together by showing how similar problems have
been solved in separate areas of computer science. In machine learning, the
problem of dynamically changing input has been studied under a term of concept
drift. Similarly in algorithm and data structure analysis a notion of locality of
reference has been present for long. We introduce a general framework that
covers both of the problems and briefly go through the work done on both of
the areas. We hope that by giving pointers to a bridge over the gap between
the fields, researchers in both areas could be able to pick up some fruits on the
other side.
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Chapter 1

Introduction

An often repeated slogan in computer science community is the increased volume
of information in multiple areas of life. For example, the amount of network
traffic and the number of computers, web pages, IP traffic, published scientific
papers, news reports, mobile network devices has been growing acceleratingly.
In many cases, it is not possible to go through all the data manually and we,
hence, need automated services that compress out the essential information.

One of the research areas to find out meaningful patterns in an ocean of
data is machine learning. Originally, the idea of machine learning was to au-
tomatically create rules for the intelligent behavior of algorithms. However,
nowadays machine learning is an umbrella term consisting of varying kinds of
methods. One of its most studied subareas is predictive learning on which we
mostly concentrate in this thesis.

In addition to learning, we are studying a separate but related area of com-
puter science: adaptive, or self-adjusting, data structures. We now illustrate the
content of both the areas with an example from mining industry. Assume we
are given a bunch of data which is represented by an ore block. We want to
extract some information, precious minerals, out of it.

With the predictive machine learning methods, we aim to figure out the
information based on the observable nature of the data. That is, by detecting
the mineral veins on the surface of the ore we predict if the block is rich enough
for further processing. The reasoning is based on our prior deep and thorough
analysis of similar ore blocks.

On the other hand, in the adaptive online data structure framework we
are interested in somewhat different things. For instance, we want to sort and
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store the ore blocks based on their most common material. Thus, we can later
easily get the blocks that have a lot platinum. In an online environment, we do
not specifically know the ore usage beforehand. Instead, the decision of needed
materials is made simultaneously with mining. Thus, we need adaptive solutions
to keep the storage in good order in all situations.

1.1 The Structure of the Thesis

As mentioned, in this thesis we concentrate mostly on some predictive machine
learning methods and adaptive online data structures. We start the thesis in
Chapter 2 by introducing the basic terms of the areas.

In predictive learning, we are trying to predict some unknown attributes
for new data instances based on our prior knowledge. In our quest for solving
learning problems, we have a couple of subtasks: for example, we have to choose
a suitable method, its parameters and make some more implementation level
choices like how possible optimization is executed. All this affects the type of
resulting model, its accuracy and understandability.

In fact, in addition to predictions, we can often use the learned model itself
as a source of information. Nevertheless, to gain accurate predictions the model
has to find and compress out some essential relationships inside the data. Thus,
the aim in learning can be two-fold: predictive accuracy and presentation of
complex relationship information. Unfortunately, two aims seem often to be
contradictory. The most accurate predictive models tend to be quite complex
and not easily presentable to a human reader.

Because of this, we have to choose our method carefully based on our needs.
One of the modern accurate approaches is the so-called support vector machine
(SVM) [Vapnik, 2000]. It is based on finding a maximal margin linear function
between two separate sets in some carefully chosen space. SVM is a good exam-
ple for case, where study of different optimization types gives still fruitful results
[e.g., Chapelle, 2007; Hsieh et al., 2008; Lin et al., 2007; Masnadi-Shirazi and
Vasconcelos, 2010]. In addition to efficiency, we are interested in the properties
of the resulting model. One way to affect the behavior and size of the model is
to choose the regularization of optimized function. In Chapter 3 we present, our
study on creating more static, and thus possibly more reliable models without
losing in efficiency. More precisely, we study a technique of getting approxi-
mately L1 regularized results by running efficient L2 regularized SVM a couple
of times in a row.
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Even small SVM models are usually considered quite unreadable for a lay-
man. Thus, if we want to base our decision making on the information collected
by a machine learning method, SVM is not usually the right choice. Fortunately,
we have other techniques for creating more understandable models. Decision
rule sets are commonly considered one of the most interpretable ones. However,
the traditional methods leave some hope for accuracy. Nevertheless, more accu-
rate versions called rule ensemble methods have been presented [Dembczyriski
et al., 2008b; Friedman and Popescu, 2005, 2008]. In Chapter 4 we introduce
and evaluate our rule ensembles method which is applicable to multi-target re-
gression problems. That is, we are simultaneously predicting multiple numeric
values instead of the traditional single one.

In machine learning the used computational time is not irrelevant. However,
in the area of data structures the problem has been even more present for a long
time. This is stressed when the amount of information is vast in comparison with
the time we have for processing it. For example, in sublinear time algorithms we
are not touching all the data when it is processed. More generally we often can
not go through all the past data when a new piece of information is achieved.
In our mining example it is clear that handling all the previous ore blocks when
storing a new one is out of question. There are plenty of frameworks for studying
this kind of situation, where data is inserted and accessed piece by piece. This
is different from the traditional offline framework where we have all the material
available from the beginning.

One of the older frameworks, called online algorithms [Albers, 2006], limits
the time usage to linear. This means that we should not use more than constant
time processing each of the data units. Or, better yet, we should touch each
unit only once during our scan. However, in the newer data stream framework
we are aiming for even sublinear time and storage usage [Muthukrishnan, 2005].

If the data is achieved in online fashion, the distribution of the data may
change during the progress. This happens even if the problem we are trying to
solve stays intact. This change may happen either abruptly or gradually. In our
mining example this could mean reaching a new rock layer in mining or slow
change in ore composition.

In the area of algorithms and data structures we call this change with terms
like locality of reference or appearance of working sets [Denning, 2005]. In
solving even the basic problems like data storage, searching or sorting efficiently,
it could benefit us to notice the existence of this phenomenon. That is, we
should realize that our model of the incoming distribution is not perfect forever
and some online adaptivity to input is needed. In our example it is clear that
detecting an increase in amount of platinum concentrated blocks allows us to
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sort them out more efficiently. Also it is natural that all the stored platinum ore
blocks are used at once and thus they define a working set. In Chapter 5, we
present our binary search tree algorithm that is designed to cope with occurring
working sets.

A similar phenomenon has been detected in machine learning. Here we are
talking about concept drift [Tsymbal, 2004]. In this case, the phenomenon may
be even more important to notice because instead of just slowing down the
process, failure leads to the decay of the current model. This, on the other
hand, means we are failing in our both predictive learning aims. We would find
ourselves making decisions based on outdated data. If we do not notice the
concentration of mined ore changing, it may be very disastrous for our search
for economically interesting materials. The analogy between concept drift and
locality of reference is an interesting problem in its own right. We cover the
similarities and study made in the areas in Chapter 6.

Finally, we end with some concluding remarks and future work ideas.

1.2 Summary of the Main Contribution

In short, the main contribution of this thesis can be listed as follows:

e In [I] we inspect theoretically and experimentally a previously known
method for simulating L1 regularization with clearly more efficient L2 reg-
ularization in case of support vector machines. We also give convergence
proofs for the method. This work is also examined briefly in Chapter 3.

e In [II, ITI] and in Chapter 4 we develop and extensively experimentally
evaluate a novel rule ensemble algorithm FIRE which is applied to pre-
dicting simultaneously multiple target attributes.

e We present an adaptive binary search tree WSPLAY in [IV]. The algorithm
is developed to cope with and adapt to online input where the dynamically
changing locality of reference occurs. The work is also narrowly touched
in Chapter 5.

e On the other hand, in Chapter 6 we examine the similarities of concept
drift and locality of reference. In a survey like manner, we show that lots
of common work has been done in these completely distinct areas.
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e Finally, [V] introduces a metric based method for weighting or selecting
machine learning predictive models in a collection. The metric is computed
on features gathered during the training phases of models. In some often
used cases, e.g. by using polynomial or Gaussian kernels, the weighting can
even be approximated much more efficiently than the traditional method.
The publication is covered in Chapter 6.

