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ABSTRACT

A global optimization approach to active contoursis neces-
sary if imagesto be analyzed have low signal to noiseratio.
Inthis setting, it is reasonable to study global properties of
energy functions to be optimized. A simple connection be-
tween internal energy functions of active contour models
of a certain type and Rayleigh quotients is derived in this
paper. Theimportance of Rayleigh quotientsliesin the fact
that they are related to eigenvalues of real symmetric ma-
trices. Asa consequence, one can study the internal energy
of an active contour model with numerical routines that
are designed for eigenvalue computations of real symmet-
ric matrices.

1. INTRODUCTION

Deformablemodels[1] arewidely usedtechniquesn im-
ageanalysisand processing.Particularly active contours
[2], alsotermedsnales, have receved a lot of attention.
The idea behind snhales is to regularize edge-detection
by imposingsoft constraintson the shapeof the contour
to be extracted. This way it is possibleto find a contour
from a noisy image without knowing its exact shapeor
position. Active contoursare frequentlyappliedin med-
icalimageanalysigq3], but alsootherapplicationsexist[1].

To be more precisea snale is a curve with an associated
enegy function. A contourextraction from an imageis
formulated as the minimization of the enepgy function.
The enepy is divided into the internal enegy and the
external enegy. The external enegy is derived from
imagedata.Theinternalenegy depend®nly ontheshape
of thecurve henceregularizingtheoftenill-posedproblem.

The internal enepy for the original snalke-model[2] was
not invariant to scaling of the curve in order to reduce

sensitvity to initialization imposedby the appliedlocal
minimizationtechnique.For mostof the applicationsthis
solution is not satishctory seefor example[4], [5]. A
possiblesolutionis to minimize the enegy globally and
sethard constraintsto ensureadmissibility of the result-
ing curve. Normally, this requiresthe internal enegy to
beinvariantto translationyotationandscalingof thecurve.

For implementation,it is corvenientto approximatethe
curve by a polygon,which is completelydescribedy its

vertices. This simplerepresentatioiis yet a powerful one.
It permits one to incorporatedetailed prior information
aboutthe expectedshapeof the tamget to be delineatedn

the internal enegy of the snale [6], [7]. However, fur-

theranalysisof theinternalenepgy functionis often omit-

ted. The analysisof its global behaiour may prove to

be important, especiallyas increasedcomputationpower
andimproved algorithmsallow moreefficient enegy min-

imization. The intention hereis to shav thatthe internal
enegy of the snale canbe interpretedasa Rayleighquo-
tient[8]. Rayleighquotientsrelateto the eigervalue prob-
lem for symmetricmatricesfor which therearea number
of algorithmsandsoftware. Hence,the simpleconnection
providesafastway to obtaininformationaboutthe specific
snale model. Assumptiongequiredarenot prohibitive and
mary active contourmodelswith little or no modification
will satisfythem.

2. SNAKES AND RAYLEIGH QUOTIENTS

A snaleis anorderedsetof pointsV = {vq,...,vN_1},
whereeachsnaxel v; = [z;,v;]T € R2. Only closedcon-
toursareconsidereé&ndhencesubscripiarithmeticis mod-

ulo N. Theenepy of thesnaleis
E(V) = )‘Eznt (V) + (1 - )‘)Eezt(v)’ (1)

whereE;,; is theinternaleneny, E.,; is the externalen-
emgy and A € [0, 1] is the regularizationparameter The



internalenepy is
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whereall 4;; are2 x 2 matrices(with the conventionthat
A;; = 0). The purposeof the normalization factor (V')
is to yield a scaleinvariant E;,,;. At leastactive contour

models presentedn [6] and [7] have internal enepies,
which canbewrittenin aform (2).

)

If we now assumethat the internal enegy (2) is trans-
lation invariant, we can interpret it as a Rayleigh

quotient. For this, let s = [vI,...,vL |7 =
[:UanOazlayl; .. '7$N717yN71]T' Now (2) canbewritte
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Bs
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and T is the 2 x 2 identity matrix. However, this is still

not what we are after; (V) canbe zeroevenif s is not.
Therefore recallingthatthe internal enegy is translation
invariant,weassumev, = 0 withoutary lossof generality
Letz = [:L’l,yl, ooy TN—1, yN_l]T. Now

IBsll = [IB[0,0,2"]"]
= |[[by,...,b2n][0,0,2"]7]|
= |l[bs; ..., banlz|| = || Bz|.

