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Abstract—— B-Splines have been popular for several
purposes. In this work, B-Splines are used for model-
ing noisy multivariate data. A new algorithm is pro-
posed to approximate image data with B-Spline sur-
faces, where image data is assumed to be corrupted
by Gaussian noise mixed with outliers. The resulting
surface gives a restored continuous representation of
discrete data while preserving edges. A gradient op-
erator is applied on the resulting surface to detect
edges.

I. INTRODUCTION

A natural approach in color image processing in the
past has been processing each channel separately,
such as using monochrome image processing tech-
niques in each color component, which does not uti-
lize the multivariate nature of color images. Re-
cently, vector median has been proposed [1] to uti-
lize the correlation between signal components.
Many applications may need the discrete image data
to be represented as a continuous surface. By using
some parametric models, a continuous function, ei-
ther interpolating the data at grid points or passing
near them, can be found. In the presence of noise,
the latter case is of interest.

Spline functions have been successfully used in mod-
eling scalar data in [3] and multivariate data in
[4], when the data is assumed to be corrupted with
Gaussian noise. However, in many cases the pres-
ence of outliers may deviate the Gaussian noise
model. Robust methods can be introduced in the
smoothing algorithm to deal with outliers [5] .

In this work, cubic tensor product B-Spline curves
are used to provide a "noise-free” continuous rep-
resentation of observed image data. In section II
Spline functions and Spline curves are introduced
and Spline smoothing is described. Our proposed
algorithm for Spline fitting is presented in Section
III. Edge detection in color images is presented in
Section 1V. Simulation results are presented in sec-
tion V, and conclusions are included in Section VI.

11. SMOOTHING WITH B-SPLINE SURFACES
A. B-Splines

Spline functions are pilecewise polynomials with
derivative continuities of up to a certain order at
the knots. Knots are the break points between ad-
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Jjacent segments of the polynomials. Since the entire
domain is divided into segments, spline functions do
not suffer from oscillations.

Definition I1.1: ([6]) Lett = (to,t1,...,144%) bea
nondecreasing knot sequence. The i’th normalized
B-spline of order k + 1 for the knot sequence t is
denoted as Bj x41,¢ and is defined by the recurrence
relation
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Let Spy1: and Siyqs be linear spaces defined on
some sets X and Y into the real numbers, and
spanned by independent B-Spline functions, B; 41,
and Bj 41 s respectively. Skq1¢ @ Sit1,s form a lin-
ear space of functions on X x Y such that each func-
tion f{x,y) of Skt1,t @ Si+1,s can be written as
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where B; p41,: and Bj 41,5 are B-spline basis func-
tions defined on knot sequences t and s, respectively.

B. Smoothing

When modeling data with some parametric func-
tions, two cases are possible: to represent the data
exactly by interpolating at grid points, and to use
an approximate representation in which the func-
tion parameters are determined by minimizing some
measure of discrepancy between pixel values and
function at grid points. In the presence of noise,
it is desired that the function will not interpolate
but would pass near the obhserved data. This case
will be the focus of this work.

Assume that we are given a set of sample values
z = (211,214, .., 7] o ZETN zf,LNQ)T, where
zm-l is the 3 x 1 image data vector corresponding

IThroughout this paper, matrices and vectors will be de-
noted with bold letters.
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to the RGB values at pixel (2;,y;). The smoothing
vector spline is the function which minimizes
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and each component fm, (2;,y;) of f{x;, y;) are as de-
fined in equation (2). z; ; is assumed to be corrupted
with Gaussian noise such that

zij = (20, 45) + Vi (5)
where v; j ~ N (0,%; ;).
The parameter A, establishes a trade-off between
smoothness and goodness of fit, whereas the first
term in (3) controls the fit to data and the second
term (4) controls the smoothness.

C. Solving the Spline Function Parameters

Assume that we have chosen appropriate basis func-
tions Bjg+1: and Biri1s in z and y directions,
respectively. Then, the problem is to find the coef-
ficients é,J of tensor product spline function, which
will minimize (3). Therefore, we get the solution ?
by taking the derivative of (3) with respect to 4; ;
and equating it to 0,
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2For simplicity, we chooset = s, k+ 1 = {4+ 1 = 4, and

N1 = N2, so that we use the same basis spline functions in
z and y directions.
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where I3 is the 3 x 3 identity matrix, Bj 41
and Bj k41,5 are the B-spline basis functions, N =
Ni.N,y, and ® denotes the Kronecker product.

D. Choosing the Smoothing Parameter

It can be seen from (3) that A, = 0 leads to the
weighted least squares estimate, whereas A, = oo
leads to a perfectly smooth estimate. Hence, A\,
establishes a compromise between the two extreme
cases. However, keeping A,, constant all over the
processing image may result in oversmoothing or un-
dersmoothing in some regions. Thompson et al. [8]
discussed a few methods for choosing A in the scalar
case. One of them uses the sum of residual squares
and is based on the estimated noise variance such
that
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For multivariate data, three different ways to esti-
mate A, are discussed in [4]. However, in the case
of correlated noise, estimating A as in [4] is com-
putationally expensive. On the other hand, if the
covariance matrix is diagonal, each channel can be
processed independently. In that case, estimation of
X with (16) can be carried out efficiently with some
matrix manipulations [3], [5]. Generally, it may be
the case that the covariance matrix is not diagonal,
but the data can be transformed to have diagonal
covariance matrix.