In publications [II, III, IV] and [V] the author gave most of the contribution.
However, in [I] the author had mostly a supportive role.
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Chapter 2

Background

In this chapter, we go through some background in the two areas mentioned in
the first chapter.

2.1 Areas of Machine Learning

Machine learning is an umbrella term covering techniques for distinct tasks. We
now go through a common categorization for it.

In this thesis, we are mainly considering supervised learning. In this case,
our task is to predict a vector valued function or probability distribution for
T target attributes y = (y1, Y2, --- , yr)' € Y based on known vector z =
(1, 22, ..., 2x)’ € X of K descriptive attributes. The process is divided
in two separate phases. In the training phase, we are given a set of training
examples E of the form (x,y). Our predictive model is created based on these
examples. After this, in the test phase we are given only the descriptive vector
x. Our task is to choose an answer that best estimates and generalizes the
original data set [E distribution. For instance in regression estimation our target
attribute prediction ¢ is a function of the descriptive vector ¢ = f(x). In the
traditional supervised learning environment the target vector y is scalar and is
often referred to as a label.

Slightly more formally, Vapnik [1999] defines supervised learning as follows.

Problem Definition 1. Supervised learning has three components:

1. random vectors & drawn independently from a (for the time being) fized,
but unknown distribution D(x),
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2. a (hypothetic) supervisor returning target vector y for every x, according
to a (for time being) fized, but unknown conditional distribution D(y,x),
and

3. a set of model functions f(x;03), where 3 = (B, fo, ...) is a meta-
parameter that identifies the function in the family.

Now our task is to find B so that function f(x;3) approzimates the supervisor’s
answers as well as possible. This is done by minimizing the error estimate for
the function f over some test set Eyoqy € X X Y

1

ERR(lavEtest) = W Z L(ya f(ac,ﬂ)) (21)
est (

z,Y)EE st

Here |E| is the size of set E and L is a preselected loss function. Low loss
function values imply a better model.

Sometimes the distributions D(z) and D(y,x) may be dynamic in nature.
We will cover this topic later in Section 2.2.1 and Chapter 6. Moreover, the
choice of loss function depends on our goal. Some often used loss functions are
introduced in Section 2.1.1.

So, we now have the problem definition: we have to find a good 3 for some
family of functions. How is this done in practice? First of all, we have to
choose a suitable family of functions based on the data and especially on the
need we have on the task. There are many function family alternatives with
different properties like accuracy, efficiency, simplicity etc. depending on the
problem at hand. After that, we select a loss function and use some heuristic or
optimization method to find the 3 value that gives the best approximation in
the family for the target function. We will cover the procedure in more detail
later.

Let us go on to the next category of machine learning. In unsupervised
learning we work on unlabeled data. That is, we do not have the target vector
y at all. In this case, we are trying to track the features of data with tools
like clustering [Berkhin, 2006; Xu and Wunsch II, 2005] and independent com-
ponent analysis [Hyvérinen and Oja, 2000]. In this categorization we usually
mention semi-supervised and reinforcement learning. In semi-supervised learn-
ing [Chapelle et al., 2010] we have some labeled examples but have also hold on
a greater set of unlabeled ones. On the other hand, in reinforcement learning
[Busoniu et al., 2008] the feedback given by a supervisor is only partial and
may, for example, consist only of hints of how well we are doing. In this thesis,
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we are mostly addressing the supervised learning as in [I, II, ITI, V]. However,
the method presented in [V] is also available for unlabeled data and thus for
unsupervised or semi-supervised learning.

Our goal in all these learning problems can usually be divided in two parts.
By modeling the given data, we try to create predictions on it or describe it. As
mentioned in Section 1.1, even if we are aiming for the prediction of the unknown
target attributes, the model usually also describes the underlying relationships
of the data. This makes the descriptive modeling possible. Moreover, the latter
aim is very evident in unsupervised learning. The relationship between de-
scription and prediction is especially investigated in the predictive clustering
framework [Blockeel, 1998; Blockeel and De Raedt, 1998; Blockeel et al., 1998;
Zenko, 2007; Zenko et al., 2006].

After selecting the function family, our task is to find a suitable 3 value by
minimizing the error estimate for Equation 2.1 on the facing page. Let us now
introduce how this subproblem is usually solved. Our task is to find a value 3"
defined by

B = arg Hgn ERR(B, Etest)- (2.2)

If we can not find an analytic solution, we need to use optimization methods of
some kind for this.

Unfortunately the answers given by Equation 2.2 are known to be unstable
especially if the sample size |Eiest| is small in comparison with the number of
parameters related to 8. Thus, we usually add some static penalty, or requ-
larization part A|3|® that stabilizes the results. That is, we rather solve the
problem

B = arg min ERR(3, Eest) + )\; 18i|°. (2.3)

Here with A > 0 we can tune the effectiveness of regularization. In addition,
a > 0 affects the type of regularization and, hence, the characteristic of solution
B
Thus the optimization problem usually consists of two parts: the actual loss
function L and the regularization part. For regularization popular values for
« include o = 2 (called L2 or ridge regularization) [Hoerl and Kennard, 1970;
Vapnik, 2000] and o = 1 (L1 or lasso regularization) [Donoho and Johnstone,
1994; Tibshirani, 1996]. The values have been shown to have interesting effects
on the resulting model. With regularization, we can affect, for example, the
overfitting nature of the model. Overfitting roughly means that the model is
based too deeply in details of training data and thus it loses the ability to
generalize the predictions outside the set. We will cover the regularization more
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in detail in Chapter 3. However, we discuss the loss functions in slightly more
detail in the next few sections.

2.1.1 Error and Loss Functions

In an optimization task the loss function, as in Equation 2.3 on the preceding
page, maps a solution candidate to its quality. Thus, in optimization our duty is
to choose a loss function that gives small value to good solutions and larger one
for bad solutions. The loss function, hence, substantially affects the optimization
result.

A significant feature of a loss function is its possible convezity.! For convex
loss functions every local minimal point is also a global minimal point. However,
it is worth noting that there may be also non-convex functions with a similar
property.

A simple proof of convexity for twice differentiable function f is to show
that its second derivative is always non-negative: f” () > 0. An optimization
problem with convex functions can be solved with simple and efficient local
optimization methods; whenever we end up in local minimum, we also have
a global minimum. Nevertheless, for many methods also differentiability is
needed. There are also convex functions like |z| that are not differentiable.
For more background on convex optimization, please see any optimization book
[e.g., Jarre and Vavasis, 2010].

We now go through some very often used examples of loss functions for a
couple of tasks. In supervised learning a common task is that of regression
estimation. In this case, the supervisor in Problem 1 on page 7 is simply a real
valued function y = F(x) € R” which may or may not belong to our set of
model functions f(x;3). In the latter case, we are trying to get as good an
approximation as possible.

Let us first assume that the supervisor function and model functions are
scalar valued, and mark them with y = F and f in this order.

