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ABSTRACT 

A dedicated hardware system is developed for a recent 
class of nonlinear hybrid filters called Order Statistics- 
Rational Hybrid Filters (OSRHF). The performance of 
these filters is also studied and compared against three 
effective nonlinear filters from the literature. The ap- 
plication at  hand is noise filtering in grey level images. 
The proposed hardware system uses a residue number 
system (RNS) to compute the numerator and the de- 
nominator of the rational filter. The resulting structure 
is suitable for direct implementation on FPGAs. 

1. INTRODUCTION 

Nonlinear filters have been found effective in removing 
different types of noises from images [l] [8]. This is 
especially the case if the noise corrupting the image is 
not Gaussian and or image details are not to be blurred. 
For this purpose, a number of order statistics based 
techniques have been proposed in the literature, we 
cite among them median, rank order, weighted median, 
weighted order statistics and stack filters, see [12] for 
more details. 

This paper extends our previous work presented at  
ICIP'98 [6] where we first proposed the hybrid filter 
structure. Here, we continue to study the performance 
of these filters by comparing them against several quite 
effective nonlinear filters from the literature, stack fil- 
ters [lo], rank-order morphological filters [ll], and ra- 
tional filters [9]. Furthermore, we propose a dedicated 
hardware system to implement these new nonlinear ra- 
tional type hybrid filters [5]. 

Three order statistics subfilters are first computed 
in the first layer of the hybrid structure. The idea here 
is to remove impulsive type with minimal distortion of 
the image details. Order statistics have been found to 
be very effective in such applications. The final layer 
of OSRH filters is a rational function. For more details 
concerning rational functions and their use in filtering, 
see 191. The aim of the final layer, in addition to its 
detail preserving capability, is to attenuate Gaussian 
type noise. The hybrid approach is therefore suitable 

for applications where both impulsive and Gaussian 
noise are expected. 

2. ORDER STATISTICS-RATIONAL 
HYBRID FILTERS 

Definition 2.1 The output of an Order Statistics-Hybrid 
Rational Filter (OSRHF) is the result of a rational 
function operating on three order statistics subfilters 
{@I, @2,  @3} and given by 
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The set of coefficient cy = [a1, a2 ,03]  are used as weights 
for the subfilters' outputs; while, parameters p ,  h and 
k are some positive constants. Parameter k plays an 
important role in rational filtering as it is used to gauge 
the effect of the nonlinear term in the denominator. 

In this paper, we focus on the special case where the 
center subfilter (@2) is a center weighted median; while, 
the other two are bidirectional median subfilters. The 
set of coefficients are selected to satisfy the condition: 
E&, ai = 0. Here we used cr = [l, -2, 1IT. Parameter 
p is set to 2. The resulting filter is thus called Median- 
Rational Hybrid Filter (MRHF). 

The sub-filters @1 and @3 are chosen so that an ac- 
ceptable compromise between noise reduction and edge 
preservation is obtained. It is easy to observe that this 
MRHF differs from a linear low-pass filter mainly in the 
scaling, which is introduced on the @ I  and @3 terms. 
Indeed, such'terms are divided by a factor proportional 
to the output of an edge-sensing term characterized by 
the squared difference between the two sub-filters 
and @3. The weight of the median-operation output 
term is accordingly modified, in order to keep the gain 
constant. The behavior of the proposed MRHF struc- 
ture for different positive values of parameter k is as 
follows: 
0 k N 0, the form of the filter is given as a linear low- 
pass combination of the three nonlinear sub-functions: 



where, the coefficients c l ,  c2,  and c3 are some con- 
stants. 
0 k -+ w, the output of the filter is identical to the 
central sub-filter output and the rational function has 
no effect: 

y(n) = @ z ( n ) .  (3) 
0 For intermediate values of k ,  the (@l(n) - @3(n))’ 
term perceives the presence of a detail and accordingly 
reduces the smoothing effect of the operator. 

As a result, a MRHF operates as a linear lowpass 
filter between three nonlinear sub-operators, the coef- 
ficients of which are modulated by the edge-sensitive 
component. 

The proposed structure of the MRHF is shown by 
Fig. 1 using two bidirectional vector median sub-filters. 
Only the points indicated in black in each window mask 
are retained to  be used in the corresponding operation. 
The center weighted median filter @2 has the following 
filter weights corresponding to the plus-shaped mask. 
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Figure 1: Structure of an instance of the OSRHF us- 
ing two bidirectional median sub-filters: the Median- 
Rational Hybrid Filter. 

3. HARDWARE IMPLEMENTATION 

As it can be seen from its structure, the MRHF could 
be split in two main sections: 

0 block with the three median filters, which involve 
sorting of the incoming samples from the image. 
The results of these filters are exact 

0 block which realizes the rational function and 
therefore requires some arithmetic function. 

Each of these sections presents some problem when 
it has to  be implemented. Since median filters and 
weighted median filters have been widely studied and 
many references can be found in literature, our atten- 
tion focuses on the implementation of the rational func- 
tion. 