Thenormalizationfactor!(V) is aquadraticform:

N-2
(V) = D [vigr = vil P+ [[val* + Vi1 |]? = 27 Lz,
=2
whereL is2N — 2 x 2N — 2 non-singulamatrix. Thema-
trix L is alsopositive definiteandhencethereis a positive
definitematrix v/Z suchthatv/Z~ = L [8, Thm. 2.14.2].

The introductionof a new variablew = +/Lz givesthe
interpretatiorof (2) asa Rayleighquotient

WT(\/Z_I)TBTB\/E_IW

(4)

3. PROPERTIES OF RAYLEIGH QUOTIENTS

The next theoremconnectshe Rayleighquotient(4) and

theinternalenegy (2) to the eigervaluesof the real sym-

metric matrix (vZ )TBTBVL ', see[8] Theorems
3.2.1and3.3.1andExercisel atpagelll.

Theorem 1 Let R be real and symmetric square-matrix.
The Rayleigh quotient R(x) = x”Bx g stationary at, and

xTx
only at, the eigenvectors of the matrix R. At an eigenvector
&, R(&) = p, where p is the associated eigenvalue. More-
over u; = maxR(x),po = min R(x), where p, isthe
greatest eigenvalue and py is the least eigenvalue of the
matrix R.

DefineV 4+ W = {v; + w;|i = 0,...,N — 1}, where
V, W aresnaleswith N snaxls. Notethatwhensnales
aretakenasvectorsof R?N their additionis simply vector
addition. The scalarmultiplicationin R?V correspondso
the scalingof snales. If we now set E;,.(V) = pyo if
I(V) = 0, wherey is the leasteigervalue of the related

matrix (VI )TBTBVL " we obtaina corollaryto the
Theoreml.

Corollary 1 Let pg be the least eigenvalue of the matrix
(VI )TBTBVL ' related to Ein, (V). Let the multi-
plicity of uy be K. Then the set of snakes of minimum in-
ternal energy V = {V : E;,;(V) = o} isa vector space.
Moreover, if V;,5 = 1,..., K, are K snakes correspond-
ingto K linearly independent eigenvectors associated with
Lo, abasisfor Vis

{V;li =1...K}U{X, Y},

where X = {[1,0]7,...,[1,0/T} and Y =
{[0,1]7,...,[0,1]T}.

The proof of the Corollary is givenin the Appendix. Of
course,while performing actual computations,one nor
mally doesnotwantto find acontourwhoselengthis zero.
However, theabove Corollaryis still ausefulone. For ex-
ample,it is appliedin the Section4.

4. EXPERIMENTS

As anexampletwo particularinternalenegy functionsare
analyzedy computingeigervaluesandeigervectorsof the
relatedmatrices.Theinternalenegy functionsare

BL (V) = ity Vi = 5(viea + Vi)l
int l(V) )
N-ly. — v.||2
E2 (V :Z’izo |[vi = Vil
znt( ) l(V) 9
where

. 1 T
V; = E(Vifl + v; + tan NRQQ(V,L',1 — Vi+1))

and Ry is 90 degreesrotation matrix. The function
E} ., is the discretizedversion of the curvature term of
the internal enegy of the original snale model [2]. It
has beennormalizedby (V) for scaleinvariance. The

function E2, is from [6]. SymbolsM;,i = 1,2, are

usedwhen referring to the matrix (vZ )TBTBVL
correspondinghefunction E,,,.