The most widely used loss function for regression tasks is the squared loss

quuared(y7 f(waﬂ)) = %(y - f(q;ﬂ@))Q

Especially for an interesting and common class of models, namely those that
depend linearly on 3, the squared loss function has the nice property of being

1To be exact, we should talk about error function convexity, because error is the quantity
we are minimizing. However, the properties are equivalent for most errors.
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convex. The convexity over any weight 3; can be seen from the following:

2 . . 2 2 .
0 quuare@d;ﬁy; f(w’ﬁ)) _ <afg;;6)) +(y _ f(IB,ﬁ)) 78 gg;;'@) > 0.
>0 =0

Squared loss is known to be vulnerable to extreme, possibly defective, data
points. Thus, robuster losses have been presented [Huber, 1964].

Moreover, clear deficiency in error based on squared loss is that the value
depends on the scale of variables: if the target variable y has values in a narrow
interval like y € [0,1] we can not compare the loss function value to another
target value that has values from a wider interval. This property makes squared
error values in Equation 2.1 on page 8 incomparable between tasks.

As a solution, error functions like relative root squared error (RRSE), also
called relative root mean squared error (RRMSE), have been presented. Let us
assume that error is computed over the set E C X x Y. In this case RRSE is
defined by

Z(m,y)eE(y — f(z;8))?
Py —9?

Here 7 is the average of attribute y over the set E. RRSE compares the squared
error of a model with a constant model that always predicts the mean value
of the target attribute y. Thus, RRSE values over 1 mean that our model is
worse than a constant prediction. Because of these features, RRSE values are
somewhat more expressive and are often used for error reporting [II, ITI].
Another common task in supervised learning is classification. The only dif-
ference with regression estimation is that now the supervisor function is nominal
valued instead of real scalar. The function co-domain may be, e.g., the set of
integers y = F(x) € Z. In this thesis, we concentrate mostly on regression but
cover briefly a common special case of binary function here. From this, there
are plenty of generalizations to multiple label case [Elisseeff and Weston, 2001;
Fiirnkranz et al., 2008]. In binary classification the target function y = F(x)
may have only two different values from set {—1,1}. In these cases, 0/1-loss,
which simply computes the amount of right answers, is traditionally used:

Lo/1(y, f(x;8)) = ;(1 B y%) '

For predictive function f(a;3) we simply interpret all positive values as label 1
and negative values as —1.

ERRgrse(8,E) =
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Unfortunately, this loss function is not convex and thus losses like the hinge
loss

Dine (@3 8)) = o (0,511~ 1723 )] )

have been put forward. Also other convex classification loss functions like log-
arithmic loss exist.

2.1.2 Multi-Target Loss

As mentioned, in the traditional machine learning setting one predicts the value
of a single target attribute; categorical or a numeric one. A natural general-
ization of this setting is to predict multiple target attributes simultaneously
[Blockeel et al., 1998; Caruana, 1997]. A typical example from the environmen-
tal sciences, is the task of predicting species distribution or community structure
[Demsar et al., 2006], where we are interested in predicting the abundances of
a set of different species living in the same environment. These species rep-
resent the target attributes, which might, but need not be related. Examples
from other areas, ranging from natural language processing to bioinformatics
and medicine [Bickel et al., 2008; Jeong and Lee, 2009; Liu et al., 2010] are also
plentiful.

If our only goal is to achieve high predictive accuracy, a collection of single
target models may suffice to solve the problem. However, if we are also interested
in the interpretability of the model, the collection of single target models is
much more complex and harder to interpret than a single model that jointly
predicts all target attributes [Blockeel, 1998; Suzuki et al., 2001; Zenko and
Dzeroski, 2008]. An additional benefit of the multi-target models is that they
are frequently more accurate than the corresponding collections of single target
models [Blockeel, 1998; Caruana, 1997; Kocev et al., 2007; Suzuki et al., 2001].

Several standard learning methods such as neural networks [Caruana, 1997],
decision trees [Blockeel et al., 1998], model trees [Appice and Dzeroski, 2007],
classification rules [Suzuki et al., 2001; Zenko and Dzeroski, 2008], random
forests [Kocev et al., 2007] and regression rule ensembles [II, III] have been
extended towards multi-target prediction.

An approach related to multi-target learning is multi-task learning [Argyriou
et al., 2008; Caruana, 1997; Chapelle et al., 2011]. In multi-task learning our
aim is to learn multiple single-target learning tasks with different training sets
(and even features) at the same time. This way, like multi-target prediction,
multi-task learning should be able to benefit from relationships between tasks.
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As a result from multi-task training we get a separate trained model for each of
the tasks.

There are some clear differences between multi-target and multi-task learn-
ing. The most obvious one between the problem domains is the amount of
trained models: a separate model for each of the tasks or single model trained
for the whole problem. Moreover, we recall from Section 2.1 the parts of a learn-
ing problem. Multi-task learning aims to predict the target features and also
describe their relationship with the descriptive features. However, the multi-
task model does not necessary aim to describe the relationships between the
target features. The last aim, nevertheless, is exactly one of the main points in
multi-target learning.

Nevertheless, it is true that the domains have some common background.
This can be seen, for instance, in the similar decision practices of the learning
algorithms in multi-target [II, ITI] and multi-task [Chapelle et al., 2011] domains.
Anyway, the areas have to be considered separate and we concentrate on multi-
target learning in the rest of the thesis.

Figure 2.1: Tllustration of aggregate losses max (bold line) and avg (dashed line)
in case of two targets.

Back to multi-target learning and loss functions applicable to it. All the
loss functions presented in Section 2.1.1 are intended for scalar valued target
functions only. In case of multiple targets, we have to use some kind of aggregate.
To keep the aggregate of loss functions convex, we have at least two simple
possibilities, namely taking mean or maximum over single target loss functions.
Let us denote with L; a loss function for the t-th coordinate y; of T" dimensional
target vector y. The situation is presented in Figure 2.1. Now, the proposed
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aggregate loss functions would take the form

Lavs(y, £ 8)) = 7 3~ Ly, Sl )

Limax(y, f(z;8)) = trznl?‘_)_(TL@tyft(w?ﬁ))-

We could assume the first aggregation Ly, to be more suitable. First of
all, even if Ly, is may be continuous and piecewise differentiable, it is not
usually differentiable. Thus, the behavior of many optimization methods, es-
pecially those based on the gradient, is unpredictable near the discontinuity
points. Those are naturally candidates as minimum. In practice this would
cause oscillation near the optimums. Moreover, in case of the gradient based
methods we have to compute explicit loss function values in addition to the
gradients. For L,y gradient computation is always enough.

The aggregates also treat the targets somewhat differently. If one of the
targets is more difficult to optimize than the others—i.e., has greater loss—the
optimization with L. is totally dominated by it. This could, of course, be the
desired behavior. Nevertheless, L,y, gives some effect on all the targets even if
a more difficult one may still be dominating. Naturally the domination for both
loss functions can be prevented with a suitable normalization of data.

In any case, we want to report errors over multi-target data sets with RRSE.
For this we have two possibilities: On one hand, we can treat each of the
target attributes of all data sets as an independent measurement. The argument
against this option is that target attributes within one data set are probably
not independent and as a result our statistical test will show more significant
differences than there actually are. On the other hand, we can compute the
average over all targets within each data set and consider such averages as
independent measurements. The argument against the second option is that by
computing target averages we are actually “summing apples and oranges” and
the resulting average is probably not a valid quantity. In the absence of a better
available solution, our suggestion is to present statistical tests for both options.
This is what we did in our experiments [II, ITI].

2.1.3 Model Families for Machine Learning

In Section 1.1, we mentioned the existence of differing kinds of machine learning
methods. The choice of method type will set our possible models, that is, the
model set f(x;3). In this section, we will briefly mention a couple of methods
that will be used later in the thesis.



