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ABSTRACT

In this paper we review and discuss some of the theoreti-
cal and practical aspects, the problems, and the consider-
ations that pushed our research from the one-dimensional
LPA-ICI (local polynomial approximation - interesection
of confidence intervals) algorithm [27] to the development
of powerful transform-based methods for anisotropic im-
age processing [18, 15, 19, 20, 8, 21].

In this paper we do not present a new algorithm. In-
stead, we propose a different and more general interpre-
tation of our recently-developed image denoising algo-
rithms. In particular, we show how they can be treated
as nonparametric estimators based on aggregation of a
family of local estimates which are pointwise-adaptive in
terms of both shape and order.

1. INTRODUCTION

The path that we follow begins from conventional
local-polynomial estimators and their spatially adaptive
anisotropic versions [29, 16, 12]. Despite the outstand-
ing success demonstrated by these adaptive techniques, it
must be observed that, at a local level, such estimators
are characterized by a tightly restricted number of param-
eters (i.e. polynomial order). While the intrinsic stability
of these simple models makes their spatial adaptation ef-
fective and robust, it also poses a significant limit to their
fitting ability. Low-order polynomial models appear often
too rigid for satisfactorily approximating all the various
local behaviors of natural images.

Improved approximation can be achieved by means of
higher-order models. Unfortunately, direct application of
adaptive scale-selection procedures for higher-order mod-
els fails, because of the very large variance inherent of
the higher-order estimates [25]. A number of compro-
mises have been proposed in the literature: for exam-
ple, exploiting a lower-order (usually zero-order) model
in the spatial-adaptation step and a higher-order one (first-
or second- order) for the approximation and estimation;
or separately producing few spatially-adaptive approxima-
tions of different fixed orders (e.g. zero, first, and second
order) and then combining them, with some (adaptive or
non-adaptive) weights (see, e.g., [6], [23]). However, the
choice of the final (i.e. maximum) order remains crucial.
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It should be noted that if this order is unrestricted there
is no smoothing, since the model attains a perfect fit to
the noisy observations. It turns out that it is necessary
not only to adapt with respect to the spatial features in the
image, but also with respect to the different orders which
are required to model such various features. We solve this
dilemma by decomposing the higher-order models in sev-
eral orthogonal complements and adaptively compose the
most appropriate model from the corresponding subspaces
using conventional estimators such as thresholding. This
is done at a local level, on an adaptive starshaped neigh-
borhood defined via a reliable zero-/first-order multidirec-
tional estimator, namely the anisotropic LPA-ICI [16, 29].
In this way, we come to pointwise spatially- and order-
adaptive anisotropic polynomial estimators.

We make one step further, and relax the procedure
by replacing polynomial models with more general trans-
forms. In particular, we concentrate on the shape-adaptive
variants of the discrete cosine transform (DCT) because of
their near-optimal decorrelation ability for natural images.
Low-complexity versions of such transforms exist and can
be exploited to develop fast algorithms based on the above
paradigm. We remark that these are not simply some
speculations of abstract interest. A breakthrough in im-
age restoration performance corresponds to each progres-
sive step taken from local polynomial estimators towards
pointwise shape-adaptive transforms. In particular, the
pointwise shape-adaptive DCT algorithms for denoising
[21, 19], deblurring [15], deblocking [21, 20], and inverse-
halftoning [8] deliver estimates of an unprecedented qual-
ity. Such algorithms typically outperform in terms of per-
ceptual and objective criteria all the other techniques ex-
isting in the open literature.

2. BACKGROUND

The pointwise local approximations were intensively in-

vestigated and discussed during the last years. We refer to
the books [10] and [36] for a nice and detailed overview
of local polynomial modeling and related literature. In
the maximum-likelihood framework these approximations
can be applied to many technical and scientific problems.
Important issues for local modeling is the choice of local-
ization (window-size, bandwidth, smoothing) parameters.
Different types of model-selection techniques based on
the asymptotic expansion of the local-likelihood are men-
tioned in [11] and [25], which include global and variable



bandwidth selection.

