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Abstract— The focus of our paper is on superposed and per-
process performance evaluation of network node in terms of
losses, delays and jitter. We consider the case of discrete-time
queuing system, which is fed byfinite superposition of discrete-
time batch Markovian arrival processes (D-BMAPs), and denoted
in Kendall’s notation by

P
D-BMAP/D/1/K. Given such system

we obtain probability distribution functions of number of lost
packets, delay of arbitrary packet and jitter for both superposed
and single arrival processes. These performance parameters
describe the quality of service (QoS) provided by the network
node to aggregated variable bit rate (VBR) traffic stream and
particular VBR traffic stream in presence of background VBR
traffic with the same priority. It should be noted that analytical
solution of

P
D-BMAP/D/1/K have received a little attention

in recent literature. Our purpose is to extend those works to
the general case of D-BMAP arrival process and give results
applicable to all particular instances of D-BMAP.

I. I NTRODUCTION

Comprehensive statistical studies carried out in last years
have shown that the major properties of multimedia traffic are
characterized by complex structure of autocorrelation function
and high diversity of probability distribution function of arrival
process. However, one can notice that the classic queuing
theory was developed in white noise environment of Poisson
process, where correlation properties of arrival process were
not taken into account [1], [2]. Nowadays, with introduction of
high-speed transmission technologies and bandwidth-greedy
multimedia applications it is clear that the white noise en-
vironment does not occur in practice. For example, it was
shown that the arrival processes of both MPEG traffic sources
and voice traffic sources in packet networks are highly auto-
and cross-correlated [1], [2], [3], [4], [5]. In the past few
years, when the assumption of white noise arrival process had
been dropped, the authors began to characterize the correlation
structure of multimedia traffic using special types of versatile
stochastic processes [4], [5], [6].

It is well known that the only property that allows ex-
tensive analysis of queuing systems’ performance using the
mathematical approach is the Markov one. In accordance with
such approach, the behavior of queuing system is modelled by
certain type of stochastic process with Markovian structure,
where the states of the process represent the state space of
the queuing system, i.e. number of customers that are in
the system [1], [2]. Based on properties (or more precisely,
on physical nature) of both arrival and service processes we
distinguish between Markov processes with continuous state

space and Markov processes with discrete state space [1], [2].
The latter one can be classified into continuous time Markov
chains and discrete-time Markov chains.

To overcome the difficulties of queuing analysis, Markov
chains should be used as a statistical model to fit the cor-
relation structure of arrival processes [1], [2]. One of the
most popular traffic model used to represent multimedia traffic
sources in high-speed packet networks, is discrete-time batch
Markovian arrival process (D-BMAP). A multimedia traffic
can be modelled by D-BMAP, where the underlying Markov
chain reflects the correlation structure of arrival process.

Recently the special attention has been paid to non-
Markovian models of traffic sources. It was stimulated by the
measurements of real traffic carried out on several timescales
[7], [8], [9]. Particularly, it was claimed that almost all modern
traffic sources exhibit some sort of long range dependence
(LRD) behavior which can be characterized by special struc-
ture of autocorrelation function [7]. Moreover, it was found
that the empirical probability distribution function of real
traffic can sometimes exhibit a long-tail behavior (a lot of
relative frequencies corresponds to very big arguments [10]).
These findings had stimulated telecommunication community
to develop novel modelling techniques and researchers began
to characterize network traffic using models with self-similar
behavior. Among some advantages of such models one can
note that most of them cannot be applied in analytical the-
ory of queuing systems and, therefore, they produce a self-
contained class of simulation-oriented models. Since given
the same computational efforts analytical approach can often
provide more deep insights on real system behavior, it is often
considered as a major drawback of these models.

It was also outlined that those processes which are based on
Markov property are limited to short range dependence (SRD)
behavior of autocorrelation function and fail to capture both
LRD and long-tail properties of real traffic sources. However,
up to date several studies have reported that while strict
mathematical structure of Markovian processes was proved to
be limited to SRD properties [11], [12], [13], the applications
of Markovian models can be properly extended toemulate
LRD and self-similar behavior of real traffic sources up to the
certain timescale of interest [14], [15], [16], [17]. Moreover,
some Markovian models can also capture long-tail distribution
of real traffic sources [15], and D-BMAP process is among
them.



In this paper we consider discrete-time queuing system
with Markovian input, which can be represented in Kendall’s
notation by

∑
D-BMAP/D/1/K, whereK is the capacity of the

system. We give reasons why instead of
∑

D-BMAP/D/1/K
queuing system it is practically possible to consider equiv-
alent (sometimes approximating) D-BMAP+D-BMAP/D/1/K
queuing system. All arrival processes are assumed to be
independent and, therefore, uncorrelated. Given such system
we obtain probability distribution functions of number of lost
packets, delay of arbitrary packet and jitter for both superposed
and single arrival processes. These performance parameters
describe the quality of service (QoS) provided by the network
node to aggregated variable bit rate (VBR) traffic stream and
particular VBR traffic stream in presence of background VBR
traffic with the same priority.

It should be noted that performance evaluation of aggregated
traffic and single traffic source in presence of background
concurrent traffic have received only a little attention in recent
literature [5], [18], [19]. Both aggregated and single traffic
source are often modelled by a special cases of D-BMAP
process and process-specific solutions have been developed.
The aim of our paper is to extend those studies to the general
case of D-BMAP processes and give results applicable to all
particular instances of D-BMAP.

This paper is organized as follows. In Section II we briefly
recall the definition of the D-BMAP process and highlight
structure and properties of its autocorrelation function. We
outline possible applications of

∑
D-BMAP/D/1/K queuing

system in Section III. Tagged and background processes are
also defined there. Queuing system description is given in Sec-
tion IV. In Sections V and VI we derive performance parame-
ters of superposed and single processes in

∑
D-BMAP/D/1/K

queuing system. Conclusions are drawn in Section VII.

