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Complexity of the Consistency Problem for Certain Post
Classes

Ilya Shmulevich, Moncef Gabbouj, and Jaakko Astola

Abstract—The complexity of the consistency problem for several
important classes of Boolean functions is analyzed. The classes of functions
under investigation are those which are closed under function composition
or superposition. Several of these so-called Post classes are considered
within the context of machine learning with an application to breast
cancer diagnosis. The considered Post classes furnish a user-selectable
measure of reliability. It is shown that for realistic situations which may
arise in practice, the consistency problem for these classes of functions is
polynomial-time solvable.

Index Terms—Computational complexity, computational learning
theory, consistency problem, monotone Boolean function, Post class.

I. INTRODUCTION

The consistency problem is an important problem in computational
learning theory [2], [12] and can be thought of as a search of a rule
from examples. That is, given some setsT andF of “true” and “false”
vectors, respectively, we aim to discover a Boolean functionf which
takes on the value 1 for all vectors inT and the value 0 for all vectors in
F . We may also assume that the target functionf is chosen from some
class of possible target functions. One important reason for studying the
complexity of the consistency problem is its relation to the PAC approx-
imate learning model of Valiant [12]. If the consistency problem for a
given class is NP-hard, then this class is not PAC-learnable. Moreover,
this would also imply that this class cannot be learned with equivalence
queries [1].

In practice, it is often reasonable to requiref to possess certain
properties, knowna priori, or equivalently, to belong to some specific
class of functions. For example, the class of monotone Boolean
functions is often representative of real-life phenomena and has been
studied in the context of learning in such fields as medical diagnosis
[5], manufacturing and reliability analysis [6], as well as signal
processing [14]. In [3], the consistency problem was considered for
various classes of Boolean functions, such as positive (monotone),
k-DNF, h-term-DNF, self-dual, and many others. Specifically, the
question of the existence of polynomial-time algorithms for various
classes of functions was investigated. In this paper, we consider
the consistency problem for several important classes of Boolean
functions, known as Post classes.

In 1921, the American mathematician Emil Post described the
structure of all classes of Boolean functions that are closed under
superposition [10]. The results of Post have been applied outside the
field of algebra of logic, for example, in the synthesis [9] and reliability
[8] of control systems. For example, the classM of monotone Boolean
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functions is a Post class, since a superposition of monotone Boolean
functions results in a monotone Boolean function. The consistency
problem forM was shown to be polynomial-time solvable in [3]. In
fact, this was shown to be the case for all transitive classes. In this
paper, the classes under consideration areF

�
8 , F�

4 , F�
7 , F�

3 andF18 ,
F14 , F17 , F13 , using the notation of Yablonsky [13]. This and other
notation is established in Section II. The above classes have practical
relevance in the context of learning. This is discussed in Section III
where an example of breast cancer diagnosis is considered. Finally,
Section IV contains the main results concerning the complexity of the
consistency problem for these classes of Boolean functions.

II. DEFINITIONS AND NOTATION

LetEn denote then-cubef0; 1gn. A Boolean function is a mapping
f : En ! E1. The elementsv 2 En will be referred to as vectors.
The relation� � holds for two vectors� = (�1; � � � ; �n) and
� = (�1; � � � ; �n) if �1 � �1; � � � ; �n � �n. A Boolean functionf is
monotone (also called positive) if for any two vectors� and� such that
� �, the inequalityf(�) � f(�) holds. The notation for various
Post classes chosen here coincides with that used by Post as well as
that in [13].

We now proceed to define several important Post classes.
Definition 1: A function f satisfies conditionhA�i (resp.ha�i),

� � 2, if for any collection of� vectorsv(1); v(2); � � � ; v(�) 2 En

for which f(v(1)) = � � � = f(v(�)) = 1 (resp.f(v(1)) = � � � =

f(v(�)) = 0), there exists ani 2 f1; � � � ; ng such thatv(1)i = v
(2)
i =

� � � = v
(�)
i = 1 (resp.v(1)i = v

(2)
i = � � � = v

(�)
i = 0).

Let T (f) = fv 2 En : f(v) = 1g be called the on-set of function
f . Similarly, letF (f) = fv 2 En : f(v) = 0g be the off-set off .

