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[15] L. A. Zadeh, "Outline of a new approach to the analysis of complefynctions results in a monotone Boolean function. The consistency
systems,1EEE Syst., Man, Cyberwol. SMC-3, pp. 404-435, 1990. 1 5plem forAf was shown to be polynomial-time solvable in [3]. In
fact, this was shown to be the case for all transitive classes. In this
paper, the classes under considerationFfte F}', F¥, Fi and Fg°,
Fye, F, F3°, using the notation of Yablonsky [13]. This and other
notation is established in Section Il. The above classes have practical
. . . relevance in the context of learning. This is discussed in Section IlI
Complexity of the Consistency Problem for Certain Post where an example of breast cancer diagnosis is considered. Finally,
Classes Section IV contains the main results concerning the complexity of the
llya Shmulevich, Moncef Gabbouij, and Jaakko Astola consistency problem for these classes of Boolean functions.
Il. DEFINITIONS AND NOTATION

Abstract—The complexity of the consistency problem for several n ) r n . .
important classes of Boolean functions is analyzed. The classes of functions Let E" denote thei-cube{0, 1}" . A Boolean function is a mapping

under investigation are those which are closed under function composition f: E" — E'. The elements € E™ will be referred to as vectors.
or superposition. Several of these so-called Post classes are considered he relationae < 4 holds for two vectorsy = (ay,---,a,) and
within the context of machine learning with an application to breast g = (3,,.--,3,)if a1 < 81,+++, a, < 3,.. ABoolean functiorf is
cancer diagnosis. The considered Post classes furnish a user-seIectablf]enonOtone (also called Bositive) if for any two vectarands such that

measure of reliability. It is shown that for realistic situations which may p . s . . .
arise in practice, the consistency problem for these classes of functions is® =/ the inequalityf(«) < f(/3) holds. The notation for various

polynomial-time solvable. Post classes chosen here coincides with that used by Post as well as
Index Terms—Computational complexity, computational learning that in [13]. . .
theory, consistency problem, monotone Boolean function, Post class. We now proceed to define several important Post classes.
Definition 1: A function f satisfies conditionA") (resp.(a")),
p > 2, if for any collection ofy vectorse™, v(? ... (W) ¢ E*
|. INTRODUCTION for which f(vV) = ... = F(u®W) = 1 (resp.f (o) = ... =
. . . 1 2
The consistency problem is an important problem in computation&f®'"’) -~ 0), there eXl(Slt)S an (EZ){L oe,n} ?B)Ch thaw!" = v{? =
learning theory [2], [12] and can be thought of as a search of a rule = v;"’ = 1 (resp.v; ” = v; === 0). )
from examples. That is, given some s&tand F’ of “true” and “false” LetT(f) = {v € E™ : f(v) = 1} be called the on-set of function

vectors, respectively, we aim to discover a Boolean funcfiavhich  f. Similarly, letF'(f) = {v € E" : f(v) = 0} be the off-set off.
takes on the value 1 for all vectorshand the value O for all vectors in  Definition 2: A function f satisfies conditiofA>) (resp(a™)) if
F. We may also assume that the target funcffds chosen from some there exists an € {1,---,n} such that; = 1 (resp.v; = 0) for all
class of possible target functions. One important reason for studying ¥ggtorsv € T'(f), (resp.v € F(f)).
complexity of the consistency problem is its relation to the PAC approx- Itis clear thatif a function satisfigsi#* ), then it also satisfieg4"2)
imate learning model of Valiant [12]. If the consistency problem for §r 2 < p2 < p1. Also, the conditioXA™) implies (4*) for any
given class is NP-hard, then this class is not PAC-learnable. Moreover> 2. Similar statements can be made o) and(a™). Let Fy* and
this would also imply that this class cannot be learned with equivalen&e be the sets of all functions satisfying conditigag*) and(a*), re-
queries [1]. spectively. Similarly, leF¢® andF 7 be the set of functions satisfying

In practice, it is often reasonable to requifeto possess certain (A~} and(a™). Finally, letF;" (resp.F3’) andF7~ (resp.Fs~) be the
properties, knowra priori, or equivalently, to belong to some specificclasses of monotone functions satisfying conditioas) (resp.(a*))
class of functions. For example, the class of monotone Boole@Rd(A™)(resp.(a™)).
functions is often representative of real-life phenomena and has beefiven setsI’ C E™ andF C E”, such thatl’ N F = 0, the
studied in the context of learning in such fields as medical diagno$igrtially defined functiory, ;- is defined as
[5], manufacturing and reliability analysis [6], as well as signal