II. A RRIVAL PROCESS

In this section we briefly recall the definition of D-BMAP
process. Special attention is paid to structure and behavior
of autocorrelation and probability distribution functions that
allow to model a wide variety of arrival processes from
multimedia traffic sources.

A. Discrete-time batch Markovian arrival process

Consider a discrete-time homogenous, ergodic Markov
chain {S(n), n = 0, 1, ..} defined at the state spaceS(n) ∈
{1, 2, ..,M}. Let D be the transition matrix of the Markov
chain with(i, j)th element defined in accordance with Marko-
vian property:

dij = Pr {S(n) = j|S(n− 1) = i} , (1)

for eachi, j ∈ {1, 2, ..,M}.
Let ~π = (π1, π2, .., πM ) be the row array of equilibrium

state distribution of the Markov chain. For each element of~π
we have:

πi = lim
n→∞

Pr{S(n) = i}, i ∈ {1, 2, ..,M}. (2)

These steady-state probabilities are the solution of the
following system: {

~π = ~πD
~π~e = 1 , (3)

where~eT is appropriate vector of ones.
Let {W (n), n = 0, 1, ..} be the D-BMAP arrival process

whose underlying Markov chain is{S(n), n = 0, 1, ..}. We
define D-BMAP process as a sequence of matricesD(k),
k = 0, 1, .., each of which contains probabilities of transition
from state to state withk = 0, 1, .., arrivals respectively. For
example, the elementdij(0) defines transition from statei to
statej without any arrivals while the elementdij(k) defines
transition from statei to statej with a batch arrival of sizek.
It is easy to see that:

d(k)ij = lim
n→∞

Pr{W (n) = k, S(n) = j|S(n− 1) = i}, (4)

where k = 0, 1, .., and i, j ∈ {1, 2, ..,M} are conditional
probability distribution functions of D-BMAP process.

We have to note that in accordance with explained definition
it is allowed for D-BMAP process to have different probability
distribution function for each different pair of states. Such
property, among others, makes D-BMAP quite versatile one
and allows to model empirical probability distribution func-
tions of real traffic sources. The property of D-BMAP process
that allows us to model a wide variety of arrival process from
multimedia sources is supported by special structure of its
autocorrelation function. Let~G = (G1, G2, .., GM ) be the
input rate vector of D-BMAP process whose elements are
defined as follows:

Gi =
∞∑

j=1

∞∑
k=1

kdij(k), i ∈ {1, 2, ..,M}. (5)

The input rate in the slot is a random variableG that
takes the values of the vector~G = (G1, G2, .., GM ) with
respective probabilities~π = (π1, π2, .., πM ). Therefore, the
input rate process of a D-BMAP{W (n), n = 0, 1, ..} is
defined by Markov modulated process{G(n), n = 0, 1, ..}
with G(n) = Gi, i ∈ {1, 2, ..,M}, while the Markov chain is
in the statei at the time slotn.

The autocorrelation function of{G(n), n = 0, 1, ..} is given
by [6]:

K [G](m) =
∑
∀l, l 6=1

λm
l φl, (6)

where

φl = ~π

( ∞∑
k=1

kD(k)

)
~gl

~hl

( ∞∑
k=1

kD(k)

)
~e, (7)

and λl is the lth eigenvalue ofD, ~gl and ~hl are lth right
column and left row eigenvectors ofD respectively.



From (6) we have that the autocorrelation function of the
input rate process of D-BMAP is the sum of several geometri-
cally distributed terms which are given by non-unit eigenvalues
of modulating Markov chain. This property has been used in
many studies to derive models of various multimedia traffic
sources with strong correlation properties [4], [20].

To be precise we note that the expression (6) gives the
autocorrelation function of the input rate process of D-BMAP
for which the local dynamic in each state of modulating
Markov chain is not taken into account. Most papers, in
which the traffic is modelled by D-BMAP processes, do not
mention that local dynamics of D-BMAP can affect local
behavior of autocorrelation function. However, our experience
in MPEG traffic modelling using D-BMAP processes has
shown that these changes can be neglected [20] and (6) gives
a fair approximation of autocorrelation function of D-BMAP
process.

III. A PPLICATIONS OF
∑

D-BMAP/D/1/K SYSTEM

To motivate objectives of our paper let us firstly consider
protocol stack widely used in current communication networks
(Fig. 1).

Nowadays, TCP(UDP,RTP)/IP is de-facto standard for mul-
timedia and data communication. Though, TCP and IP pro-
tocols’ philosophy remained unchanged some modifications
have recently been made to both of them. Currently, there are
a number of slightly different TCP implementations like TCP
Reno and TCP Tahoe and it is supposed that TCP will approve
more changes when wireless access will become reality [21].
When we are concerned with network layer we should note
that IP protocol did not undergo considerable improvements
except for minor changes accepted for IPv6. Nowadays, the
role of ATM is not well defined. Although, it is clear that ATM
have mainly lost its significance as a network layer protocol
and now mostly used like a point-to-point protocol at the link
layer, most advantageous features of ATM (like QoS support)
retain their significance. Additionally, it is widely accepted that
the link layer protocols are currently based on IEEE Ethernet
standards while the physical layer may employ fiber optic
technologies.

IP

ATM

Ethernet

Fiber optic

TCP/UDP/RTP

Application

Network layer

Link layer

Physical layer

Transport layer

Application layer

Fig. 1. Protocol stack used in current communication networks.

Note that while some modifications to the abovementioned
protocol stack are, of course, possible a good alternative for
implementing current networks is to use TCP/IP over ATM.
While IP QoS frameworks are not widely accepted, the usage
of ATM - TCP/IP combination can provide a lot of benefits
in QoS support. Since both IP and ATM make extensive use

of statistical multiplexing, their network node performance
evaluation is of paramount importance.