2.1. Areas of Machine Learning 15

One of the modern accurate approaches is the so-called support vector ma-
chine (SVM) [Vapnik, 2000]. It is based on finding a maximal margin hyper-
plane between two sets in some carefully chosen space. In Chapter 3, we present
our study on creating less overfitting models without losing in the efficiency of
the optimization process. This is done by simulating a lasso regularization by
running a more efficiently solvable problem with ridge regularization.

As already stated in Section 2.1, in addition to predictions, we can often use
the learned model itself as a source of information. In this thesis, we are espe-
cially interested in one property of the model family f(x;3): understandability
or interpretability for the human reader. That is, when a predictive model has
been trained, how well a layman can understand the reasoning behind the pre-
dictions. Naturally, the size of the model has an effect on this but the model
type is an even greater factor.

Unfortunately the most accurate predictive models like SVM tend to be
quite complex and not easily presentable to a human reader: even small SVM
models can be considered quite unreadable for a layman. SVM model consists
of weights for summation over inner products. Thus, if we want to base our
decision making on the information collected by a machine learning method,
SVM is not usually the right choice.

Fortunately, we have other techniques for creating more understandable
models. Decision rule sets [Flach and Lavraé¢, 2003] are commonly considered
one of the most interpretable ones. The decision rules are based on simple

IF <condition> THEN <prediction> type conditional rules that give the pre-
diction if the conditions are met, that is, if rule covers the example. The rule
conditions are created, for example, by splitting the descriptive attribute space
based on the maximum gain. In this case the averages of target values in split
intervals could form the predictions.

However, the traditional decision rule methods [like Michalski, 1969] are
not as accurate as one would hope. Fortunately, more accurate versions called
rule ensembles have been presented [Dembczyriski et al., 2008b; Friedman and
Popescu, 2005, 2008]. In Chapter 4 we introduce and evaluate our rule ensembles
method which is applicable to multi-target regression environment mentioned
in Section 2.1.2.
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2.2 Dynamic Input

In the traditional perspective of computer science, we are treating the given
data as a static input. This way the whole data set is available all the time
and also prior to executing the algorithm. This framework creates offline meth-
ods. On the other hand, online algorithms have been under increasing study
[Albers, 2006]. In the online framework, the data is processed, e.g., sample by
sample while arriving. There are a couple of important problems we are facing
specifically in online environment: for example the efficiency of the algorithm
for on-the-fly processing and preparation for sudden changes in the nature of
input. There is clearly a practical need for such research in form of internet and
mobile phone applications.

2.2.1 Concept Drift in Online Learning

One of the additional benefits of using ensembles of models instead of single
model learning is that they can often easily adapt to dynamically changing
input, i.e. concept drift. In concept drift the input distribution is changing due
to unknown reasons [Klinkenberg, 2004; Kolter and Maloof, 2007].

A good—and unfortunately often daily—example of concept drift are at-
tributes of junk e-mail. The senders of this kind of mail try to pass the filters
designed to eliminate unwanted e-mails. Thus, the junk mail is under continual
change when filters try to adapt to new kind of threat. In this situation, the
filtering task does not change: we try to decide if incoming mail is junk or not.
However, the features that reveal a mail to be junk transform.

But how is the ensemble learning related to this? First of all, the advantage
of an ensemble in this case is partly related to the fact that ensembles are known
to less likely overfit on the training data set [Blockeel, 1998; Caruana, 1997].
Second, like Tsymbal [2004] mentions, three approaches to handling concept
drift can be separated: instance selection, instance weighting, and weighting
base models in ensembles [e.g., Kolter and Maloof, 2007; Scholz and Klinkenberg,
2007; Wang et al., 2003]: The idea of instance selection is to select only those
instances that are relevant in current situation. Instance weighting is a more
general way of doing the previous—we now weight the instances based on their
relevance. Both of these approaches need, more or less, to tune or train the
learned models again on the modified data set.

On the other hand, the ensemble weighting approach changes the base model
weights based on their relevance to the current input. Thus, it is possible to
modify only the weights of predictors without necessarily going back to the
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training phase. In our paper [V] we have studied a solution of weighting the base
models based on the similarity of current data input with the training data sets.
The idea of the proposed method MMDSEL is to use a metric called maximum
mean discrepancy (MMD) by Smola et al. [2007] and Gretton et al. [2007a,b]
to compare the training data sets with current input. To achieve significant
improvements in time efficiency we proposed the use of approximation methods
for some versions of MMD.

Concept drift and dynamic input in machine learning environment are dis-
cussed more in detail in Chapter 6.

2.2.2 Locality of Reference on Data Structures

In online algorithm and data structures research a long perceived locality of
reference effect very similar to concept drift can be found. This phenomenon
has been modeled e.g. with working sets and recurring locality phases [Albers
et al., 2005; Shen et al., 2007].

There are a couple of reasons why the study of this kind of phenomenon
has been going on so long [Albers, 2006]: First, like in machine learning we
are interested in creating algorithms that work effectively on real applications.
Second, there are some very intriguing examples where our traditional worst
case techniques fail to give us the needed information.

The best known example is about a method called competitive analysis which
compares the algorithm with a hypothetical optimal one. In paging problem
competitive analysis unfortunately fails to separate the basic “first in first out”
algorithm from some more advanced ones like “last recently used” which in prac-
tice are more efficient. This is due to the worst case nature of the competitive
analysis. For more information, we guide the reader to the survey by Albers
[2006].

We also studied the problem of getting use of the working set model in splay
tree data structure [IV]. The introduced WSPLAY algorithm is presented more
in detail in Chapter 5.

There is a clear analogy between locality of reference and concept drift. In
fact, both research problems can be expressed as special cases of a more general
model of change. Connecting the results of different areas could give us new
ideas on how to solve the problem. The analogy is covered in Chapter 6.
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Chapter 3

Regularization in Convex
Optimization

In this chapter, we discuss convex optimization more in detail and in particular
the role of regularization in it. Based on [I], we also introduce some results on
support vector machine (SVM) regularization. In this chapter, we assume the
single target setting. The multi-target case will be covered in the next chapter.

In Section 2.1, we gave most of the needed background terms. However,
before we go to details we make one more assumption. In this chapter we limit
our family of models f(x;3) to the weighted sums of base predictors:

M
f(a;8) = f(m;w) = wo + > wipi(), (3.1)
i=1
where p; are base functions or base models dependent only on the descriptive
attributes @. This collection covers both SVM and rule ensembles mentioned in
Section 2.1.3.
Recall that an optimization problem is defined by equations like

M

. .1 a

w* = argrrgn@( E)EEL(yj(w;w)) +A E 1 |w; %, (3.2)
@,y i=

where we are searching for good approximate solution w™*. In this chapter, we
assume that the loss function is convex as defined in Section 2.1.1. We already
discussed the left hand part of the optimization problem in Equation 3.2. We
now examine the regularization part A Ef\il |w;|® more in depth.
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3.1 Regularization

As mentioned we use the regularization part in optimization problems mostly
to stabilize the results. This way the optimization result is not as dependent
on the natural variance of randomly drawn sample |E|. In other words, the
background idea is to add some static penalty that is independent of the current
set. In addition to stability, the regularization tends to prevent the optimized
variable values w; from getting values unnecessarily far from zero.

In the regularization term A}, |w;|* we have two parameters. With A we
can tune the strength of regularization. In one extreme with A = 0 we get a
completely unregularized problem with great variance. In the other end A = oo
we get a completely static result w = 0 which does not consider the actual loss
function at all.