Definition 2: A functionf satisfies conditionhA1i (resp.ha1i) if
there exists ani 2 f1; � � � ; ng such thatvi = 1 (resp.vi = 0) for all
vectorsv 2 T (f), (resp.v 2 F (f)).

It is clear that if a function satisfieshA� i, then it also satisfieshA� i
for 2 � �2 � �1. Also, the conditionhA1i implies hA�i for any
� � 2. Similar statements can be made forha�i andha1i. LetF�

8 and
F
�
4 be the sets of all functions satisfying conditionshA�i andha�i, re-

spectively. Similarly, letF18 andF14 be the set of functions satisfying
hA1i andha1i. Finally, letF�

7 (resp.F�
3 ) andF17 (resp.F13 ) be the

classes of monotone functions satisfying conditionshA�i (resp.ha�i)
andhA1i(resp.ha1i).

Given setsT � En andF � En, such thatT \ F = ;, the
partially defined functiongT;F is defined as

gT;F (v) =

1; v 2 T

0; v 2 F

� otherwise.

A functionf is called anextensionof gT;F if T � T (f)andF � F (f)
[3]. The consistency problem (also called the extension problem) can
be posed as: given some classC of functions and two setsT andF , is
there an extensionf 2 C of gT;F? The problem for classC will be de-
noted as EXTENSION(C) [3] and the question of its polynomial-time
solvability is central in the PAC theory of learning.

III. POST CLASSES ANDBREAST CANCER DIAGNOSIS

In[7],abreastcancerdiagnosisproblemisconsideredwithinalearning
framework.Thegoal is tofindasetofrules,usingsomespecificsetof fea-
tures, to determine whether or not an individual case is highly suspicious
formalignancy.Anothergoalmaybetodeterminewhetherornotabiopsy
orshort termfollowup isnecessary.Aradiologiststudyingabreast tumor
may use a number of different features or attributes to make the decision
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regarding malignancy or biopsy. Some such attributes might be: number
of calcifications percm2, total number of calcifications, variation in the
shape of the calcifications, approximate volume of the lesion, and many
others [15].

Each such attribute can be encoded by an appropriate number of
binary valued variables. For example, suppose the total number of cal-
cifications can be A:<10, B: 10 to 30, or C:>30. Thus, two binary
variables would be needed to represent each case, e.g., (0,0) for A, (0,1)
for B, and (1,0) for C. Accordingly, a binary vectorx = (x1; � � � ; xn)
of the necessary length to encode all attributes represents any given
breast tumor case. The goal then becomes to find a Boolean functionf

that would classify each example vectorx according to the rules that are
used by the expert, or radiologist. For example,f(x) = 1, if the tumor
encoded byx is believed to be malignant, andf(x) = 0, otherwise.
This can be considered to be a form of knowledge discovery from ex-
amples. In [7], it was assumed that the functions underlying the pat-
terns are monotone, or in other words,f 2 M . One reason for this
seemingly restrictive assumption is rooted in the fact that any Boolean
function can be expressed in terms of several increasing and decreasing
monotone Boolean functions [11].

With the intention of adding a certain degree of reliability, it is
natural to expect, or rather, demand, that a given number of positive
examples, that is, those which are classified as being malignant,
should exhibit some agreement among their attributes. In this sense,
reliability does not refer to the process of learning itself, but rather
to the constraints imposed on the hypothesis space. The weakest
such requirement is that any two malignant cases must necessarily
agree on at least one attribute, be it the total number of calcifications,
approximate volume of the lesion, or any other. Of course, this
attribute can be different depending on the two examples selected.
For instance, malignant cases M1 and M2 might agree on attribute
A, whereas malignant cases M3 and M4 might agree on attribute B,
and so on. One way to strengthen this requirement is to increase the
number� of positive examples all of which must possess one or more
common attributes. That is, any� malignant cases must share at least
one common attribute. Such a condition is equivalent to restricting the
function f to be in the classF�

8 or F�
7 , if f is additionally assumed

to be monotone. The strongest, and perhaps unreasonably restrictive,
versions of this notion of reliability are captured by the classesF18
andF17 , which call for all malignant cases to agree on at least one
attribute.