A. ATM environment

Consider a simple ATM switch architecture. We assume a
non-blocking output queuing switching system. In this case
queuing of cells occurs at the output ports. To simplify QoS
provisioning assume that at each output port several buffers are
maintained (Fig.2). Three logical buffers can be used: constant
bit rate (CBR) and variable bit rate (VBR) connections share
the same buffer; available bit rate (ABR) connections belong to
the next buffer, while the last buffer queues best-effort traffic
of unspecified bit rate (UBR) connections. To maintain the
required QoS for every connection, CBR/VBR buffer may
have strict priority in service over ABR queue, and ABR
buffer, in turn, may have strict priority over the best-effort
UBR buffer. Simple scheduling algorithm my be used between
them, and ”first-come, first-served” (FCFS) service discipline
can be implemented on each queue (Fig. 2). Thus, high priority
traffic is well isolated from low priority one and its service
process can be modelled byG/G/1/K queuing system.

CBR/VBR queue

ABR queue

UBR queue

Arrival

process

S
c
h
e
d
u
l
e
r

Server

Classifier

Fig. 2. Structure of the output port of ATM switch.

B. DiffServ environment

Currently, Internet does not provide any QoS guarantees
to applications which run over it. It provides the best-effort
service only, which does not satisfy the needs of real-time
applications. In the past IETF has proposed two QoS frame-
works: Integrated Services (IntServ, [22]) and Differentiated
Services (DiffServ, [23]). IntServ can provide deterministic
QoS guarantees, uses explicit resource reservation technique
and requires signaling protocol in order to inform network
elements about the necessary resource reservation. DiffServ
employs a different approach. It defines packets marking
procedures to distinguish between packets with different QoS
requirements. DiffServ provides probabilistic guarantees to
aggregated traffic flows and uses a sort of CAC algorithms,
which is based on service level agreements (SLAs). DiffServ
approach is more promising compared to IntServ because of
its simplicity and scalability.

IETF DiffServ working group has standardized two PHB
groups. Assured Forwarding PHB (AF PHB, [24]) is designed
for applications, which need different QoS guarantees. There
are four classes of PHB identification codes within the AF
PHB group. Within the each class there are three distinct
DiffServ codepoints (DSCP) with different packet drop prece-
dence. Expedited Forwarding PHB (EF PHB, [25]) is targeted



on applications, which require strict guarantees of end-to-end
delay and should not suffer from packet losses.

In accordance with DiffServ specifications [25], [24] each
AF PHB class and whole EF PHB must have a predefined
minimum amount of bandwidth and buffer space at each
node along the path of behavior aggregates. Therefore, we
can assume that the process of behavior aggregate’s traffic
treatment is independent from other traffic treatment within
the network node, and its service process can be modelled by
G/G/1/K queuing system.

C. Performance parameters

Let us define input traffic levels we have to deal with
to quantitatively study QoS provided by the network node.
These are so-calledmultiplexedand per-sourcelevels. The
multiplexed level consists of aggregated traffic. Performance
parameters of aggregated traffic are very important for dimen-
sioning of network nodes. If we want to derive performance
parameters of aggregated traffic sharing the same buffer, we
can model it by queuing system with one arrival process,
which models aggregated traffic.

Additionally, it is also crucial to be able to evaluate per-
formance parameters of every traffic flow. These are so-called
per-sourceperformance parameters and they are of paramount
importance for dimensioning of network services. To tackle
with the problem of per-source performance evaluation, firstly,
we have to derive traffic model of single source (tagged
process). Because of large number of multimedia services,
in order to model all concurrent traffic, we have to consider
a wide variety of mathematical models and model the ag-
gregation of voice, video and delay sensitive data traffic by
one complex arrival process. To allow analytical evaluation of
queuing system, very strict restrictions are posed on tagged
and background processes.

D. Tagged and background processes

In this paper we propose to model both tagged and back-
ground arrival processes by D-BMAP. It is a quite general
model, which belongs to class of Markov modulated arrival
processes and includes a number of well-known discrete-time
arrival processes.

We assume that the arrival process of tagged multimedia
source is modelled by D-BMAP process. In early 90th Blondia
and Casals had proposed D-BMAP process to be a general
traffic model in ATM networks [26]. All studies carried out
later have just proved that statement. Particularly, it has been
shown that the arrival process of the MPEG traffic can be well
approximated by D-BMAP process [20], [4]. For example,
authors in [4] use D-BMAP process to represent MPEG traffic
at the frame level while authors in [20] use D-BMAP process
to model MPEG traffic at the group of pictures (GoP) level.
Lombardoet al. [3] have shown that the traffic of distance
learning session constitutes the special case of D-BMAP pro-
cess. Authors in [5] have proposed to model traffic generated
by complex audio codec with advanced silence suppression
and different rate levels using the D-BMAP process. Based

on those studies, we can state that D-BMAP process is quite
versatile one and is able to model a wide variety of multimedia
traffic streams. Therefore, in this paper in order to model
audio, video and data traffic we use D-BMAP process.

Since the arrival process from every background multimedia
connections can be represented by the special case of D-
BMAP process, we can theoretically consider their superpo-
sition as the one background arrival process. However, it is
practically impossible due to exponential growing of the state
space. At the same time, the development of special structures
of D-BMAP [6] and possibility to implement some advanced
techniques developed for MMPP [1], [2] processes helps us
to limit the state space of superposition to several tens or
ever several digits [1], [2]. Based on abovementioned reasons,
we define superposition of arrival processes from background
multimedia sources as a single background D-BMAP process.