Generally strategies like cross-validation are used to find out suitable value
for A. In K-fold cross-validation, the training set is split into K equal size
subsets. The algorithm is repeatedly trained on K — 1 subsets and validated
with the remaining one. By uniting the results of all K validation cases we can
make assumptions on the overall behavior.

However, in the regularization term the parameter « interests us more. It
affects the type of regularization and, hence, the characteristic of the solution
w™*. Popular values for « include v = 2 (L2 or ridge regularization) [Hoerl and
Kennard, 1970; Vapnik, 2000] and o = 1 (L1 or lasso regularization) [Donoho
and Johnstone, 1994; Tibshirani, 1996]. The values have been shown to have
interestingly different effect on the resulting model:

First of all, ridge regularization tends to result in many nonzero weights
w;. This happens because with lower absolute values of |w| we lose smaller
amount when updating. For example, let n be the amount of change and (,w
some weights with order 0 < ¢ < w, i.e. {/w < 1. Now we notice the effect by
computing how much the regularization sum is affected by updating one of the
two weights:

Cam 2

((C+n)? =l =2 +n?| = 27— + 7| < |(w+n)? — 7.
w

Thus, ridge regularization encourages the change of the variable values near
zero and ends up having roughly equal weights for highly correlating variables.

On the other hand, lasso regularization treats weights more equally in this
sense. Namely, Tibshirani [1996] showed that lasso tends to lead to weights of
highly correlated base functions being set to zero. This, then usually means
simpler models and should help against overfitting.
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Figure 3.1 illustrates the effect of L1 (lasso) and L2 (ridge) regularization.
We come back to RW in Section 3.3. The shapes expose in two dimensions the
distances where the regularization penalty is equal. For lasso regularization, we
are more likely to find such solutions to the problem that have more variables set
to zero while ridge regularization has the reverse effect. However, as Friedman
and Popescu [2004] state regularization should always be chosen based on the
assumed best possible solution. Often the best solution lies between these two
extremes [Lounici et al., 2009; Rakotomamonjy et al., 2011]. If we have no prior
knowledge about it, we can again use model selection techniques like cross-
validation.

feasible region

origin

Figure 3.1: Effect of L1 (lasso—gray square), L2 (ridge—circle in dashed line)
and their combined (RW—ellipsoid) regularization on optimization result in
two dimensional case. For each regularization, the points in shapes have equal
penalty on the optimization problem.
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3.2 Gradient Directed Optimization

In this section, we go through a gradient directed optimization method intro-
duced by Friedman and Popescu [2004]. It finds a local minimum of the opti-
mization problem. Thus, to gain a globally optimal result, the problem has to
be convex. In addition, because the method is based on computing gradients,
the loss function has to be differentiable.

The method, as the authors claim, roughly generalizes such known methods
as gradient descent, partial least squares regression [Wold et al., 1984], ridge-
regression [Hoerl and Kennard, 1970], least angle regression [Efron et al., 2004],
and lasso regression [Tibshirani, 1996]. These optimization methods have a
variety of properties that are comparable to what was mentioned in the previous
section about regularization. Friedman and Popescu [2004] introduce how the
optimization method can be used efficiently with squared loss and robuster
Huber [1964] loss function in linear regression and classification.

The gradient directed optimization method is based on the basic gradient
descent, or steepest descent, where we always take a step toward the negative
gradient. That is, if g(x) = VL(y, f(z;w)) is the gradient we follow it in
infinitesimally small steps. In practice the step size is controlled with variable
~ and the step on each iteration is of form —yg(x).

However, in the gradient directed optimization we rather take step toward
a tangent vector h(x) that corresponds to some direction that lowers the error.
Simply put, we take steps that lower the error but are not necessarily directed
to the steepest slope. Formally this condition is met if the chosen direction,
tangent, projects positively on the negative gradient: h' (z)(—g(z)) > 0. Thus,
Friedman and Popescu [2004] choose the tangent direction to be

h(z) = —(lo(z)go(x), l(x)g1 (), ..., lu(®)gu ()T,

where components [; of vector I(x) are scaling factors. The tangent condition
is followed at least when scaling factors are non-negative I; > 0 as we see by
following: h'(x)(—g(z)) = 1" (z)||g(z)||>. In this case, the new weights w’ are
formed with small steps w’ = w + vh.

Setting all [; factors to some constant value causes the gradient directed
approach to be equivalent to the original gradient descent method. However,
Friedman and Popescu [2004] show that by adjusting the diversity of the scaling
factors I we can control the optimization process in a way similar to regulariza-
tion. They claim that with enough possibilities for I, infinitesimal size steps to
tangent direction h(x) essentially cover the possible paths of all the optimiza-
tion methods mentioned at the beginning of this section. Thus, we can find
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all the optimal points reachable by those algorithms with the gradient directed
method.

However, we still have not defined the actual form of the function I that
would allow such diversity. Friedman and Popescu [2004] suggest

. — . >
Li(@) =1|lgj(x)] = 7 max |gi()]|,

where 7 € [0,1] is a gradient threshold parameter that affects the diversity.
Furthermore, I[] is an indicator function that equals one if the statement is
true and zero otherwise. In practice the scaling factors grant that the tangent
vector h(x) is only affected by those gradients g; that have high enough absolute
value, relative to 7. Thus, only those weights w; are modified. Clearly with
larger values of T we get more diversity to the optimization process by updating
less weights at each iteration.

Hence, for the gradient directed optimization the regularization part of the
optimization problem in Equation 3.2 on page 19 is not computed. Instead we
explicitly control the number of weights that get changed on each optimization
iteration. With 7 = 0, we are changing all the weights on each iteration, result-
ing in a behavior similar to ridge regularization (o = 2). On the other hand,
if 7 = 1, only one gradient on each iteration is modified and the behavior is
similar to lasso regularization (o = 1). We want to select the best 7 value based
on our prior knowledge on the problem.

Even if we try out different 7 values with cross-validation, the procedure is
very effective especially with the squared loss regression. In this case, we can
update both the gradients g and weights w efficiently because they are affected
only by the non-zero tangent vector h coordinates. Because of the definition of
scaling vector [ this is usually only a small subset of gradients g. Hence, most of
the optimization time, namely |E|M?/2, is spent on computing the covariances
between the weights. In addition, we do not have to compute the covariances for
zero weighted predictive terms at all. [Friedman and Popescu, 2004] Thus, most
of the resources are usually used for optimization with lower values of 7 because
that is when most of the weights are affected. For example, in our experiments,
the case 7 = 0 seems to take at least half of the computing time alone.

We come back to the gradient directed optimization in Section 4.3.3. We
now move on to consider regularization more deeply.
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3.3 Efficient Regularization in Support Vector
Machines

In this section, we present our study on support vector machines (SVM) regu-
larization [I].

3.3.1 Background

SVMs [Cortes and Vapnik, 1995; Vapnik, 2000] are a vastly studied method
for classification and regression. Their clear benefit is the stable theoretical
background backing them up. SVMs basically aim to find a maximal margin
hyperplane between two sets.

The original linear SVM is only able to separate two sets linearly in classifica-
tion setting. Thus, in this section we are talking only about binary classification.
However, the usefulness of SVMs greatly improved when it was noticed that in
the so-called dual form the optimization problem uses only inner products be-
tween training and testing instances. Thus, an implicit mapping to another
suitable inner product space can be used. With this kind of trick also nonlinear
set separators are available. In this case, the inner products are replaced with
the so-called kernel functions. The study of kernel functions has been fruit-
ful area of research—see, e.g., [Shawe-Taylor and Cristianini, 2004] for more
information.