The problem of pointwise-adaptive estimation has
received a new powerful impetus in connection with
a number of new methods developed for adaptive
scale/bandwidth selection. Various developments of this
idea and various statistical rules are the subject of a thor-
ough study in the papers [34], [23], [43]. This sort of
methods can be treated as a quality-of-fit statistics applied
locally in pointwise manner and are known as “Lepski’s
method” [32]. There is a number of modifications of this
approach and different adaptive algorithms with succes-
sive applications reported in many publications.

However, multiple studies produced in statistics show
that the finite sample performance of estimators based on
bandwidth or model selection is often rather unstable (e.g.
[4]). This point is particularly critical for the pointwise
model selection procedures like Lepski’s method, [33]. In
spite of the nice theoretical properties (see [34], [33], or
[43]), the resulting estimates suffer from a high variability
due to a pointwise model choice, especially for a large
noise level.

This suggests that in some cases, the attempt to iden-
tify the true model maybe is not necessarily the right thing
to do. One approach to reduce the variability in adaptive
estimation is known as “model mixing” or “aggregation”.
Let us clarify this idea. In local approximation, the esti-
mation neighborhood is selected adaptively. In order to do
it, a number of estimates is calculated and compared. This
is how Lepski’s method works. Mixing or aggregation as-
sumes to use a combination (in particular weighted mean
of the estimates) instead of attempts to select the best es-
timate. A number of aggregation procedures has been de-
veloped (e.g. [48], [49], [47], [3]). It was proved that,
with a proper combination, the mixed estimate achieves
the minimal estimation risks, i.e. its performance is not
worse than the performance of the best of the individual
estimates. Thus, aggregation can be used instead of se-
lection, and provides estimates that are more stable with
respect to the random noise (e.g. [48], [49], [5]). In the re-
gression framework, optimal aggregation procedures have
been proposed and their properties studied (e.g. [26], [47],

(2], [35D).

In image processing a lot of our work has been done
in the line of the best-model selection in order to produce
efficient adaptive algorithms. Success has been achieved
due two important elements of the developed approach:
starshaped anisotropic neighborhoods used for estimation
and an adaptive scale-selection procedure equipped with
special non-symmetric directional filters.

For the scale selection, the intersection of confidence
intervals (ICI) — a particular instance of Lepski’s approach
— has proved to be extremely successful. The developed
technique has been applied to many standard image pro-
cessing problems: denoising [29, 16], deblurring [29, 28],
inverse-halftoning [17], restoration from Poissonian and
signal-dependent noise [30, 14, 13].

However, overall our expertise in the field says that
the potential of these adaptive pointwise approximations

is practically exhausted. Even though some further im-
provements and optimization can be produced, the prin-
cipal limits of the approach have been achieved. Further
development, in order to have a practical and concrete sig-
nificance, requires novel ideas.

Our recently proposed algorithms differ from the con-
ventional anisotropic LPA-ICI in a number of fundamen-
tal aspects.

Firstly, the pointwise approximations of the signal are
replaced by local approximations over neighborhoods (we
remind that in LPA-ICI algorithms the estimates are al-
ways pointwise, meaning that each LPA is exploited to
estimate a unique pixel only).

Further, the fixed polynomial order is replaced by an
adaptive order (which is restricted only by the size of the
neighborhood where the local model is fitted).

Finally, we exploit aggregation, in order to compen-
sate to the variability of these local estimates and thus to
improve the quality of the final estimate.

3. PROCEDURE

Suppose we are given noisy data in the form z(x) =
y(x)+n(x), x € X, where y is a signal of interest and
n is some additive noise. Our approach to estimation for
a point xg can be roughly described as the following four
stage procedure.

Stage I (spatial adaptation): For every x € X, define
a neighborhood Uj of x where a simple (e.g. constant or
linear) signal model fits the data;

Stage II (order selection): apply some localized trans-
form (parametric series model) to the data on the set f]j’ s
use a thresholding operator (model selection procedure) in
order to identify the significant (i.e. non-zero) elements of
the transform (and thus the order of the parametric model).

Stage III (approximation): Calculate, by inverse-
transformation of the significant elements only, the cor-
responding estimates )70; (v) of the signal for all v € Uj .
These j/a are calculated for all x € X.