Note that in ATM environment the usage of D-BMAP is
supported by the fact that the service time of every cell is
constant and therefore equals to the time to transmit one cell
at the outgoing link rate. However, in DiffServ environment
length of the packets is variable. Additionally, the lengths of IP
packets are not spread uniformly and cannot be approximated
by simple analytical continuous or discrete-time distribution.
Recently, it has been shown that the lengths of IP packets
follow special type of discrete distribution [27], [28]. It was
also shown there that the packet lengths of 40, 576 and 1500
bytes dominate with an overall percentage of 80% of all IP
packets. D-BMAP process can capture these characteristics of
IP networks. Given a certain relatively small block of bytes
which corresponds to time interval needed to transmit such
block at the outgoing link share (assigned to AF PHB class or
whole EF PHB) it is possible to approximate the length of IP
packets by arbitrary discrete-time distribution. Since in every
state of the modulating Markov chain we can use different and
arbitrary probability distribution function, D-BMAP process
can capture the lengths of IP packets.

Based on these assumptions we can formulate the prob-
lem as follows: given several independent D-BMAP arrival
processes it is needed to derive performance parameters of
superposed and single processes in

∑
D-BMAP/D/1/K queu-

ing system (Fig. 3), whereK is the capacity of the system
measured in proper units (cells or constant length blocks of
bytes, we called they ”packets” here).

1st D-BMAP process

N
th D-BMAP process Buffer, (K-1) cells Server, FCFS

.

.

.

Fig. 3.
P

D-BMAP/D/1/K queuing system.

Further in our paper we use superscripts[T ] and [B] to
distinguish between two defined processes, namely tagged and
background processes. In addition, superscript[A] denotes the
parameters of superposition of these processes.



IV. QUEUING SYSTEM DESCRIPTION

System time diagram is depicted in Fig. 4 [29]. In accor-
dance with such system packets arrive in batches, and the
batch of packets arrives immediately before the end of time
slot. Packets are not allowed to enter service immediately
after arrival. The service of any packet starts exactly at the
beginning of time slot. It should be noted that in such system
the time of service is counted by the number of time slots
spent by packet in the system which is the sum of time it
spends in the buffer and the service time.

Queuing system can accommodate at mostK packets in-
cluding the one being served. We assume a classic partial
batch acceptance strategy. In accordance with that strategy, if
the batch ofR packets arrives whenk packets are in the buffer
andR > (K−k), then only(K−k) cells are accommodated
and the(R−K + k) are discarded. We consider an outgoing
link as server with rate equal to the time∆ to transmit one
packet at the outgoing link rate or link rate share.

nth slot (n+1)th slot

Arrivals

Departures

time

W(n-1) W(n) W(n+1)

S[Q](n-1) S[Q](n) S[Q](n+1)

Fig. 4. Time diagram of the queuing system.

Consider the system state at the end of arbitrary time slot.
For such system the following dynamic equation must hold:

S[Q](n + 1) = max(0, S[Q](n)− 1)+

+ min(W [A](n + 1),K − S[Q](n)), (8)

where W [A](n + 1) denotes the number of arrivals from
superposition of tagged and background processes in(n+1)th

slot.

Complete description of the system requires a two dimen-
sional Markov chain{S[A](n), S[Q](n), n = 0, 1, ..} embed-
ded at the moments of packet departures from the system,
whereS[A](n) = S[T ](n)× S[B](n) is the state of superposi-
tion of tagged and background processes at time slotn, and
S[Q](n) ∈ {0, 1, ..,K} is the state of the system (number of
packets) at the moments of packet departures. We denote the
state of the buffer by superscript[Q].

At this point we can define the transition matrix of Markov
chain as follows [29]:

T =



D(0) D(1) · · · D(K − 1) D(≥ K)
D(0) D(1) · · · D(≥ K − 1) 0

0 D(0) · · · D(≥ K − 2) 0
...

...
...

...
...

0 0 · · · D(≥ 1) 0
0 0 · · · D(≥ 0) 0


(9)

where matricesD(≥ k), k = 0, 1, ..,K, define transition
probabilities with at leastk = 0, 1, ..,K arrivals respectively.

Let ~x = (x0,1, .., xK,M [A]) be the row array that con-
tains stationary probabilities of two-dimensional Markov chain
{S[A](n), S[Q](n), n = 0, 1, ..}. Solving matrix equations
similar to (3) (the computational effort is not the same, since
we are dealing with two-dimensional Markov chain) we can
compute the steady state distributionxkj , k ∈ {0, 1, ..,K},
j ∈ {1, 2, ..,M [A]}, that k cells are in the system and the
arrival process is in the statej:

xkj = lim
n→∞

Pr
{

S[Q](n) = k, S[A](n) = j
}

, (10)

where k ∈ {0, 1, ..,K}, j ∈ {1, 2, ..,M [A]}, and M [A] =
M [T ]M [B].

One can choose certain algorithm [30], [31], [32], [33] to
compute these probabilities.

V. PERFORMANCE EVALUATION OF SUPERPOSED PROCESS

In this section we obtain probability distribution function
of lost packets and probability distribution function of delay
of arbitrary packet as well as probability distribution function
of delay jitter. These functions describe the QoS degradation
experienced by aggregated traffic.

A. Probability distribution function of lost packets

Let the random variableL, L ∈ {0, 1, ..}, be a number
of packets which are lost at the arbitrary time slotn and
let fL(v) = Pr{L = v}, v = 0, 1, .., be its probability
distribution function.

Consider the event when the arrival process losesv, v =
1, 2, .., cells, i.e. compute the probabilityfL(v) = Pr{L = v},
v = 1, 2, ... This event occurs in slotn when and only when
(Fig. 5):

• there arek, k = 0, 1, ..,K, packets in the system, which
implies that the state of the system isS[Q](n) = k, k =
0, 1, ..,K, there are(k − 1) packets in the buffer, and at
most(K−k) cells can be accommodated by the system;

• there are exactly(K−k+v) arrivals from arrival process.