The main driving constraints of this implementa- 
tion are the chip size and the speed of the circuitry, 
in order to obtain a real time system which could be 
implemented on an FPGA for testing purposes. 

In order to achieve an high throughput we used a 
pipelined structure. The drawback of this choice is the 
need of many memory units in the circuitry and this 
could be rather difficult to obtain using an FPGA. 

3.1. Rational Function 

The rational function used in the MRHF is a quite 
simple one,requiring very few arithmetic operations. 
Even if the structure is simple, the design of this block 
presents some problems if we want to achieve compact- 
ness in size and high speed. 

In this work we decided to use a residue number sys- 
tem (RNS) in order to perform the calculation of both 
numerator and denominator of the rational operator. 
For the division we developed a new algorithm derived 
from [7], which allows us to obtain a good precision in 
the result with a quite small sized circuitry. 

An RNS system is defined by a set of moduli ml,  
m2, ..., m,. An integer a can be represented in this 
system by mean of the residues modulo mi: a = 
al ,  a2, ..., a,, where ai = a mod mi. 

The number of positive representable integers M = ni=l,,,n mi. If we want to  represent both negative and 
positive values, then we have: 

amodmi i f a  2 0 
if a < 0 ( M  + a) mod m; a; = 

and the range of representable integers is [-%, $1, if 
M is even and [-9, y], if M is odd. 

For this specific application we used three modules: 
ml = 15,mZ = 31 and m3 = 32, therefore we can r e p  
resent integers in the range [0,14880] or [-7440,74401. 
As we can see from 1, if p is even the denominator 
is always positive and the results has the same sign 
of the numerator. Therefore we can simply consider 
the results as the ratio of two positive numbers and 
propagate the sign to the last addition. The advantage 
of this approach is that the range at  our disposal to 
represent the numbers is twice as much as the one for 
signed integers. In any case the presence of the square 
function implies that a scaling algorithm is necessary 
in order to calculate numerator and denominator. 

In Fig. 2 the block diagram of the circuitry for the 
rational function is shown. Let us now briefly describe 
the implemented functions. 

3.1.1. Addition/Subtraction 

In our system we use both standard binary and RNS 
adders. The first ones are used to compute the two 
expressions @ I  + @3 - 2@2 and @1 - a3 and allow 
us to compare these quantities with the references for 
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the scaling using normal binary comparators instead 
of RNS ones. The delay of these adders is the time 
reference for the design of the other blocks. The RNS 
adders are used for the binary to RNS converter, for 
the final sum at  the denominator, for the scaling algo- 
rithm and for the multipliers. 

With the given modules each residue can be repre- 
sented at  last with 5 bits; therefore the adders can be 
implemented in a very effective way and can be merged 
with other blocks in order to have a more compact cir- 
cuit and use less memory elements for the pipeline. 

In fact the gain in speed achievable using the FPGA 
is not so high as it can be expected from the reduced 
number of bits in the operations. This is because the 
FPGA’s have a fixed inner structure which obviously is 
not very flexible if we want to  implement non-standard 
structures like in the RNS systems. As an example, a 
8 bit binary subtractor requires 6 Configurable Logic 
Blocks (CLB) and can be operated at  about 58 MHz. 
On the other hand the implemented modulo 31 adder/ 
subtractor requires 8 CLB’s and can be clocked at 
slightly more than 66 MHz. 

numerator ................................................. 

: .................................................. 
denominator 

1 S= scale I wnv = conveder 

median filter 

Figure 2: Block diagram of the implementation of 
the rational function. 

3.1.2. Multiplication 

Let us remember that for an RNS system operations 
like addition/subtraction and multiplication are split 
in many blocks (one per module) and evaluated in par- 
allel. Since the RNS adders are very small in size, 
we decided to implement the multiplier with the shift- 
and-add algorithm. For each module just three adders 
are required and the result is exact. Moreover, since 
the product of two numbers in RNS presents a high 
regularity, the multiplication can be avoided in the im- 
plementation of square function or in general of power 

functions. As an example the three blocks performing 
the square function in the chosen modules set require 
1 CLB each and can be clocked at  almost 100 MHz. 

3.1.3. Scaling 

Given the set of modules {mi}i=l,.,.,, an integer a can 
be represented in the so called Mixed Radix System 
(MRS) in the following way: 

a = a1 + azm1 +~3mlmz  = ((Yl,(YZ,a3) (4) 

where ai can be directly obtained form the residues 
mi. 

Let us suppose now to scale the number a by the 
module ml. Then we can write: 

I U a1 a = - -  - - + a ~ + a 3 r n ~  
ml ml 

Since a1 < ml the ratio $ < 1. The residues of 
the scaled integer a’ can be calculated as follows: 

a i  = ( r  + a2 + ~ 3 )  mod ml 
a? = ( r + a z )  modmz 
a3 = ( r  + a2 - a3) mod m3 

where r = 0 , l  depending if a1 < 
and is used to lower the truncation error introduced 
by the scaling. Exploiting the features of the chose 
set of modules the scaling process requires three clock 
cycle and the hardware consists just on adders. 

or a1 >_ 

3.1.4. Conversion 

One of the main problems of non standard arithmetic 
systems is the conversion from binary to the required 
system and vice-versa. 