Stage IV (aggregation): Let xo € X and Iy =
{x € X:xge Ut } be the set of the centers of the neigh-

borhoods which have xo as a common point. The
final estimate p(xg) is calculated as an aggregate of
{yU; o)y _ Iy

Let us discuss more in detail these four stages.

3.1 Adaptive neighborhood (scale/size/shape) selec-
tion

The use of neighborhoods in which the signal is nearly
constant or otherwise very homogeneous provides a dra-
matic improvement to the effectiveness of our method. In
these neighborhoods there are no strong irregularities such
as jumps, change-points, or change-lines. Therefore the
signal allows for very sparse representations in the trans-
form domain. It means that the true signal is transformed
into few high-magnitude coefficients which are signifi-



cant. All other coefficients have small amplitude and con-
vey little information about the signal of interest.

To adaptively select these neighborhoods we exploit a
simplified version of the Anisotropic LPA-ICI ([15, 21]).

It is interesting to observe that various kinds of pre-
processing have been recently proposed in combination
with wavelets (e.g. [45], [9], [37]) and harmonic trans-
forms ([41], and references therein) in order to suppress
the disturbing effects (e.g. ringing) that commonly-used
transforms produce in correspondence with strong edges.
In our approach preprocessing is unnecessary, since the
transforms are used on supports which are pointwise adap-
tive with respect to the signal.

3.2 Adaptive order selection

Stage 11 is a typical model-selection procedure looking for
the proper order of a polynomial series expansion. Let us

consider an orthonormal basis { @ }’ ‘ for L2 (U+)

where

of U;L . In particular, we employ orthonormal polynomials
and bases obtained from harmonic functions.

Let W (1) be the eigenspace generated by z// . The

space L2 (U, +) can be trivially decomposed as the direct
sum of these orthogonal eigenspaces
22 (04 — % o .
x | = 691‘:1 Tt (1)
Our adaptive model-selection aims at identifying a sub-
space Vy C L2 (Uj) of the form
Vx = EBzeSY [(le (2)
which is suitable for approximating y on Uj . The set Sy
in (2) indicates the significant (or active) spectral compo-
nents of y with respect to the decomposition (1).
Hard-thresholding appears as the most natural ap-

proach to identify the set S, and thus the subspace V.
It defines
Ei TA?] >

sxz{i

- . . . nd + . . . .
where Z)+ 18 the restriction of z to U, (-, ) 12 (U;r) is the
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inner-product in > (ﬁj ), and 7, is a threshold parame-

ter!.

Many different and more sofisticated techniques can
be applied here in the place of hard-thresholding.

Observe that 7y does not necessarily contain all W( )
with i < max (Sy), i.e. Sy is not necessarily a contlnuous
spectrum. On the contrary, it is desirable (and typically
happens) to have only very few significant components,
or, in other words, a sparse representation.

n our algorithms, 7, is a function of f]j

, similarly to Donoho’s

universal threshold.

3.3 Approximation

Once the adaptive model has been identified, we can pro-
ceed to construct the corresponding local approximation
of the signal. Similarly to the LPA, we look for the best
approximation in terms of L2-norm. In our case, the best
approximation is given as the projection of Z\7+ onto V.
Obviously, it is given by the reconstruction formula

Jgr = argmin,cy, HZ|L7X+_W N
2(07)
([) (i)
= >t v ey Vi
l;; | Uy LZ(U?) Us
Choice of the basis

Let us give some remarks on the choice of the orthonor-
mal basis used in Stage II and Stage I11. All the basis ele-
ments are supported on the adaptive neighborhood Uj s
and orthonormality holds with respect to the norm of
12(0F
borhood corresponds a different adapted basis. The prac-
tical design of bases with arbitrarily-shaped supports has
been subject of extensive research. The most naive, and
arguably also the most effective and computationally de-
manding approach is essentially the successive orthonor-
malization (i.e. Gram-Schmidt algorithm). In principle,
any basis defined on a superset of U can be orthonor-
malized onto Uj . Nevertheless, traditionally only poly-
nomials and harmonic bases (Fourier, cosine, etc.) are
used for this scope. The application of such bases for im-
age compression had been proposed almost two decades
ago [22] but never found concrete use because of the ex-
cessive computational burden and some technical compli-
cations [38]. Other approaches based on partial differen-
tial equations have been suggested (e.g. [40]). However,
the most successful family of orthonormal bases defined
on arbitrarily-shaped supports is the shape-adaptive DCT
(SA-DCT) [42, 31], which is a low-complexity transform
implemented in a separable-like manner. It is shown in
Section 5 that the mentioned bases and transforms even-
tually produce very similar results. Therefore, when con-
crete denoising applications are considered, the SA-DCT
is without any doubt the transform of choice.