To determinefL(v) = Pr{L = v}, v = 1, 2, .., we, there-
fore, have to take into account all abovementioned conditions
over all possible transitions of underlying Markov chain with
exactly (K − k + v) arrivals. We have that:



(k-1)

Arrival batch of size R

v lost

(K-k) free

1 2 3 4Packets:

Packets:

k+1k K

1 2 3 K-k R

Fig. 5. Illustration of loss in D-BMAP/D/1/K queuing system.

fL(v) =
M [A]∑
i=1

M [A]∑
i=1

x0idij(K + v)+

+
M [A]∑
i=1

M [A]∑
i=1

x1idij(K − 1 + v) + · · ·+

+
M [A]∑
i=1

M [A]∑
i=1

xKidij(v) =

=
K∑

k=0

M [A]∑
i=1

M [A]∑
i=1

xkidij(K − k + v), v = 1, 2, .. . (11)

It covers all possible states of underlying Markov chain of
arrival process in previous and next slots and all possible states
of the queuing system. Note thatfL(0) = Pr{L = 0} =
1 −

∑∞
k=1 Pr{L = k} = 1 −

∑∞
k=1 fL(k), and finally, we

have:

fL(v) =
K∑

k=0

~xkD(K − k + v)~e, v = 1, 2, .. ,

fL(v) = 1−
∞∑

i=1

K∑
k=0

~xkD(K − k + i)~e, v = 0. (12)

From (12) it is easy to obtain first and second moments of
number of lost packets.

B. Probability distribution function of delay of arbitrary
packet

Let Q, Q ∈ {1, 2, ..,K} be a random variable, which
denotes delay of arbitrary packet and letfQ(w) = Pr{Q =
w}, w = 1, 2, ..,K, be its probability distribution function.
Recall that in our case the delay suffered by arbitrary packet
is equal to the sum of service time and time it spends in the
buffer.

Let us tag an arbitrary packet of the arrival process that
arrives at the slotn. Note that for our system we have to
distinguish between two cases:S[Q](n) = 0 andS[Q](n) 6= 0.
Indeed, the packet can sufferK slots delay when and only
when the following conditions hold:

• there are no packets in the system, which implies that
the state of the system isS[Q](n) = 0, and at mostK
packets can be accommodated by the system;

• there areK or more arriving packets from arrival process;
• tagged packet is at theKth position in arrival batch.

From these conditions it immediately follows that:

fQ(K) =
M [A]∑
i=1

M [A]∑
j=1

xoidij(K)ΨK
K+

+
M [A]∑
i=1

M [A]∑
j=1

xoidij(K + 1)ΨK+1
K + . . . =

=
∞∑

m=K

M [A]∑
i=1

M [A]∑
j=1

xoidij(m)Ψm
K , (13)

where Ψm
K , m = K, K + 1, . . . , is the probability that the

tagged packet is on theKth position in arrival batch. Since
it was assumed that all packets have the same priority,Ψm

K is
independent ofK and has uniform distribution overm:

Ψm
K = Ψm =

1
m

. (14)

Note that whenS[Q](n) = 0 the tagged packet can also
suffer delay which is less thanK time slots. Therefore, to
determinefQ(w) = Pr{Q = w}, w = 1, 2, . . . ,K − 1,
given thatS[Q](n) = 0 we have to take into account different
positions of tagged packet in arrival batch:

fQ(w) =
∞∑

m=w

M [A]∑
i=1

M [A]∑
j=1

x0idij(m)Ψm
w , (15)

for w = 1, 2, . . . ,K − 1. The probabilityΨm
w , m = w,w +

1, . . . , is independent ofw, has uniform distribution overm
and can be found similar to (14):Ψm

w = 1
m .

To fulfill the condition that the packet will be able to suffer
w time slots delay the first summation in (15) should start
from m = w.

Consider now the case whenS[Q](n) 6= 0 (Fig. 6). Tagged
packet suffersw, w = 1, 2, ..,K − 1 time slots delay if only
if the following conditions are satisfied:

• there arek, k = 1, 2, ..,K − 1, packets in the system,
which implies that the state of the system isS[Q](n) = k,
k = 1, 2, ..,K−1, there are(k−1) packets in the buffer,
and at most(K − k) packets can be accommodated by
the system;

• there are(w−k+1) or more arrivals from arrival process;
• tagged packet are at the(w− k + 1)th position in arrival

batch.

(k-1)

Arrival batch of size R

(K-k) free

1 2 3 4Packets:

Packets:

k+1k K

1 2 3 R

(w-k-1)

w

w-k

Fig. 6. Illustration of delay in D-BMAP/D/1/K queuing system.



To derive the probability that the packet suffersw =
1, 2, ..,K − 1 time slots delay when the queuing system is
in any state ofS[Q] = {1, 2, ..,K − 1} subset we have to
take into account all possible transitions of modulating Markov
chain of arrival process:

fQ(w) =
∞∑

m=w

M [A]∑
i=1

M [A]∑
j=1

x1idij(m)
1
m

+

+
∞∑

m=w−1

M [A]∑
i=1

M [A]∑
j=1

x2idij(m)
1
m

+ · · ·+

+
∞∑

m=1

M [A]∑
i=1

M [A]∑
j=1

xwidij(m)
1
m

=

=
w∑

k=1

∞∑
m=w−k+1

M [A]∑
i=1

M [A]∑
j=1

xkidij(m)
1
m

, (16)

for w = 1, 2, ..,K − 1.
Combining (13) (15) and (16) we obtain probability distri-

bution function of packet delay in D-BMAP/D/1/K queuing
system:

fQ(w) =
∞∑

m=w

~x0D(m)
1
m

~e+

+
w∑

k=1

∞∑
m=w−k+1

~xkD(m)
1
m

~e, w = 1, 2, ..,K − 1,

fQ(w) =
∞∑

m=K

M [A]∑
i=1

M [A]∑
j=1

xoidij(m)
1
m

, w = K. (17)

Mean and variance of packet delay can now be obtained.