E. Diagonalizing the Covariance Matriz

Recall equation (5), and let V be the orthonormal
matrix where the rows are the normalized eigenvec-
tors of the covariance matrix 3. If the observation
vector is transformed with V, one gets

Vz = Vf+ Vv,

Denote Vz = 2z, and Vv = v;. Then E{v,v]} =
VEVT where VEVT gives a diagonal matrix with
cigenvalues of ¥ on the diagonal. Consider fitting

a spline function to the transformed vector z; such
that

£, =PPTVEVTP + D,S)'PTVEV V3.
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The kronecker product with Iz in equations (14,15)
ensures that VPT VD, SVT are commutative, so

f, = VP(PTEP + D,S)"'PT3g,

f=VTf,. (17)
Equation (17) concludes that transforming the input
data with eigenvectors matrix V before smoothing
does not result in any loss of information in the data.

J1I. ALGORITHM

So far, the observation data was assumed to be
corrupted with Gaussian distributed noise. How-
ever, in many cases, largely deviating observations
(outliers) may occur. Therefore, we propose a ro-
bust method to deal with outliers, while suppressing
Gaussian noise with the smoothing algorithm. Con-
sider the n’th step and let 7% be the estimate of
Zm, = (VZ)m for the m’th channel. For m = 1,2, 3,
1. Calculate the residual squares r,. = (zm,, —
F0)2.

9. Fori=1,2,...,N, replace z7) with Iy, 1 T
exceeds the variance of that channel.

3. Estimate 7.7 = U(I + Ano%A)~1UTEE)
(UAU = P~7SP~!, U is unitary and A is di-
agonal [3], [5], and ¢Z, is the noise variance of m’th
channel).

4. Go tostep 1, until maximum number of iterations
is reached or convergence is achieved.

5. Compute f = VT z(n),

To start the algorithm, 2,(,9) is chosen to be the stan-
dard median. If the covariance matrix is unknown,
the algorithm is applied to each channel separately
without transforming the observation vector, and
the covariance matrix is estimated between the out-
put of the algorithm and z(}). The final estimate
is computed as the spline approximation to 7))
where z(™) is the output of the iterative algorithm.

IV. EDGE DETECTION

Edge detection has been one of the fundamental
tasks in computer vision and image processing. Sev-
eral methods have been proposed for grayscale and
color edge detection. In the presence of noise, a nat-
ural choice has been to perform a noise suppression
process prior to edge detection. Fitting a surface
as described in Section 11 is a noise suppression pro-
cess which also offers a continuous representation for
the digital image data. Chen and Yang [2] investi-
gated edge detection with spline fitting on grayscale
images. We perform a gradient operator on the con-
tinuous surface for detecting edges. Di Zenzo [9] ex-
tended the gradient based edge detection techniques
to multivariate images by applying difference oper-
ators on each component and then combining the
results by taking the root mean square. We repre-
sent the fundamentals of this method in this section.

Let us define f : R — R® as a continuous color im-
age. For each processing window, we are interested
in the direction through point (z,y) along which f
has the maximum rate of change and the absolute
value of this change. Thus, we want to maximize

VI dx? +2V2,f dedy + VI dy? (18)

under the condition dz? + dy? = 1, where
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Equation (18) can be reformulated as finding 6
which maximizes

ng cos? § + 2V§yf cosfsinf + ng sin? 6. (19)

Taking the derivative of (19) with respect to 6 and
setting it to 0, one gets

6 = L t QViyf 20
_Qarcan(vgf_vgf). (20)
After computing 6, we substitute it into (19), thresh-
old the resulting value, and mark the present pixel
as an edge if 1t exceeds a specified treshold. We fur-
ther process to connect missed edges by combining
broken contours, and to remove false edges by re-
moving isolated pixels, which were marked as edges.

V. SIMULATION RESULTS

In the simulations, we used two 256 x 256 images
(Figure 1) for testing the noise suppression algo-
rithm. As a measure of fidelity we used PSNR, which
is defined as

2552
oz Yorio1 (£, 5) = £ )T (6, 5) — £i )

Noisy Peppers image is obtained by adding 3% out-
liers and Gaussian noise with ¢2 = 150 per channel,
where covariance between R-G = 140, R-B = G-B
= 0.00. Noisy Lenna image is obtained by adding
2.2% outliers per channel and Gaussian noise, where
¢? = 300 for R and G components, o2 = 70 for B
component, covariances between R-G = 160, R-B
= 50, G-B = 10. Filtered images are displayed in
Figures 3-5.

For testing the edge detection algorithm quantita-
tively, Pratt’s FOM as defined in [7] is used. The
results are displayed in Figures 6-7.

101log;

VI. CONCLUSIONS

An algorithm for modeling color image data with
cubic vector B-Spline surfaces is presented. The
proposed algorithm obtains a continuous estimate
of a color image data from its noisy samples. The
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Fig. 2. Noisy images, PSNR = left: 13.76dB. right: 19.83dB.

Fig. 3. Images filtered with 3 x 3 Vector Median filter,
PSNR = left: 23.75dB, Right: 21.51dB.

Fig. 4. Image filtered by Spline fitting with covariance matrix
known, PSNR = left: 25.23dB, right: 24.43dB.

Fig. 5.
unknown, PSNR = left: 24.87dB, right: 22.49dB.

Image filtered by Spline fitting with covariance matrix

Fig. 6. left: Original image.
PSNR = 21.20dB.

right: Noise added image with

Fig. 7. Fdge detection left: with Sobel operator, pre-
processed with median hybrid filter, postprocessed by
thresholding the amplitude, FOM = 0.83, right : with
spline fitting (covariance matrix known), FOM = 0.97.

estimated surface satisfies a smoothness constraint
which is controlled by a smoothing parameter in the
algorithm. A gradient operator is applied on the
estimated function for extracting edges of a color
image. The algorithm is tested in the presence of
Gaussian noise mixed with outliers. The results are
promising when compared with conventional meth-
ods applied on color images.
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