Nevertheless, in this section we stick to linear SVM with L2 regularization.
The optimization problem is usually expressed as:

1
Il"}lljngHwHQ-i-C Z L(y, f(z; w)).
(x,y)€E

However, this usual form is slightly different from the one we used in Equa-
tion 3.2 on page 19, and thus we instead use the equivalent form

3 1 . 2
] (w%):EEL(y,f(ﬂc,w)) + Allw|” (3-3)

In classification we usually use as a loss function either hinge loss (L1-SVM)
presented in Section 2.1.1 or its square (L.2-SVM). The regularization is either
the ridge (2-norm), as in Equation 3.3, or lasso (1-norm) [Zhu et al., 2004]:
wa |w;] = |Jlw||1. The effect on regularization function has been analyzed at
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the beginning of this chapter. As mentioned, using lasso regularization tends to
give sparser and more stable results. Thus, it would often be preferable.

Nevertheless, it seems like ridge regularized SVM is more easily solvable.
At least we have multiple optimization problem solver implementations with
many desirable abilities: for example solvers with great performance [Hsieh
et al., 2008; Shalev-Shwartz et al., 2007], scalability, stability, and availability of
different objective functions (like L1-SVM and L2-SVM) minimizations can be
mentioned. For lasso regularized SVM there has been less success with efficient
solvers.

In [I] we consider a reweighting algorithm (RW) that approximates lasso
SVM with multiple runs of ridge SVM. In addition, the optimization process
and result keeps most of the characteristics of the original 2-norm solver. Thus,
we aim to get the best parts of both 1-norm and 2-norm solving. Prior to our
work, it was already known that such a reweighting method converges to the
lasso optimization result [Grandvalet and Canu, 1999]. However, the rate of
convergence is still unknown. Fortunately, we are able to give a lower bound
per iteration for the progress. The result also gives some intuition to the pro-
cess of reweighting. For example, we notice that the convergence is slow when
coordinates are near zero.

In addition, in [I] we experimentally show that even a few iterations of
the reweighting algorithm may give a solution that is more accurate and less
overfitting than either the original ridge or the target lasso solution. However,
according to Schmidt et al. [2007] we may need hundreds of iterations to actually
converge to the lasso solution. This supports the statement by Friedman and
Popescu [2004]: the most accurate solution is often found somewhere between
the two regularization extremes (lasso and ridge).

3.3.2 Reweighting Ridge Regularized SVM

In this section, we go through the reweighting algorithm. However, let us first
define an element-wise product (Hadamard product) of two vectors w and v
with w ® v = (wyvy, Wavs, ..., warvar) .

The reweighting algorithm is presented in Algorithm 3.1 on the next page.
On each iteration, the descriptive attributes x are weighted with v. The weights
v, however, are iteratively computed based on previous SVM solutions so that
for iteration ¢ > 1 the used weight in coordinate i is v(s ;) = \/|w(t—1,i)V—1,5)ls
where w(;_1 ;) is the corresponding coordinate of the ridge regularized SVM
solution of iteration t — 1.
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Input: training set E and number of iterations N
Output: weight vector w

1: v1 <1

2: fort=1to N do

5 E e {(@ouv,y)l(@y) € E}

4:  w; + solve ridge SVM with examples E}
5:  for each coordinate i do

6: V(tt1,0) < /W) V)|

7. end for

8: end for

9: w4 wny QUN.

10: return w

Algorithm 3.1: Algorithm for reweighting the ridge regularized SVM

See Figure 3.1 on page 21 for an illustration of effect of reweighting on
the result. The shapes expose in a two-coordinate case the areas where the
regularization penalty is equal. Every reweighting of ridge SVM solution kind
of squeezes the result into an ellipse which is nearer to lasso solution. The same
is now expressed slightly more formally.

Let us consider reweighting algorithm iteration ¢ with our current optimiza-
tion weight w;. In addition, we assume that loss function is convex and there
is a weight vector w?t +1) with lower lasso regularized objective function as pre-
sented in Equation 3.3 on page 24. Let us also assume that w; has no zero
values in coordinates, where w? has non-zero values. This can be forced by

(t+1
changing zeros to small constant values. Now we state the following.

Theorem 1. An iteration of the reweighting algorithm decreases the lasso reg-
ularized objective function value. That is, the weight w1y has lower lasso
objective function value than wy.

The details of the theorem are presented in [I].

In our experiments we moreover showed that our reweighting algorithm
would be the most accurate choice after only a couple of iterations. More pre-
cisely, in the linear classification SVM problems our reweighting algorithm was
usually more accurate than the ridge or lasso regularized versions.
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Rule Based Ensembles

This chapter is about rule ensembles. We first introduce them generally and
then go through our multi-target rule ensemble method, FIRE, introduced in
[IT, III]. We also present some new experimental results on a slightly modified
version of FIRE. Finally, we conclude on which of all the versions should be
preferred.

First we go through some notation. Like in Chapter 3, we are mostly ad-
dressing the weighted sums of base functions. If we are only weighting the
readily given base functions, we use the form

M
f(z;w) = f(x) = woavg + »_ w;p,(x)
i=1
in the more general multi-target case. Here awvg is a constant offset vector.
However, if we want to stress that we are still searching for the base functions,
we use the form of

M
f(@:8) = pi(m; Bi).
1=0

4.1 On the Background of the Rule Ensembles

Rule sets [Flach and Lavra¢, 2003] are, together with decision trees, one of the
most expressive and human readable model representations. They are frequently
used when an interpretable model is desired. The majority of rule learning meth-
ods are based on the sequential covering algorithm [Michalski, 1969], originally
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designed for learning ordered rule lists for binary classification domains. This is
also the case with the existing methods for learning multi-target rules [Zenko,
2007; Zenko and Dzeroski, 2008] introduced in Section 2.1.2. As the reader may
recall, in the multi-target case we are predicting multiple target values at the
same time instead of the traditional single value. The accuracy of multi-target
rules on classification domains is comparable to other classification methods like
decision trees. Unfortunately, on both single target and multi-target regression
problems, the accuracy of rule sets that are learned by the sequential cover-
ing approach is considerably worse than that of other regression methods like
regression trees [for an empirical comparison see Zenko, 2007].

An alternative approach to rule learning is called rule ensembles [Friedman
and Popescu, 2005, 2008]. Strictly speaking, any set of (unordered) rules can
be called a rule ensemble like, e.g., Indurkhya and Weiss [2001] do. In this
thesis, however, a rule ensemble is understood to be a set of unordered rules
whose predictions are combined through weighted voting, which is the approach
originally introduced by RULEFIT [Friedman and Popescu, 2005, 2008], and used
by REGENDER [Dembczyniski et al., 2008a,b] as well as in sour multi-target rule
ensemble method FIRE [II, IT1].

In the next few sections, we discuss some rule ensembles approaches for single
target and multi-target regression problems.

4.2 Rule Ensembles in Single Target Regression

We first go through the single target rule ensemble methods in regression prob-
lems. So, we need to get a weighted sum of unordered rules for approximating
some scalar valued function.

First of all, the name of rule ensembles is a bit misleading: in addition to
rules, for example in RULEFIT, we can also use the simple linear functions of
numeric descriptive attributes and add them to the initial set of rules. Thus,
the final prediction for a given example is obtained by a weighted voting of all
linear terms and those rules that apply (i.e., cover the example). The resulting
model can, hence, be written as:

K

N
Z):f(w) :w()+zwi7"i(w)+zw(N+j)$j, (4.1)
i—1 j=1

optional

where wy is the baseline prediction, the first sum is the correction value obtained
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from the N rules, and the second sum is the correction value obtained from
the (optional) K linear terms. The rules r; are here represented as indicator
functions mentioned in Section 3.2: they have a value of 1 for all examples
that they cover, and 0 otherwise. For REGENDER, adding linear terms is not
possible.