C. Probability distribution function of delay jitter

Let J , J ∈ {1, 2, ..,K} be the random variable, which
denotes delay jitter of arbitrary packet and letfJ(u) =
Pr{J = u}, u = 1, 2, ..,K, be its probability distribution
function.

We define delay jitter as a delay deviation from its mean
fJ(u) = Pr{J = u} = (Q − M [Q]), where Q, Q ∈
{1, 2, ..,K} is random variable which denotes delay (Fig. 7).

(k-1)

Arrival batch of size R

(K-k) free

1 2 3 4Packets:

Packets:

k+1k K

1 2 3 R

(w-k-1)

w
u

M[Q]

w-k

Fig. 7. Illustration of delay jitter definition.

From delay jitter definition it immediately follows that:

fJ(u) = wfQ(w)−
K∑

w=1

wfQ(w), (18)

whereu = w −
∑K

w=1 wfQ(w).
Note thatE[J ] def= 0 and the variance can be obtained from

(18).
However, one can note that probability distribution func-

tion of delay jitter is no longer defined on discrete space
{1, 2, . . . ,K}. To derive delay jitter in (18) we have used
approximation wherewfQ(w) is assumed to be rounded to
the nearest integer. It is also possible to obtain delay jitter
exactly using the notion of continuous distributions. Due to
space limitation we omit it here.

VI. PER-PROCESS PERFORMANCE EVALUATION

In this section we derive probability distribution function
of lost packets, probability distribution function of delay of
arbitrary packet as well as probability distribution function of
delay jitter. These performance parameters describe the QoS
degradation experienced by the single VBR traffic source in
presence of VBR background traffic.

A. Probability distribution function of lost packets

Let the random variableL[T ], L[T ] ∈ {0, 1, ..}, be the
number of cells of the tagged source, which are lost at the
arbitrary time slotn and letf [T ]

L

(
v[T ]

)
= Pr

{
L[T ] = v[T ]

}
,

v[T ] = 0, 1, .., be its probability distribution function.
Consider the event when the tagged process losesv[T ],

v[T ] = 1, 2, .., cells, i.e. compute the probabilityf [T ]
L

(
v[T ]

)
=

Pr
{
L[T ] = v[T ]

}
, v[T ] = 1, 2, ... The event when loss ofv[T ]

packets of tagged source occurs in the slotn when and only
when (Fig. 8):

• there arei, i = 0, 1, ..,K, packets in the system, which
implies that the state of the system isS[Q](n) = i, i =
0, 1, ..,K, there are(i−1) packets in the buffer, and only
(K − i) packets can be accommodated by the system;

• there are exactlyk[T ] arriving packets in the slot from the
tagged process andk[T ] ≥ v[T ], k[T ] ≤

(
K − i + v[T ]

)
;

• there are exactlyk[B] arriving packets in the slot from
the background process andR =

(
k[T ] + k[T ]

)
≥(

K − i + v[T ]
)
;

• there are exactlyv[T ] packet between(K − i+1) packet
andR =

(
k[T ] + k[T ]

)
in arrival batch.

(K-i-1)

Arrival batch: R=k
[T]

+k
[T]

v=v
[T]

+v
[T] lost

i free

1 2 3 4Packets:

Packets:

k-i+1K-i K

1 2 3 i R

v
[T]

i+1

Fig. 8. Illustration of loss in D-BMAP+D-BMAP/D/1/K queuing system.

From the above statements we have that:



f
[T ]
L (v[T ]) =

K∑
i=0

i+v[T ]∑
k[T ]=v[T ]

i+v[T ]∑
k[B]=i−k[T ]+v[T ]

1×

× Ω
(
k[T ], k[B],K − i

)
×

×ΨR
i+1≤v[T ]≤R

(
v[T ]

)
, (19)

where the first termΩ
(
k[T ], k[B],K − i

)
is the probability

that the number of cells arriving from tagged and background
processes isk[T ] and k[B] respectively and the state of the
system isS[Q](n− 1) = i, i = 0, 1, ..,K:

Ω(k[T ], k[B],K − i) = Pr

 W [T ](n) = k[T ],
W [B](n) = k[B],
SQ(n− 1) = K − i

 . (20)

The second termΨR
i+1≤v[T ]≤R

(
v[T ]

)
involved in (19) is the

probability thatv[T ] cells from the tagged stream are between
(i + 1)th packet and

(
k[T ] + k[B]

)th
packet of the batch given

that there arek[T ] arrivals from the tagged process andk[B]

arrivals from background process:

ΨR
i+1≤v[T ]≤R(v[T ]) =

= Pr

{
arrangement

i + 1 ≤ v[T ] ≤ R

∣∣∣∣∣ W [T ](n) = k[T ],
W [B](n) = k[B]

}
, (21)

where
arrangement

i + 1 ≤ v[T ] ≤ R denotes arrangement of packets
within the batch such that there are exactlyv[T ] packets
between(i + 1)th packet andR =

(
k[T ] + k[T ]

)th
one.