Since transforms obtained by orthogonalization re-
quire precalculation, we shall refer to them as “shape-
adapted” transforms (a term proposed by Gilge [22]). The
low-complexity SA-DCT does not require precalculation
and is used directly. It is thus truly a “shape-adaptive”
transform. We note that unfortunately in the literature
there is no complete agreement on this terminology.

). It means that to each differently-shaped neigh-

3.4 Aggregation

Aggregation is possibly the most important element in our
approach and it strongly influences the design of all pre-
ceding stages.

The aggregation implies that the final estimate p(xo)
depends on data given in the union of the neighborhoods
Uye Iy Uj , as opposed to the anisotropic LPA-ICI, where
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Figure 1: Aggregation in action. Details of a cross-
section of length 31 pixels from the Peppers image
(o=25): the dots show all the individual estimates which
are aggregated in order to obtained the final estimates at
each position. For each pixel there are about 200 individ-
ual estimates.

the final estimate for a point depends on the data given

in the corresponding neighborhood only. In this sense,

in our aggregation the initial local estimate y;+ is sup-
0

planted by a non-local one, with much larger areas of the
data involved?.

The stabilizing effect of aggregation is clearly de-
picted in Figure 1, for a cross-section of the noisy Pep-
pers image. One can observe that the individual estimates
are extremely volatile, and that the majority of them is not
a particularly good estimate of the true signal. Numer-
ous outliers can be seen. Aggregation aims at combining
all these estimates in order to produce an “aggregated es-
timate” which is not worse (in terms of estimation risk)
than the best of them. However, as it can be seen in the

figure, all of the estimates { )70;} are usually noisy

xe]xO

and the averaging effect involved in the aggregation gives

a remarkable improvement of the accuracy. In practice,

one can observe that the aggregated estimate p (xo) is of-

ten significantly better than any of the individual estimates
xel,

{3 G0}
X0
Experimental study has been produced in order to
identify the most effective and efficient way to combine

all such individual estimates. For the sake of computa-
tional simplicity, it is desirable to use a convex combi-

nations of 37+ , where the factors for J7+ can be
X Jxe Yo X

calculated independently of {)30+} This allows to
v Jo

X

21t is interesting to observe that the recursive anisotropic LPA-ICI
[16, 12] presents a very similar behaviour, where the data used for es-
timation at a point x( is progressively enlarged by incorporating other
neighborhoods which have x as a common point. This happens at ev-
ery iteration, and starting from the second iteration even neighborhoods
which do not contain x( might be used for the estimation at this point.

It is also because of this property that the recursive LPA-ICI provides
better performance than the non-recursive anisotropic LPA-ICI (see Ta-
ble 1).

easily implement the aggregation by means of two sepa-
rate buffers (a “numerator” for the weighted estimates and
a “denominator” for the weights). However, beside the
conventional average and weighted-averages, also robust
stastistics such as trimmed means and median estimators
were considered as possible choices for “aggregators”. It
was observed that, using adaptive weights w, which de-
pend simultaneously on the size of the neighborhood and
on the number of significant or active elements of the local
model?, a simple weighted-average with weights constant
on U;r provides the best aggregation. An experimental
analysis in [24] confirms our conclusion, at least for the
simpler case of DCT transform with non-adaptive sup-
port of size 8x8. As a matter of fact, such weights are
very natural, and have thus been used extensively within
sliding-transform filters already for more than a decade
(see [50], and references therein). Further considerations
about these adaptive weights can be found in [21].
Overall, it follows that the individual estimates of
Stage III are allowed to be quite noisy, and the final ef-
ficient noise removal can be enabled by the aggregation
procedure. The biasedness of the individual estimates is
much more damaging than their noisiness, as it cannot be
easily removed by the aggregation. Thus, selection of the
local neighborhoods f]j on Stage I and the model selec-
tion (significant spectrum Sy and subspace V) on Stage
II require a special care. We note that the ringing artifacts
which can appear as a result of transform-based filter-
ing are essentially bias-errors. These artifacts are typical
when the transforms are applied on non-adaptive supports
(loss of sparsity), or when thresholding (i.e. model selec-
tion) is too aggressive (loss of significant components).