Input: training examples E
Constants: the desired size of the ensemble M, subsample size 1 and memory
or shrinkage parameter v
Output: members of the ensemble p
. fo(x) < argmin,, Z(m,y)eﬂi L(y,w)
: for m=1to M do
Draw randomly E,, C E with |E,,| = 7.
B = argming Yy cx. L(Ys fro1(@) + pl@: B))
Pm(x) = p(@; Bm)
fn(@) < frn—1(x) + v pm ()
end for
return (fo(x), pi(x), p2(x), ..., pm(x))"

® g Wy

Algorithm 4.1: General ensemble generation.

REGENDER [Dembczyniski et al., 2008a] is based on the idea first suggested
by Friedman and Popescu [2003, 2005] and shown in Algorithm 4.1. In short,
REGENDER seeks one rule and its weight (both on line 4) at a time and adds
the predictor to the ensemble.

Let us discuss the solution by Dembczyniski et al. [2008a] in more detail.
First of all, they only have rules: p;(x; 8) = w;r;(x; 8'). Note, that § and 8’ are
not exactly equivalent because 8 also holds the information about the weight.

The optimization problem for adding a rule on line 4 of Algorithm 4.1
is computationally too hard to be practical, but Dembczyniski et al. [2008a]
demonstrate greedy approximation methods for a couple of loss functions and
techniques. The precise form of the minimization depends on the used loss func-
tion and minimization technique. We give the gradient boosting technique for
squared loss here because this resulted in the most accurate models. They solve
the problem in two parts.
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First, the authors find the conditional part of the rule r;(x; 5) by minimizing
the loss greedily single elementary expression at time. In this case Dembczynski
et al. [2008a] give the form of

5 . ’Z(m,y)eEm/\r(z;ﬁ’)zl (y = frm—1(x))
T, = argmin —

L (4.2)
b 2\/Z(w,y)euzm r(z; 5)

for minimization by gradient boosting.
Second, the weight w,, should be found by solving the line-search problem

Wy, = argmin E Ly, fr—1(x) +wr(z; 5,))-
w
(z,Y)EE

However, for squared loss Lsquarea an analytical solution can be found:

B ‘Z(w,y)emmm(w;ﬁ;n):1 (Y — fm—1(2))
Ve, @ B)

Wm

Interestingly, the solution is nearly identical to the rule condition optimization
in Equation 4.2.

The possibility of analytical solution for weights with this technique-loss
combination is a clear benefit in REGENDER approach. On the other hand, the
greedy rule searching procedure may not find the best possible rules.

Friedman and Popescu [2005, 2008] also note this possibility of creating a
rule ensemble directly with the general method mentioned in Algorithm 4.1
on the previous page. However, they point out that solving the optimization
problem on line 4 directly is impractical.

The approach used by their RULEFIT method is roughly presented in Al-
gorithm 4.2 on the facing page: Friedman and Popescu [2005, 2008] exploit
the existing efficient algorithms for producing decision tree ensembles. Thus,
RULEFIT starts by generating a set of decision trees {d ()}, in much the
same way as ensembles are generated by methods like bagging [Breiman, 1996]
and random forests [Breiman, 2001]. In fact they use their own more general en-
semble framework ISLE [Friedman and Popescu, 2003] which is a generalization
of the previously mentioned ones. This generation is executed on lines 1-7.
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Input: training examples E
Constants: desired size of the initial tree ensemble H, subsample size 1 and
memory or shrinkage parameter v
Output: members of the rule ensemble p with their weights w
2 fo(®) + argming Y-, yep L(y, w)
: for h=1to H do
Draw randomly E;, C E with |Ep| = 7.
B < argming -, g, Ly, fro1(x) + d(z; 5))
dp () < d(; Bp)
fu(x) < fr_1(x) + vdp(x)
end for
r < ConvertTreeNodesToRules((dy, da, ..., dg)")
:p (r1,72, ..o, TN, 1, T2, ..., 7)) {Optionally x;}
;W 4 arg Miny, Z(m)y)eE L(y7 wo + Zil wri(x) + Zfil w(N+j)xj)
: return (p, w)

© P NPT Wy

_
= o

Algorithm 4.2: Another, RULEFIT, approach for rule ensemble generation.

All the trees are then transcribed into a collection of rules on line 8, and
an optimization procedure (line 10) is used to select a subset of rules and to
determine their weights. As a result, they get a set of weighted rules. In addition
to rules, it is possible to use the simple linear functions of descriptive attributes,
add them to the initial set of rules, and likewise select them and determine their
weights in the optimization step. The linear terms part of the model is global,
that is, it covers the entire example space. Note that this is different from
model trees [Karali¢, 1992; Quinlan, 1992; Wang and Witten, 1997], where we
have local linear models in separate leaves, which only cover specific examples.
The overall model is then like the one presented in Equation 4.1 on page 28.

The most difficult task is to find the optimal weights on line 10. How-
ever, Friedman and Popescu [2008] point out that using the gradient directed
optimization method by Friedman and Popescu [2004] this can be done quite ef-
ficiently. The method was already discussed briefly in Section 3.2. As the reader
may recall, one of the main insights in the approach is the way of simulating
different regularization techniques efficiently. We come back to the optimization
method when considering our own multi-target rule ensemble method FIRE in
Section 4.3.3.
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4.3 Learning Rule Based Ensembles for Multi-
Target Regression

In the previous sections, we introduced some background on rule ensembles and
two single target rule ensembles methods. We next cover our suggestion for the
first multi-target rule ensemble method.

Our algorithm for learning rule based ensembles for multi-target regression
problems (which we call FIRE: Fitted rule ensembles) [III, IT] is based on the
RULEFIT method [Friedman and Popescu, 2005, 2008]. The top level of the FIRE
algorithm is outlined in pseudo code of Algorithm 4.3. It starts by generating
a set of diverse regression trees, which are converted to rules. Because linear
dependencies are known to be difficult to approximate with rules, in [III] we
proposed to optionally add linear terms (simple linear functions) of all numeric
descriptive attributes to the collection. The original algorithm in [II] did not
include this possibility.

Input: training examples E
Constants: gradient limit step step and overfitting parameter threshold
Output: members of the rule ensemble p with their weights w

1: d < GenerateSetOfTrees(E)

2: 7 < ConvertTreesToRules(d)

3: p + AddLinearTerms(E,r) {Optional linear terms}
4: FRR i ¢ 00

5: for 7 = 1.0 to 0.0 with step do

6: (w;, ERR;) < OptimizeWeights(p, E, 7)

7. if ERR,; < ERRy, then

8: (Wopts ERRmin) « (w,, ERR;)

9: elseif ERR, > threshold -ERR;, then

10: break

11:  end if

12: end for

13: (p/,w’) < RemoveZeroWeighted Terms(p, Wopt)
14: return (p’,w’)

Algorithm 4.3: The algorithm FIRE for learning rule ensembles for multi-target
regression.
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FIRE then optimizes the weights of rules and linear terms with a gradient
directed optimization algorithm. This optimization procedure depends on a
gradient threshold parameter 7 and we repeat the optimization for different
values of 7 in order to find a set of weights with the smallest validation error.
In the end, we remove all the rules and linear terms whose weights are zero.