Consider the first term involved in (19). It is necessary to
mention that the tagged and background arrival processes, in
general, can generatek[T ], k[T ] = 0, 1, .., and k[B], k[B] =
0, 1, .., packets respectively given all possible pair of states of
processes. Therefore, we have to consider all possible states of
both tagged and background arrival processes with all possible
number of arrivals. We have that:

Ω
(
k[T ], k[B],K − i

)
=
(
a
[T ]
1 (k[T ])a[B]

1 (k[B])x(K−i),(1,1)+

+ · · ·+ a
[T ]
1 (k[T ])a[B]

M (k[B])x(K−i),(1,M)

)
+ · · ·+

+
(
a
[T ]
M (k[T ])a[B]

1 (k[B])x(K−i),(M,1) + · · ·+

+ a
[T ]
M (k[T ])a[B]

M (k[B])x(K−i),(M,M)

)
=

=
M [T ]∑
l=1

M [B]∑
h=1

a
[T ]
l

(
k[T ]

)
a
[B]
h

(
k[B]

)
x(K−i),(l,h), (22)

wherex(K−i),(l,h), l ∈
{
1, 2, ..,M [T ]

}
, h ∈

{
1, 2, ..,M [B]

}
,

are probabilities that there are(K − i) cells in the system,
tagged process is in the statel, background process is in the
stateh, a

[T ]
l

(
k[T ]

)
, l ∈

{
1, 2, ..,M [T ]

}
, is the probability of

k[T ] packets emission by the tagged process going from state

l and a
[B]
h

(
k[B]

)
, h ∈

{
1, 2, ..,M [B]

}
, is the probability of

k[T ] packets emission by the background process going from
stateh:

a
[T ]
l (k[T ]) =

=
M [T ]∑
j=1

Pr

{
W [T ](n) = k[T ]

S[T ](n) = j

∣∣∣∣∣ S[T ](n− 1) = l

}
,

a
[B]
h (k[B]) =

=
M [B]∑
j=1

Pr

{
W [B](n) = k[B]

S[B](n) = j

∣∣∣∣∣ S[B](n− 1) = h

}
.

(23)

Probabilitiesx(K−i),(l,h) are given by the stationary distri-
bution of two dimensional Markov chain (10), while prob-
abilities a

[T ]
l

(
k[T ]

)
, k[T ] = 0, 1, .., and a

[B]
h

(
k[B]

)
, k[B] =

0, 1, .., can be estimated from elements of transition matrices
D[T ](k[T ]), k[T ] = 0, 1, .., andD[B](k[B]), k[B] = 0, 1, .., as
follows:

a
[T ]
l

(
k[T ]

)
=

M [T ]∑
j=1

d
[T ]
lj

(
k[T ]

)
, l ∈ {1, 2, . . . ,M [T ]},

a
[B]
h

(
k[B]

)
=

M [B]∑
j=1

d
[B]
hj

(
k[B]

)
, h ∈ {1, 2, . . . ,M [B]}. (24)

Calculation of second term involved in (19) requires com-
binatorial approach. Observing Fig. 8 we note that the arrival
batch of sizeR = (k[T ] + k[B]) hask[T ] packets of tagged
process. However, only(K − i) packets can be successfully
accommodated by the system. Therefore, we have to find a
probability that there are exactlyv[T ] packets of tagged process
within theR = (K − i) cells which cannot be accommodated
by the system.

Since we do not distinguish between packets in arrival
batch there can beCk[T ]

R = R!
k[T ]!(R−k[T ])!

combinations of

k[T ] packets from tagged process in arrival batch of sizeR.
Additionally, there areCv[T ]

k[T ] = k[T ]!
v[T ]!(k[T ]−v[T ])!

combinations

of v[T ] lost packets from tagged process in overall arriving
number of packetsk[T ] from tagged process. All other packets
(K − i− v[T ]) accommodated by the system belong to back-
ground process. Note that the overall number of packets from

background process is(R − k[T ]). There areC(K−i−v[T ])

(R−k[T ])
=

(R−k[T ])!
(K−i−v[T ])!((R−k[T ])−(K−i−v[T ]))!

combinations of(K − i −
v[T ]) packets inR− k[T ] packets. Finally we get:

ΨR
i+1≤v[T ]≤R

(
v[T ]

)
=

Cv[T ]

k[T ] C
(K−i−v[T ])

(R−k[T ])

Ck[T ]

R

. (25)

Substituting (22) and (25) in (19) we have:



f
[T ]
L

(
v[T ]

)
=

K∑
i=0

i+v[T ]∑
k[T ]=v[T ]

i+v[T ]∑
k[B]=i−k[T ]+v[T ]

M [T ]∑
l=1

MB∑
h=1

1×

×

M [T ]∑
j=1

d
[T ]
lj

(
k[T ]

)M [B]∑
j=1

d
[B]
hj

(
k[B]

)×

×
Cv[T ]

k[T ] C
(K−i−v[T ])

(R−k[T ])

Ck[T ]

R

, v[T ] = 1, 2, .. . (26)

We note that f
[T ]
L (0) = Pr

{
L[T ] = 0

}
= 1 −∑∞

k=1 Pr
{
L[T ] = k[T ]

}
= 1 −

∑∞
k=1 f

[T ]
L

(
k[T ]

)
, and there-

fore,f [T ]
L

(
v[T ]

)
, w = 0, 1, .., can be derived from (26) similar

to (12). Both first and second moment of number of lost
packets in the slot of the tagged process can be obtained
immediately from its probability distribution function (26).

B. Probability distribution function of delay

Let the random variableQ[T ], Q[T ] ∈ {1, 2, ..,K}, be the
random variable of the delay of the arbitrary cell from tagged
source and letf [T ]

Q (w[T ]) = Pr
{
Q[T ] = w[T ]

}
, w[T ] =

1, 2, ..,K, be its probability distribution function.
Consider an arbitrary cell of the tagged source that arrives

at the slotn and tag it. Note that we again should consider
two cases:S[Q](n) = 0 andS[Q](n) 6= 0. Indeed, the packet
from tagged source can only sufferK slots delay when and
only when the following conditions hold:
• there are no cells in the system, which implies that the

state of the system isS[Q](n) = 0, and therefore, there
are no packets in the buffer, and at mostK cells can be
accommodated by the system;

• there are exactlyk[T ] arriving packets in the slot from
the tagged process andk[T ] > 0;

• there are exactlyk[B] arriving packets in the slot from
the background process such that

(
k[T ] + k[B]

)
≥ K ;

• one packet of tagged process is at theKth position in
arrival batch.