. : . 1, veT

processing [14]. In [3], the consistency problem was considered for .
various classes of Boolean functions, such as positive (monotone), gre(v) =90, veF .
k-DNF, h-term-DNF, self-dual, and many others. Specifically, the *  otherwise.
question of the existence of polynomial-time algorithms for various function f is called arextensiorf g; ;- if ' C T'(f) andF C F(f)
classes of functions was investigated. In this paper, we consigg]. The consistency problem (also called the extension problem) can
the consistency problem for several important classes of Booleg@ posed as: given some cl&gf functions and two set§ and F, is
functions, known as Post classes. there an extensiofi € C of gy -2 The problem for class will be de-

In 1921, the American mathematician Emil Post described th@ted as EXTENSION) [3] and the question of its polynomial-time
structure of all classes of Boolean functions that are closed un@gjlvability is central in the PAC theory of learning.

superposition [10]. The results of Post have been applied outside the

field of algebra of logic, for example, in the synthesis [9] and reliability lll. POST CLASSES ANDBREAST CANCER DIAGNOSIS

[8] of control systems. For example, the cldgsof monotone Boolean ) ] ) ) o )
In[7],abreastcancerdiagnosisproblemisconsideredwithinalearning

_ _ ‘ framework. The goalistofindasetofrules, using some specific setoffea-
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regarding malignancy or biopsy. Some such attributes might be: number = 'ug“) = 1 for a collection ofu vectors, takes timé&(p - n).

of calcifications perm?, total number of calcifications, variation in the This is because we require passes through ajl vectors, once for

shape of the calcifications, approximate volume of the lesion, and maggch coordinate, keeping a flag set if the coordinate is equal to 1. This

others[15]. condition is equivalent to saying that the conjunction ofiaitectors
Each such attribute can be encoded by an appropriate numbeha$ nonzero Hamming weight.

binary valued variables. For example, suppose the total number of calFor a fixed constant, checking the above condition for all possible

cifications can be Ax 10, B: 10 to 30, or C>>30. Thus, two binary p-collections take€)(y - n - |T'|*) time, which is polynomial ifT’|

variables would be needed to represent each case, e.g., (0,0) for A, (&rign. If this condition is satisfied for ajk-collections of vectors from

for B, and (1,0) for C. Accordingly, a binary vector= (x1,---,2,) T, then as an extension ', we provide
of the necessary length to encode all attributes represents any given
breast tumor case. The goal then becomes to find a Boolean furfction . 1, veT
; . f) = . (1)
that would classify each example vecicgsiccording to the rules that are 0, otherwise.

used by the expert, or radiologist. For example;) = 1, if the tumor
encoded byr is believed to be malignant, aniz) = 0, otherwise. For the case of ¥, the above steps must be preceded by a check for
This can be considered to be a form of knowledge discovery from exonotonicity. This entails checking whether there is no pair of vectors
amples. In [7], it was assumed that the functions underlying the pat-¢ T andu € F such thatv < u, which takesO(n - [T| - |F|)
terns are monotone, or in other words,e M. One reason for this time. Only if this condition is satisfied can an extensiod# possibly
seemingly restrictive assumption is rooted in the fact that any Booleaxist. Thus, EXTENSIONFY') and EXTENSIONF*') are both poly-
function can be expressed in terms of several increasing and decreasm@ial-time solvable im, |T|, and|F|. u
monotone Boolean functions [11]. We now examine the case in general, wherl |T'| is part of the
With the intention of adding a certain degree of reliability, it ignput to the problems EXTENSIONY') and EXTENSIONF¥).
natural to expect, or rather, demand, that a given number of positiveTheorem 4: EXTENSION(F}') and EXTENSION F*') are co-NP-
examples, that is, those which are classified as being malignacdémplete.
should exhibit some agreement among their attributes. In this sense, Proof: The problem EXTENSIONFY') has a negative answer if
reliability does not refer to the process of learning itself, but rathéhnere exists an-collection of vectord” C T, (|V| = n andn < pu),
to the constraints imposed on the hypothesis space. The wealsesth that for all coordinateése {1,-- -, n}, there is at least one vector
such requirement is that any two malignant cases must necessarily V' for whichv; = 0. Thus, itis easy to see that EXTENSIOR}")
agree on at least one attribute, be it the total number of calcificatiomsco-NP, since a nondeterministic algorithm need only guess the cor-
approximate volume of the lesion, or any other. Of course, thiect collection ofy vectorsv(),---, v € T that satisfy the above
attribute can be different depending on the two examples selectptbperty, and check this fact in polynomial time as in Theorem 3.
For instance, malignant cases M1 and M2 might agree on attributéNe show that EXTENSIORFY') is co-NP-hard by a reduction from
A, whereas malignant cases M3 and M4 might agree on attribute tBe well-known MINIMUM-COVER problem [4], which is known to
and so on. One way to strengthen this requirement is to increase lleeNP-complete. The instance of the MINIMUM-COVER problem is a
numbery of positive examples all of which must possess one or mooellectionC' of subsets of a finite set and a positive integer < |C|.
common attributes. That is, apymalignant cases must share at leasThe question is: doe§ contain a cover fof of sizep or less, that is,
one common attribute. Such a condition is equivalent to restricting thesubset”’ C C with |C’| < p such that every element 6fbelongs
function f to be in the clas#}’ or F¥, if f is additionally assumed to at least one member 6f' ?
to be monotone. The strongest, and perhaps unreasonably restrictiv€onsider a finite se§ = {=x;,---,x,} and an arbitrary collection
versions of this notion of reliability are captured by the clas&s of subsets” C 2°. Let us associate a s€tto C' by defining
and F7°, which call forall malignant cases to agree on at least one
attribute. T = {m: ceC}
The restriction to such classes, however, necessitates the use of more
bits for the enching of the cases. That is, one bit is required for eV§{¥ierew denotes the bit-wise complement of vectoand v° is the
value of an attribute. So, for example, an attribute that can take thige, o cteristic vector of sete O, thatis,r; € ¢ <= v = 1. This set
values A:<10, B: 10 to 30, or C>30 should be coded as (1,0,0),can pe constructed frofi in polynomial time inn and|C]. It is easy