4. COMMENTS

We wish to note that the term “model selection” is used in
a different sense in different areas. In classical statistics
it usually denotes basic function selection from a given
set or from the library of these sets. In the nonparametric
regression model-selection refers to the selection of the
size of conventionally symmetric neighborhoods used for
estimation. In our approach we use the polynomial and
cosine transforms defined on neighborhoods with varying
size and shape. Thus, here we approach to the model-
selection problem in generalized form, assuming selection
of the active elements of the transform as well as the size
and the shape of the support of this transform.

5. EXAMPLES

We developed a number of novel and well-tested algo-
rithms [18, 15, 19, 20, 8, 21] implementing the above
ideas of the novel approach to nonparametric regression
estimation. The proposed algorithms are quite general and
can be applied in various areas. Our work concerns with
image processing problems as one of the most competi-
tive area of the signal processing. Overall, the proposed

3i.e. the number of coefficients retained by thresholding, and thus the
average variance of the reconstructed local estimate.



| technique | Cameraman | Peppers | Lena | Boats |
Anisotropic LPA-ICI (zero order) 28.16 28.34 29.67 27.92
Recursive Anisotropic LPA-ICI (zero-first order mixture) 28.68 29.16 30.43 28.58
Pointwise “shape-adapted” orthonormal polynomials 28.89 29.61 31.34 29.08
Pointwise “shape-adapted” DCT 28.99 29.69 31.43 29.20
Pointwise shape-adaptive DCT (SA-DCT) (low-complexity) 28.90 29.52 31.27 29.09

Table 1: PSNR (dB) results for denoising from additive Gaussian white noise (¢=25) for a few test images with different

algorithms for anisotropic nonparametric estimation.

| technique (two-stage, with empirical Wiener filtering) | Cameraman | Peppers | Lena | Boats |
Pointwise “shape-adapted” orthonormal polynomials 29.13 30.03 31.68 29.43
Pointwise “shape-adapted” DCT 29.19 30.05 31.76 29.51
Pointwise shape-adaptive DCT (SA-DCT) (low-complexity) 29.11 29.92 31.66 29.47

Table 2: PSNR (dB) results for denoising with transform-domain empirical Wiener filtering. The reference estimate used
in Wiener filtering is the one obtained by the respective algorithm, as shown in Table 1. The estimates obtained by this
two-stage procedure are significantly better than those obtained by just a single stage.

algorithms demonstrate breakthrough results, essentially
outperforming the previous generation of the algorithms
based on pointwise approximation with a fixed polyno-
mial order. On many occasions, the results by the new
pointwise SA-DCT algorithms overcome the best achieve-
ments in the field. We refer the reader to [15] and [21] for
technical details about the implementation of these algo-
rithms and for extensive comparative analyses. Here our
scope is different and we present only a limited set of ex-
periments, mainly to highlight the improvement of these
new methods over the anisotropic LPA-ICI and to show
that — in terms of quality of results — the differences be-
tween orthonormal polynomials and SA-DCT is not sig-
nificant.

Table 1 gives PNSR results for the denoising of a
few standard images. We consider the basic and recur-
sive anisotropic LPA-ICI and three realizations of the
presented approach using three different transforms for
arbitrarily-shaped supports: “shape-adapted” orthonor-
mal polynomials and cosines bases (obtained by suc-
cessive orthogonalization), and the low-complexity shape-
adaptive DCT (SA-DCT). The “shape-adapted” DCT pro-
vides the best results in all experiments, thus demonstrat-
ing a better approximation ability for natural images than
the “shape-adapted” orthonormal polynomials. The low-
complexity SA-DCT achieves a performance which is ex-
tremely close to that of the more complex transforms, but
at a much lower computational cost?.

