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ABSTRACT

A global optimization approach to active contours is neces-
sary if images to be analyzed have low signal to noise ratio.
In this setting, it is reasonable to study global properties of
energy functions to be optimized. A simple connection be-
tween internal energy functions of active contour models
of a certain type and Rayleigh quotients is derived in this
paper. The importance of Rayleigh quotients lies in the fact
that they are related to eigenvalues of real symmetric ma-
trices. As a consequence, one can study the internal energy
of an active contour model with numerical routines that
are designed for eigenvalue computations of real symmet-
ric matrices.

1. INTRODUCTION

Deformablemodels[1] arewidely usedtechniquesin im-
ageanalysisandprocessing.Particularly active contours
[2], also termedsnakes, have received a lot of attention.
The idea behind snakes is to regularize edge-detection
by imposingsoft constraintson the shapeof the contour
to be extracted. This way it is possibleto find a contour
from a noisy image without knowing its exact shapeor
position. Active contoursare frequentlyappliedin med-
ical imageanalysis[3], but alsootherapplicationsexist [1].

To be moreprecisea snake is a curve with an associated
energy function. A contourextraction from an imageis
formulated as the minimization of the energy function.
The energy is divided into the internal energy and the
external energy. The external energy is derived from
imagedata.Theinternalenergy dependsonly on theshape
of thecurvehenceregularizingtheoftenill-posedproblem.

The internalenergy for the original snake-model[2] was
not invariant to scaling of the curve in order to reduce

sensitivity to initialization imposedby the applied local
minimizationtechnique.For mostof theapplications,this
solution is not satisfactory, seefor example [4], [5]. A
possiblesolution is to minimize the energy globally and
set hard constraintsto ensureadmissibility of the result-
ing curve. Normally, this requiresthe internal energy to
beinvariantto translation,rotationandscalingof thecurve.

For implementation,it is convenient to approximatethe
curve by a polygon,which is completelydescribedby its
vertices.This simplerepresentationis yet a powerful one.
It permits one to incorporatedetailedprior information
aboutthe expectedshapeof the target to be delineatedin
the internal energy of the snake [6], [7]. However, fur-
theranalysisof the internalenergy function is oftenomit-
ted. The analysisof its global behaviour may prove to
be important,especiallyas increasedcomputationpower
andimprovedalgorithmsallow moreefficient energy min-
imization. The intentionhereis to show that the internal
energy of thesnake canbe interpretedasa Rayleighquo-
tient [8]. Rayleighquotientsrelateto theeigenvalueprob-
lem for symmetricmatricesfor which therearea number
of algorithmsandsoftware. Hence,thesimpleconnection
providesafastwayto obtaininformationaboutthespecific
snakemodel.Assumptionsrequiredarenotprohibitiveand
many active contourmodelswith little or no modification
will satisfythem.

2. SNAKES AND RAYLEIGH QUOTIENTS

A snake is anorderedsetof points
���������
	��
����	����������

,
whereeachsnaxel

������� ����	������! #"%$�&
. Only closedcon-

toursareconsideredandhencesubscriptarithmeticis mod-
ulo ' . Theenergy of thesnake is(*) �,+-�/. ( �10�2 ) �,+�3 )5476 .8+ (:9<; 2 ) �=+>	

(1)

where
( �10�2

is the internalenergy,
(:9<; 2

is theexternalen-
ergy and

.�"?� @A	 4 �
is the regularizationparameter. The



internalenergy is( �10B2 ) �=+
(2)�DC �E����GFH� ( �10�2 ) �H�JI ���
	��
����	����K����	����MLN�
	��
����	��������O+P ) �,+

� C �E����GFH� IQI C �����R FH�TS �1UJ� R 6 ���JIQI &
C ������MF�� I1I ���MLN� 6 ���JIQI & 	

whereall S �1U are VXW=V matrices(with theconventionthatS �GYZ�[@
). The purposeof the normalization factor
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. At leastactive contour

modelspresentedin [6] and [7] have internal energies,
whichcanbewritten in a form (2).

If we now assumethat the internal energy (2) is trans-
lation invariant, we can interpret it as a Rayleigh
quotient. For this, let \ � � �� � 	����
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. Now (2) canbewritten
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is the VtWuV identity matrix. However, this is still
not what we areafter;

P ) �,+
canbe zeroeven if \ is not.

Therefore,recalling that the internalenergy is translation
invariant,weassume

���E�wv
withoutany lossof generality.
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trix
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is alsopositive definiteandhencethereis a positive

definitematrix � � suchthat � � & � � [8, Thm. 2.14.2].
The introductionof a new variable � � � � x gives the
interpretationof (2) asaRayleighquotient
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3. PROPERTIES OF RAYLEIGH QUOTIENTS

The next theoremconnectsthe Rayleighquotient(4) and
the internalenergy (2) to the eigenvaluesof the real sym-

metric matrix
) � � ��� +m �`� �` � � ��� , see [8] Theorems

3.2.1and3.3.1andExercise1 atpage111.

Theorem 1 Let � be real and symmetric square-matrix.
The Rayleigh quotient � )�� +f�?�B������ � � is stationary at, and
only at, the eigenvectors of the matrix � . At an eigenvector�
, � ) � +7��� , where
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their additionis simply vector
addition. Thescalarmultiplication in
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the scalingof snakes. If we now set
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Corollary 1 Let
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The proof of the Corollary is given in the Appendix. Of
course,while performing actual computations,one nor-
mally doesnotwantto find acontourwhoselengthis zero.
However, theabove Corollary is still a usefulone.For ex-
ample,it is appliedin theSection4.