The restriction to such classes, however, necessitates the use of more
bits for the encoding of the cases. That is, one bit is required for every
value of an attribute. So, for example, an attribute that can take three
values A:<10, B: 10 to 30, or C:>30 should be coded as (1,0,0),
(0,1,0), and (0,0,1), respectively. Such an encoding scheme would then
allow one to check whether or not two or more malignant cases agree on
the value of any given attribute. Having discussed the possible practical
aspects of the above mentioned Post classes in the context of learning
theory, we now move on to the main results in which we consider the
complexity of the consistency problem for these classes.

IV. EXTENSIONS INF8; F7; F4, AND F3

We first consider the problems EXTENSION(F�
8 ) and

EXTENSION(F�
7 ) for a fixed constant �. The results forF�

4

andF�
3 are identical and can be obtained using the duality principle.

The question of polynomial-time solvability is posed in terms ofn,
jT j, andjF j.

Theorem 3: EXTENSION(F�
8 ) and EXTENSION(F�

7 ) are
polynomial-time solvable for a fixed constant�.

Proof: For the case ofF�
8 , we first must show that checking

whether there exists ani 2 f1; � � � ; ng such thatv(1)i = v
(2)
i =

� � � = v
(�)
i = 1 for a collection of� vectors, takes timeO(� � n).

This is because we requiren passes through all� vectors, once for
each coordinate, keeping a flag set if the coordinate is equal to 1. This
condition is equivalent to saying that the conjunction of all� vectors
has nonzero Hamming weight.

For a fixed constant�, checking the above condition for all possible
�-collections takesO(� � n � jT j�) time, which is polynomial injT j
andn. If this condition is satisfied for all�-collections of vectors from
T , then as an extension inF�

8 , we provide

f(v) =
1; v 2 T

0; otherwise.
(1)

For the case ofF�
7 , the above steps must be preceded by a check for

monotonicity. This entails checking whether there is no pair of vectors
v 2 T andu 2 F such thatv u, which takesO(n � jT j � jF j)
time. Only if this condition is satisfied can an extension inF

�
7 possibly

exist. Thus, EXTENSION(F�
8 ) and EXTENSION(F�

7 ) are both poly-
nomial-time solvable inn, jT j, andjF j:

We now examine the case in general, when� � jT j is part of the
input to the problems EXTENSION(F�

8 ) and EXTENSION(F�
7 ).

Theorem 4: EXTENSION(F�
8 ) and EXTENSION(F�

7 ) are co-NP-
complete.

Proof: The problem EXTENSION(F�
8 ) has a negative answer if

there exists an�-collection of vectorsV � T; (jV j = � and� � �),
such that for all coordinatesi 2 f1; � � � ; ng, there is at least one vector
v 2 V for whichvi = 0. Thus, it is easy to see that EXTENSION(F�

8 )
2 co-NP, since a nondeterministic algorithm need only guess the cor-
rect collection of� vectorsv(1); � � � ; v(�) 2 T that satisfy the above
property, and check this fact in polynomial time as in Theorem 3.

We show that EXTENSION(F�
8 ) is co-NP-hard by a reduction from

the well-known MINIMUM-COVER problem [4], which is known to
be NP-complete. The instance of the MINIMUM-COVER problem is a
collectionC of subsets of a finite setS and a positive integer� � jCj.
The question is: doesC contain a cover forS of size� or less, that is,
a subsetC0 � C with jC 0j � � such that every element ofS belongs
to at least one member ofC 0?

Consider a finite setS = fx1; � � � ; xng and an arbitrary collection
of subsetsC � 2S . Let us associate a setT toC by defining

T = f(vc): c 2 Cg

wherev denotes the bit-wise complement of vectorv andvc is the
characteristic vector of setc 2 C, that is,xi 2 c() vci = 1. This set
can be constructed fromC in polynomial time inn andjCj. It is easy
to see thatC contains a cover forS if and only if EXTENSION(F�

8 )
has a negative answer.

Turning toF�
7 , we note that the added constraint of monotonicity

does not make the problem any easier. We have seen that the “hardness”
of the problem lies entirely within the setT of true vectors, whereas
monotonicity is concerned with the relationship between the setsT and
F . So, even if we were furnished with a guarantee of monotonicitya
priori , we would still have to solve the same exact problem as above,
namely, to check whether conditionhA�i is satisfied within setT .
Thus, we can conclude that EXTENSION(F�

7 ) is also co-NP-com-
plete.