Many algorithms have been found ([3]) which can 
be easily implemented in order to perform a fast con- 
version from binary to RNS. In our implementation the 
conversion reduces to a simple RNS addition exploiting 
the features of module’ssystems of type ( 2 k -  1, 2k, 2k+ 

The conveision from RNS to binary is slightly more 
difficult and usually a conversion to MRS is exploited. 
This is the algorithm we choose for our system, since 
we use the block for the conversion from RNS to MRS 
for the scaling. The final conversion is obtained as sum 
of product like in eq. (4) and the output is represented 
with 13 bits. 

1). 

3.1.5. Division 

In this design the role of the division if the most critical, 
since this operation is highly time and size consuming. 
Therefore we developed a new division algorithm which 
can be implemented both in RNS and in standard bi- 
nary. 
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Since it involves a few comparisons, we choose to 
implement the algorithm in standard binary arithmetic, 
even if it allows to skip the RNS to binary conversion 
when implemented in RNS. 

The basic idea is the following. Given a range M 
we can find k = [log2 MI powers of 2 belonging to the 
interval [0, MI.  

If x and y are divisor and dividend, we compare 
both with the k powers of two, thus finding the num- 
bers q and p such that 24 5 x and 2P 5 y.  The first 
approximation of the quotient is Q1 = 2P-9. 

If 2P-4 < 1 then we scale x or y depending on their 
magnitude. If 3: 2 1.5 * 29 or y 2 1.5 * 2P the value of 
Q1 is modified. 

Once we obtain Q1 we calculate y1 = y - Q1x and 
restart the cycle using the new value y1,  until the result 
with the required precision is achieved. 

We found that after 4 iterations the result obtained 
differs less than 1% from the theoretical value. In re- 
ality the final tests on images showed that 3 iterations 
are enough to obtain a good result and this allows a 
good save in terms of size. In the final table results 
from 3-iterations implementation are reported. 

4. EXPERIMENTAL RESULTS 

The proposed hardware system has been tested using 
different images from the TUT image database [4] to 
assess its performance. Six corrupted test images have 
been obtained from the Bridge image, in [4], by adding 
to the original image i.i.d. noise with the following 
contaminated Gaussian probability distribution, 

v - (1 - A)N(O, a,) + W ( 0 ,  ?). (5) 

Three values of the parameter X have been selected cor- 
responding to different types of noise. X = 0.1 (very 
impulsive noise), X = 0.2 (mixed Gaussian-impulsive 
noise) and X = 1 (purely Gaussian noise). Two sets 
of images have been formed according to their S N R  
values, 3dB and 9dB. For subjective evaluation of the 
proposed filter performance, Figs. 3(a)-3(d) displays 
respectively the clean Bridge image, the noisy image 
with X = 0.2 and S N R  = 9dB, the output of the 
implemented MRHF system and the filtered image by 
”theoretical” MRHF. 

For objective comparison, M A E  and M S E  crite- 
ria are used to quantitatively assess the capabilities 
of our implemented system in terms of noise attenua- 
tion. These are compared with the ”theoretical” (i.e., 
the software implementation of) MRHF and several 
well known techniques from the literature: stack filters 
(Stack) [lo], rank-order morphological filters (ROMF) 
[ll] and rational filters [9]. Table 1 summarises the 
simulation results. 

It can be clearly seen that the images in Figs. 3(c) 
and 3(d) are very close, and both show a good noise 
attenuation especially in flat areas and preserved sharp 
edges. Moreover, from Table 1, one can conclude that 
in most cases the implemented structure gives even bet- 
ter results than the ”theoretical” one. The difference 
is due to the effects of rounding errors in the approxi- 
mation of the rational function. 

The implemented system appears to be relatively 
small, considering the use of RNS system and the needs 
of the division algorithm. The resources required by 
the system usign three steps in the recursive division 
are slightly less than 400 CLB’s. This means that it 
can be fit into a medium sized FPGA. As we aforemen- 
tioned the operationg speed is dictated by the binary 
adders/subtractors, which is about 50 MHz. Therefore 
this system is very suitable for real-time application, 
being able to easily handle television format images of 
720 by 576 pixels at frame rates of 50 Hz. 

5. CONCLUSIONS 

Order statistics-rational hybrid filters are introduced in 
this paper. The performance of these filters is studied 
for the case of mixed impulsive and Gaussian noise fil- 
tering, and a dedicated hardware implementation sys- 
tem is proposed and evaluated. 

Simulations show that the implemented system is 
robust and that the relative small dimensions of its 
structure make it very suitable for direct implementa- 
tions on FPGAs. 
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Table 1: Objective comparison. 

Figure 3: Qualitative comparison between imple- 
mented and theoretical filter (see text). 
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