4. EXPERIMENTS

As anexampletwo particularinternalenergy functionsare
analyzedby computingeigenvaluesandeigenvectorsof the
relatedmatrices.Theinternalenergy functionsare
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and �²± � is 90 degrees rotation matrix. The function( ��10�2
is the discretizedversion of the curvature term of

the internal energy of the original snake model [2]. It
hasbeennormalizedby
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for scaleinvariance. The
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Table 1: Minima andmaximaof thetwo energy functions
whenthenumberof snaxelsis varied.Minima of

( &�10B2
are

alwayszero.' �´�Q� ( ��10�2 �X�
� ( ��10B2 �X��� ( &�10�2
20 0.0245 1 1.0251
21 0.0222 0.9944 1.0170
30 0.0109 1 1.0110
31 0.0102 0.9974 1.0077
50 0.0039 1 1.0040
51 0.0038 0.9991 1.0029
100 0.0010 1 1.0010
101 0.0010 0.9998 1.0007

Numerical computationswere performedby Matlab 5.3
(Mathworks, Natick, MA, U.S.). It usesthe EISPACK
routines[9] for eigenvalue calculations. Squareroots of
matrices

�
were also computedby Matlab. For this, it

appliestheParlett-algorithmdescribedin [10, p.384]. The
propertiesof thetwo internalenergy functionsthatwill be
presentedare basedon numericalsimulations. Someof
theseought to be taken with caution. For example,it is
possibleto make an error whenstatingresultsconcerning
multiplicities of eigenvalues. We may not noticethat two
eigenvaluesare not equal if they are very close to each
other.

Minima andmaximaof thebothenergy functionsfor sev-
eral valuesof ' are listed in Table 1. As can be seen
from Table1, their rangestendedto

� @A	 4 �
as ' increased.

The least eigenvalue of ³ � had multiplicity 4. Snakes� R 	µ¨#� 4 	��
����¶
, correspondingsomefour linearly inde-

pendenteigenvectorswererelatedby a linear transforma-
tion, i.e.
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is a linear transformation.Now, notingthat
thecurves

� R 	m¨¾� 4 	 V 	>¿_	�¶¼	 all hada shapeof anellipse,
by Corollary 1 it follows that all minimum energy curves
of
( ��10�2

areellipses.Curvescorrespondingto all theother
eigenvaluesof ³ � wereself-intersectingandhenceclassi-
fied as inadmissiblesolutionsto the problem. Also from
theshapeof thesecurvesit wasclearthatall linearcombi-
nationsof themwerealsoself-intersecting.
For the function

( &�10�2
the curve of minimal energy is, by

the construction,circle. Our simulationverified the fact.
Moreover, sincethemultiplicity of the leasteigenvalueof³ & was2,wecanconcludethatcircle is theonly minimum
energy curveof

( &�10B2
. However,

( &�10�2
hadalsootheradmis-

siblecurvesasstationarypoints.Someof theseareshown
in Fig. 1.

5. DISCUSSION

We have shown how to interpreta scaleand translation
invariantinternalenergy of asnake asaRayleighquotient.
The approachis quite general. For example, the snake
modelsfrom [6] and [7] can be seento satisfy our as-
sumptions.Theonly realrestrictionof our approachis the
choiceof normalizationfactor. Also normalizationfactors

Figure 1: Few curves for which
( &�10�2

is stationarywhen' �w¿
@
.

thatdo not permit theRayleighquotientinterpretationcan
of coursebe used. However, further studiesand discus-
sionsaboutthe meaningof the form of the normalization
factorarebeyondthescopeof thispaper.

Rayleigh quotients relate to eigenvalues of the real
symmetricmatrices. Becausethe symmetriceigenvalue
problem is well-studied, the connectionallows one to
analyzeglobal propertiesof the internalenergy functions
of thesnake models.Hereminima,maximaandstationary
points of two internal energy functions were found by
using the derived connection. Another function hadalso
admissible, i.e. non-intersecting,curves as stationary
points in addition to the onesof minimal energy. This
is an interestingresult, becauseit clearly demonstrates
a disadvantageof gradient descenttechniquesfor the
optimizationin theframework of activecontours.

APPENDIX

The proof of Corollary 1 is presented. Snakes� R 	m¨À� 4 	��
����	 ¤ , belong to ¥ by Theorem1. By
assumptionthat if
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then
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geometricmultiplicity of aneigenvalueof arealsymmetric
matrix areequal[8],

P ) � R +�Â�¸@ andthefirst snaxel of
� R
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SinceRayleighquotientsaredifferentiablewheredefined



and
���

is the minimum of the Rayleigh quotient corre-
spondingto

( �!0�2
, from Theorem1 it follows that there

is an eigenvector associatedwith
���

that correspondsto�
. Hence,

�
belongsto a spacespannedby Ã . Assume

now that
�

is an arbitraryelementof the spacespanned
by Ã . Then

�
is obtainedby a translationfrom some

linear combinationof
� R 	m¨#� 4 	��
����	 ¤ . It follows that( �10B2 ) ��+-�#���

andtheproof is completed.
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