Now, let us turn to the problem of finding an extension inF18 and
F17 , with F14 andF13 again being identical by duality. It is easy to
see that checking whether all vectorsv 2 T have at least one common
unit component takesO(n � jT j) time. The question of monotonicity
can be answered beforehand inO(n � jT j � jF j) time, as in Theorem 3.
In that case, an extension inF18 or F17 can be constructed as in (1),
in polynomial time, giving us the following result.
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Theorem 5: EXTENSION(F18 ) and EXTENSION(F17 ) are
polynomial-time solvable.

V. CONCLUSION

We have analyzed the complexity of the consistency problem for
several important Post classes, which have shown to be relevant in the
study of reliability of control systems. Additionally, we discussed a
possible application of the considered classes to diagnosis of breast
cancer. The positive result obtained here is that if� is knowna priori
and fixed, which would reflect the case in practice, the consistency
problem in classesF �

8
,F�

4
,F�

7
andF�

3
is solvable in polynomial time.

In the context of breast cancer diagnosis, the parameter� would re-
flect the user-settable degree of required reliability for the rules being
inferred. The higher the value of�, the more strict this requirement be-
comes.

Additionally, the consistency problem for classesF18 , F14 , F17
andF13 is also polynomial time solvable. As part of future work, it
would be worthwhile to consider best-fit extensions in the above classes
of Boolean functions, especially for high values of�, when a fewer
number of possible rules is expected.
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An Efficient Blocking–Matching Algorithm Based
on Fuzzy Reasoning

Pei-Yin Chen and Jer Min Jou

Abstract—Due to the temporal and spatial correlation of image
sequence, the motion vector of a reference block is highly related to the
motion vectors of its adjacent blocks in the same image frame. By using
that idea, we propose a novel efficient fuzzy search (EFS) algorithm for
block motion estimation. The experimental results show that the EFS
performs better than other fast search algorithms, such as TSS, CS,
NTSS, FSS, BBGDS, SES, and PSA in terms of picture quality, accuracy,
computational complexity, and coding efficiency.

Index Terms—Block motion estimation, fuzzy reasoning, motion vector.

I. INTRODUCTION

Emerging information technologies such as video conferencing and
high definition television (HDTV) require real time compression of
video signals, which require a huge amount of bandwidth compared
to audio or text information. The key to a successful video coding
scheme is to exploit the spatial and temporal redundancies existing
in video image sequences effectively. One common feature of most
coding schemes is that they use motion estimation to reduce the
temporal redundancy, and use block transform coding, such as the
DCT or wavelet transform, to reduce spatial redundancy. The most
popular technique for motion estimation is the block-matching
algorithm (BMA) [1]–[7]. BMA finds the best match for a block in
the current frame within a search area in the previous frame. Because
of its simplicity and robustness, BMA has recently been adopted by
various video coding standards, such as H263 for video conference
and Moving Picture Experts Group (MPEG) for video communication.
Besides, BMA is also used as a tool for computing the image flow [8],
[9].

In the block-matching schemes, the coding performance depends
heavily on accuracy, speed, and effectiveness of motion estimation.
However, the characteristics of various image sequences bear a lot
of uncertainty and are hard to extract. Therefore, it is not easy to
devise a good estimation method which always provides accurate
and fast motion estimation for different types of image sequences.
Consequently fuzzy reasoning is proposed to develop an efficient
algorithm for block motion estimation.

During the nearly thirty years since Zadeh first proposed the idea
[10], a variety of applications of fuzzy logic [11], [12] have been im-
plemented in various fields. By using the linguistic rules that capture
the approximate and qualitative aspects of human knowledge, the fuzzy
logic controller can infer desired output actions properly. In this paper,
an efficient fuzzy search (EFS) algorithm for block motion estimation
is proposed. With the help of fuzzy reasoning, the motion vectors of
the adjacent blocks in the current frame are used to find the predicted
motion vector of the current block. Using the predicted vector, the EFS
can determine the initial center of the search area for the current block.
Then, the EFS searches the whole search area with a 3� 3 movable
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