Table 1: Minima andmaximaof thetwo enegy functions
whenthe numberof snaxlsis varied. Minima of E2,, are

K3

alwayszero.
N | minE}, maxE}, maxEZ,
20 0.0245 1 1.0251
21 | 0.0222 0.9944 1.0170
30 | 0.0109 1 1.0110
31 | 0.0102 0.9974 1.0077
50 | 0.0039 1 1.0040
51 | 0.0038 0.9991 1.0029
100 | 0.0010 1 1.0010
101 | 0.0010 0.9998 1.0007

Numerical computationswere performedby Matlab 5.3
(Mathworks, Natick, MA, U.S.). It usesthe EISFACK

routines[9] for eigervalue calculations. Squareroots of

matrices . were also computedby Matlah For this, it

appliesthe Parlett-algorithmdescribedn [10, p.384]. The
propertiesof the two internalenegy functionsthatwill be
presentedare basedon numericalsimulations. Some of

theseoughtto be taken with caution. For example, it is

possibleto make an error whenstatingresultsconcerning
multiplicities of eigervalues. We may not notice that two

eigervaluesare not equal if they are very closeto each
other

Minima andmaximaof the both enegy functionsfor sev-
eral valuesof N arelisted in Table 1. As canbe seen

from Table1, their rangestendedto [0, 1] asN increased.

The leasteigervalue of M; had multiplicity 4. Snales
VJ,j = 1,...4, correspondingsomefour linearly inde-

pendentigervectorswererelatedby a linear transforma-
tion,i.e. Vi = TVJ = {Tvj|k = 0,...,N — 1}, where
T : R? — R? is alineartransformation Now, noting that
thecurves V7, j = 1,2, 3,4, all hada shapeof anellipse,
by Corollary 1 it follows thatall minimum enegy curves
of E} , areellipses.Curvescorrespondindo all the other
eigemvaluesof M; wereself-intersectingandhenceclassi-
fied asinadmissiblesolutionsto the problem. Also from

the shapeof thesecurvesit wasclearthatall linearcombi-

nationsof themwerealsoself-intersecting.

For the function E2, the curve of minimal enegy is, by
the construction circle. Our simulationverified the fact.
Moreover, sincethe multiplicity of the leasteigervalue of
M, was2, we canconcludehatcircleis theonly minimum
enegy cuneof E2,,. However, EZ , hadalsootheradmis-

sible curvesasstationarypoints. Someof theseareshovn
in Fig. 1.

5. DISCUSSION

We have shavn how to interpreta scaleand translation
invariantinternalenegy of asnale asa Rayleighquotient.
The approachis quite general. For example, the snale
modelsfrom [6] and [7] can be seento satisfy our as-
sumptions.The only realrestrictionof our approachs the
choiceof normalizationfactor Also normalizationfactors
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Figure 1: Few curvesfor which EZ , is stationarywhen
N = 30.

thatdo not permitthe Rayleighquotientinterpretationcan
of coursebe used. However, further studiesand discus-
sionsaboutthe meaningof the form of the normalization
factorarebeyondthe scopeof this paper

Rayleigh quotients relate to eigervalues of the real
symmetricmatrices. Becausethe symmetriceigervalue
problem is well-studied, the connectionallows one to
analyzeglobal propertiesof the internal enegy functions
of thesnale models.Hereminima, maximaandstationary
points of two internal enegy functions were found by
using the derived connection. Another function had also
admissible,i.e. non-intersecting,curves as stationary
points in addition to the onesof minimal enegy. This
is an interestingresult, becauseit clearly demonstrates
a disadwantage of gradient descenttechniquesfor the
optimizationin theframework of active contours.

APPENDIX

The proof of Corollary 1 is presented. Snales
V;,j = 1,...,K, belongto ¥V by Theoreml. By
assumptiorthat if (V) = 0 then E;,.(V) = po, also
X,Y € V. Sincethe (algebraic)multiplicity and the
geometriamultiplicity of aneigervalueof arealsymmetric
matrix areequal[8], {(V;) # 0 andthefirst snavel of V;
is zerofor eachy, thesetB = {V;|j =1... K}U{X,Y}
is linearlyindependent.

Now let W € V bearbitrary ThenalsoV = W — X —
YY € V, wherezxy (resp. yo) is the z-coordinate(y-
coordinate)of thefirst snaxel of W. Furthermorevy = 0.
SinceRayleighquotientsare differentiablewheredefined



and pg is the minimum of the Rayleigh quotient corre-
spondingto F;,;, from Theoreml it follows that there
is an eigervector associatedwvith pg that correspondgo

V. Hence,W belongsto a spacespannedy B. Assume
now that W is an arbitrary elementof the spacespanned
by B. Then W is obtainedby a translationfrom some
linear combinationof V;,5 = 1,..., K. It follows that

E;n:(W) = pp andtheproofis completed.
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