The resulting rule ensemble is a vector function f; given an unlabeled ex-
ample x it predicts a vector § consisting of the values of all target attributes:

N T K
Q = f($) = wp avg + Zwiri($) + ZZU}(t’])w(tJ) . (43)
i=1 t=1 j=1
optional

The first term includes a constant vector avg, whose components are the average
values for each of the targets. The first sum is the contribution of the N rules:
each rule r; is a vector function that gives a constant prediction, if it covers the
example x, or returns a zero vector otherwise.

The double sum in Equation 4.3 is the contribution of optional linear terms.
There is a term for each combination of target and numeric descriptive at-
tributes, thus the total number of linear terms is the number of numeric de-
scriptive attributes K times the number of target attributes T'. A linear term
x(;,j) is a vector that corresponds to the influence of the j-th numerical descrip-
tive attribute x; on the ¢-th target attribute; its ¢-th component is equal to x;,
while all other components are zero:

L(tj) = (07 SR t91’ Ly, < O)T

0,..
£t

The values of all weights w are determined during the optimization phase, and
because of interpretability one of our goals is to have as many weights equal to
zero as possible.

Example 1. Let the problem domain have eight descriptive attributes x =
(1, ..., xs) and three target attributes y = (y1,Y2,y3). A hypothetic rule en-
semble that predicts all the target values of this domain simultaneously could
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be:

9" = fT(x) =0.95(16.2,6.0,21.1)
+ 0.34[ IF (x5 > 3.8) & (6 > 7.2) THEN (15.9,36.2,14.4)]
+0.21[ IF (25 < 12.1) THEN (6.3, 50.0, —14.3)]
+0.80(x2,0,0) + 0.11(0,0,22) + 0.17(0, 25, 0) + 0.22(0, 0, 75)

+ [ IF (x5 > 3.8)&(xg > 7.2) THEN (5.4,12.3,4.9)]
+ [ IF (z3 < 12.1) THEN (1.3,10.5, —3.0)]

It comprises a constant vector, two rules and four linear terms (of attributes xo
and x5), but can also be simplified in a sum of a vector of linear equations and
two rules.

Now, given a descriptive attribute vector, e.g.,

' = (0.0, 1.0, 9.0, 6.4, 2.0, 5.5, 0.0, 4.2)7,
we get the corresponding prediction

fT(x") = (154 + 0.8, 5.7+ 0.34, 20.0 + 0.11 + 0.44)
+ (1.3, 10.5, —3.0)
= (17.5, 16.54, 17.55).

So far, we have only briefly mentioned two important aspects of our algo-
rithm, the generation of the initial collection of trees, rules and linear terms,
and the weight optimization procedure. We describe them in detail in the next
two subsections.

4.3.1 Generation of Base Models

The basic decision tree learning method used within the GenerateSetOfTrees
procedure of FIRE (Algorithm 4.3 on page 32) is the predictive clustering tree
learning method [Blockeel et al., 1998] that can learn multi-target regression
trees. As a starting point, we use the implementation of this paradigm within
the system CLUS [Blockeel and Struyf, 2002], which can learn multi-target re-
gression trees [Struyf and Dzeroski, 2006]. A set of diverse trees is generated
with the multi-target implementation of the random forest ensemble method
[Kocev et al., 2007], modified to generate trees of limited depth.
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It is well known that variance of constituent base models is essential for
good accuracy of ensembles [Dietterich, 2000]. In order to increase the tree
(and, thus, rule) variance, the RULEFIT method [Friedman and Popescu, 2008|
limits the depth of a particular tree in a randomized fashion. We also adopt
this approach as detailed in [I1I].

All regression trees generated with the above procedure are transcribed into
rules with the ConvertTreesToRules procedure and each leaf of each tree is
converted to a rule. The weights of these rules are later computed with the
gradient directed optimization. However, before optimizing the rule weights, it
is necessary to normalize their predictions.

Namely, the optimization problem we are solving is not invariant to the
scaling of rule predictions. Nevertheless, as in [III], we would like to put all the
rules and targets on the same line when the optimization error is considered.

Unfortunately, the approach used by Friedman and Popescu [2008, Sec-
tion 3.2] can not be used for multi-target problems since setting the rule predic-
tions for all targets to 1 would delete all the information on relations between the
targets. In addition to equalizing the initial importance of rules, we also have
to equalize the effect of different targets during the optimization. Otherwise,
targets with large scales would dominate the rule selection.

In order to equalize the importance of different rules and different targets
we proceed with three separate steps: Firstly, we simply zero-center all the
target dimensions. Secondly, we scale each rule with a factor that represents
the prior magnitude of the rule. This should equalize the effect of the rules on
the optimization process. Thirdly, we normalize the differing scales of target
spaces away temporarily. This last step is omitted after optimization. The first
and last step of the process are trivial and repeated in most of the optimization
processes.

In the first step, we make all the rule target predictions 7’ zero-centered
by subtracting the average avg from each of the original rule predictions r”:
r’ = r"” —avg. The average avg contains the average values of target attributes
on the learning set.

In the second, more complex, step we scale the predicted values r} of each
target attribute ¢ by dividing them with some factor ~:

!/
3

. (4.4)

Tt =

However, we have a couple of alternatives for the scaling factor.
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Let o; be the standard deviation of a target attribute ¢ over the entire
learning set. Assuming a normal distribution, dividing a zero-centered target
attribute ¢ by 20y should put 95% of all values within the [—1, 1] interval.

Knowing this, there are a couple of ways to scale the rule target predictions
by defining the factor v for normalization. We can, for instance, normalize with
the average of target prediction values or with the maximum absolute value
when standard deviations are eliminated. That is, we would make all the rules
have equal average of target predictions or equal maximal target prediction.

The first option would mean normalization by average values:

T /

1 T
VYavg = T ; 20, .

This form of v might be more intuitive because rules end up having equal average
of targets. This is discussed more in Section 4.4.3.

The second option was used in [II, III] and would mean computing the max-
imum target value 7/, where the index m € {1, ..., T'} has following property:

/
T
m = arg max|——

t |20y

Simply put, r/, is the largest target prediction when the scale of targets is omit-
ted. In this maximum based case the normalization factor v for Equation 4.4
on the previous page would be
o
Ymax = 20_m
An interesting note is that in this latter option we can bound the predictions
ry. After this second stage of normalization, it holds that v}, = 1 and |r}| =
|om Jrh, 71 /ot < 1 for all other targets ¢ by the definition of m. This has analogy
with the solution of Friedman and Popescu [2008] in the single target case.
Either way, at the second stage of normalization the target predictions r; in
a certain rule r are scaled by a factor v that represents the prior degree of the
mentioned rule. Thus, both ways of normalization roughly equalize the rules
before the optimization phases and affect the rules of the final model. After
these two normalization steps our rule predictions are of form:

v’ 7’ —avg
ot vy
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Finally, we are in the last, temporarily affecting, step of normalization. In
this step, we equalize the scaling differences between different target attribute
spaces. However, clearly our intention is to use this normalization only tem-
porarily during optimization. Otherwise the resulting model would no more be
applicable to real world data. We do this simply by dividing the target attribute
prediction values r; by two times their standard deviations 20;:

T T i — avgy

e 20, 204y B 2047y

4.3.2 Optional Linear Terms

We recall from Equation 4.3 on page 33 that in addition to rules we can op-
tionally add linear terms to the rule ensemble. As already mentioned, a single
linear term is defined as

T(t,5) = (0, e t91’ fEtj, tJ917 RN ())T7
which depicts the influence of the descriptive attribute x; on the target attribute
t. We add linear terms for all possible combinations of numeric descriptive
attributes and target attributes.

The linear terms are normalized in a somewhat 