Given that the state of the system isS[Q](n) = 0 it
immediately follows that:

f
[T ]
V (K) =

∞∑
k[T ]=K

∞∑
k[B]=0

Ω(k[T ], k[B], 0)Ψk[T ]+k[B]

K +

+
∞∑

k[T ]=K−1

∞∑
k[B]=1

Ω(k[T ], k[B], 0)Ψk[T ]+k[B]

K + ...+

+
∞∑

k[T ]=1

∞∑
k[B]=K−1

Ω(k[T ], k[B], 0)Ψk[T ]+k[B]

K =

=
K∑

m=1

∞∑
k[T ]=m

∞∑
k[B]=K−m

Ω(k[T ], k[B], 0)Ψk[T ]+k[B]

K , (27)

where the first termΩ
(
k[T ], k[B], 0

)
was derived in (22) and

the seconds termΨkT +kB

K = Ψk[T ]+k[B]
= 1

k[T ]+k[B] was
derived in (14).

(K-i-1)

Arrival batch: R=k
[T]

+k
[T]

i free

1 2 3 4Packets:

Packets:

K-i+1K-i K

1 2 3 i R

tagged cell

i+1

w[T]

Fig. 9. Accommodation of the batch of packets by the system.

However, when the state of the system isS[Q](n) = 0
arriving packet of tagged source can suffer delay less than
K time slots, and therefore, given the state of the system
S[Q](n) = 0 we have that:

f
[T ]
V (w[T ]) =

w[T ]∑
m=1

∞∑
k[T ]=m

∞∑
k[B]=w[T ]−m

Ω(k[T ], k[B], 0)×

× 1
k[T ] + k[B]

. (28)

When the state of the system isS[Q](n) 6= 0 the arriving
packet suffersw[T ], w[T ] = 1, 2, ..,K − 1 slots delay when
and only when the following conditions are satisfied (Fig. 9):
• there are(K − i), i = 1, 2, ..,K − 1, cells in the system,

which implies that the state of the system isS[Q](n) =
(K− i), i = 1, 2, ..,K− 1, there are(K− i− 1) packets
in the buffer, and onlyi cells can be accommodated by
the system;

• there are exactlyk[T ] arriving packets in the slot from
the tagged process andk[T ] > 0;

• there are exactlyk[B] arriving packets in the slot from
the background process such thatR = (k[T ] + k[B]) ≥
(w[T ] + i−K + 1);

• one packet of tagged process is at the(w[T ]+i−K+1)th

position in arrival batch.
From the aforementioned conditions we have that:

f
[T ]
V (w[T ]) =

w[T ]∑
i=1

w[T ]−i+1∑
m=1

∞∑
k[T ]=m

∞∑
k[B]=w[T ]−m

1×

× Ω(k[T ], k[B], i)
1

k[T ] + k[B]
. (29)

Finally, combining (27) (28) and (29) we get the proba-
bility distribution function that the packet of tagged source
suffer w[T ], w[T ] = 1, 2, ..,K slot delay in D-BMAP+D-
BMAP/D/1/K queuing system:

f
[T ]
V (w[T ]) =

w[T ]∑
m=1

∞∑
k[T ]=m

∞∑
k[B]=w[T ]−m

1×

× Ω(k[T ], k[B], 0)
1

k[T ] + k[B]
+

+
w[T ]∑
i=1

w[T ]−i+1∑
m=1

∞∑
k[T ]=m

∞∑
k[B]=w[T ]−m

1×
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Fig. 10. Illustration of per-process delay jitter.

× Ω(k[T ], k[B], i)
1

k[T ] + k[B]
, w[T ] = 1, 2, ..,K − 1,

f
[T ]
V (w[T ]) =

K∑
m=1

∞∑
k[T ]=m

∞∑
k[B]=K−m

1×

× Ω(k[T ], k[B], 0)
1

k[T ] + k[B]
, w[T ] = K. (30)

From (30) both first and second moment can be obtained.

C. Probability distribution function of per-process delay jitter

Let J [T ], J [T ] ∈ {1, 2, ..,K} be the random variable, which
denotes delay jitter of arbitrary packet and letfJ [T ](u) =
Pr{J [T ] = u}, u = 1, 2, ..,K, be its probability distribution
function.

We define delay jitter as a delay deviation from its mean
f

[T ]
J (u[T ]) = Pr{J [T ] = u[T ]} = (Q[T ] − M [Q[T ]]), where

Q[T ], Q[T ] ∈ {1, 2, ..,K} is random variable which denotes
delay (Fig. 10).

From delay jitter definition and (30) it immediately follows
that:

f
[T ]
J (u[T ]) = w[T ]f

[T ]
Q (w[T ])−

K∑
w[T ]=1

w[T ]f
[T ]
Q (w[T ]), (31)

whereu[T ] = w[T ] −
∑K

w[T ]=1 w[T ]f
[T ]
Q (w[T ]).

We recall thatE[J [T ]] def= 0 and variance can be obtained
from (31).

The same considerations regarding the nature of delay jitter
(see subsection V.C) are also applied here.

VII. C ONCLUSIONS

In this paper we extended previous works targeted on both
superposed and per-process performance evaluation in

∑
D-

BMAP/D/1/K to the general case of D-BMAP arrival process
and gave results applicable to all particular instances of D-
BMAP. These results together with output process definition
obtained previously in [29] completely describe the general
class of queuing systems denoted by

∑
D-BMAP/D/1/K.
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