Table 2 shows results obtained by implementing the
proposed approach with a second stage, where empirical
Wiener filtering is used instead of hard-thresholding. For
this Wiener filtering the reference estimate is the one ob-
tained from the first stage (whose PSNR is given in Table
1). The two-stage implementation further improves the
denoising performance.

We conclude with a visual illustration of some of the
concepts discussed in the previous sections. Figure 2

4Complc&:xity and implementation issues related to these approaches
are discussed in [15] and [21].

shows, for a given noisy image (6=15, PSNR=24.58dB),
several quantities corresponding to individual locations
x € X. Orthonormal polynomials are used for this sim-
ulation.

The size of the adaptive neighborhood of the point
X, ‘Uj
proach. In this example, the largest allowed neighbor-
hood is — for computational reasons — a 17x 17 square

, 1s the most basic concept of the whole ap-

block, which corresponds to ‘Uj =289, shown as white

in the figure. The smallest neighborhood is a single pixel,
o
are large where the image is smooth, whereas they shrink
in the vicinity of edges. The variance of the eight di-
rectional adaptive-scales which define the actual shape of
the neighborhood, vari {h;: }f 1 }, give a good indication

=1, shown as black. Observe that the neighborhoods

of its anisotropy. Narrow, elongated neighborhoods have
scales of distinctively different values, whereas rounder
neighborhoods have more homogenoeus scales (roughly
corresponding to a “radius” of the neighborhood). The
most anisotropic neighborhoods (shown as light gray) are
usually found next to edges, where the neighborhoods are
asymmetrical, with larger scales for those directions op-
posite to the edge and shorter ones in the direction across
the edge. The varying size and anisotropy clearly demon-
strate the spatial adaptivity of the neighborhoods f]j .

As in Equations (1)-(2), for a neighborhood of size
Ut

we can have an adaptive local model with |Sy| <
o
mension of V). It is interesting to see that, even where
the image is rather smooth, high-order models are very
frequently used: in this example, the adaptive polynomial
order (i.e. maximum degree of the polynomial compo-

o
Nevertheless, the number of active compoments is usu-
ally much smaller (and thus the spectrum is highly frag-
mented). The sparsity achieved by the local estimate )A}U?

dimensions (i.e. number of active components, di-

nents of {1// } S ) goes up to 30 (shown in white).
1E€Jy
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Figure 2: A visualization of some of the elements and concepts which appear in the proposed approach (see text).

IS
Ut

can be expressed by the ratio between the dimension

of V, and the size of the neighborhood. Sparser repre-
sentations correspond to smaller ratios (shown as darker
grays). Smoother areas of the image allow to achieve very
sparse local estimates, regardless of the degree of their

polynomial building elements {y/gl} o Sharper de-
ieSy

X

tails of the image, require instead a larger proportion of
basis elements into the estimate.

The number of aggregated estimates |/,| is a direct
indicator of the overcompleteness of the method. This
number depends only on the configuration of the adap-

tive neighborhoods which is the result of the first stage of
the procedure (Section 3). It is not influenced by the out-
come of the three subsequent stages. On the contrary, the
sum of the weights {w,},c; used in aggregation can be
treated as a pointwise goodness of the final aggregated es-
timate. This estimate (PSNR=32.87dB) is visually good,
with well reconstructed details and no significant artifacts.

6. FUTURE DEVELOPMENTS

We aim at the development of an algorithmically effi-
cient technique for spatial adaptation which shall be based
on a local comparison of adaptive higher-order estimates



rather than on the pointwise comparison of lower-order
ones, currently used. Statistical criteria to enable such

comparisons are known.

However, the calculation of

all estimates to be compared represents a computation-
ally unacceptable task. Exploiting essential simplifica-
tions seems an unavoidable necessity. Techniques based
on block-similarity (e.g. [7]) suggest alternative ways to
simultaneosly incorporate spatial-adaptation and aggrega-
tion into simple transform-domain operations.
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