(0,1,0), and (0,0,1), respectively. Such an encoding scheme would theQae that contains a cover fof if and only if EXTENSION F2')
allow one to check whether or not two or more malignant cases agreg i 5 negative answer.

the value of any given attribute. Having discussed the possible practica{l-uming to F¥, we note that the added constraint of monotonicity
aspects of the above mentioned Post classes in the context of leargjggs not make the problem any easier. We have seen that the “hardness”
theory, we now move on to the main results in which we consider th¢ ihe proplem lies entirely within the s@t of true vectors, whereas
complexity of the consistency problem for these classes. monotonicity is concerned with the relationship between the3atd
F'. So, even if we were furnished with a guarantee of monotongity
priori, we would still have to solve the same exact problem as above,
namely, to check whether conditiqmi”) is satisfied within sef".

We first consider the problems EXTENSIOKR)) and Thus, we can conclude that EXTENSIOR') is also co-NP-com-
EXTENSION F¥) for a fixed constantp. The results forF} plete. [ |
and F}' are identical and can be obtained using the duality principle. Now, let us turn to the problem of finding an extensionfif and
The question of polynomial-time solvability is posed in termsnof F7°, with F° and F¥° again being identical by duality. It is easy to

IV. EXTENSIONS IN F%, F7, Fy, AND F3

|T'|, and|F|. see that checking whether all vectorg 7 have at least one common
Theorem 3:EXTENSIONF;') and EXTENSIONF}) are unit componenttake®(n - |T|) time. The question of monotonicity
polynomial-time solvable for a fixed constamt can be answered beforehandi - |T'| - | F|) time, as in Theorem 3.

Proof: For the case of{', we first must show that checking In that case, an extension ff° or F¥° can be constructed as in (1),
whether there exists ah € {L.---,n} such that!” = +* = in polynomial time, giving us the following resuit.
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Theorem 5:EXTENSIONF§®) and EXTENSIONF?®) are An Efficient Blocking—Matching Algorithm Based
polynomial-time solvable. on Fuzzy Reasoning

Pei-Yin Chen and Jer Min Jou

V. CONCLUSION
. ) Abstract—Due to the temporal and spatial correlation of image
We have analyzed the complexity of the consistency problem fegquence, the motion vector of a reference block is highly related to the
several important Post classes, which have shown to be relevant inrtimion vectors of its adjacent blocks in the same image frame. By using
study of reliability of control systems. Additionally, we discussed #at idea, we propose a novel efficient fuzzy search (EFS) algorithm for

. S - : : k motion estimation. The experimental results show that the EFS
possible application of the considered classes to diagnosis of br pe%?orms better than other fast search algorithms, such as TSS, CS,

cancer. The positive result obtained here is thatié knowna priori  NTsS, FSS, BBGDS, SES, and PSA in terms of picture quality, accuracy,
and fixed, which would reflect the case in practice, the consisteneymputational complexity, and coding efficiency.

problemin classeB{', F}', F} andF.' is solvable in polynomial time.

In the context of breast cancer diagnosis, the parameteould re-
flect the user-settable degree of required reliability for the rules being
inferred. The higher the value pf the more strict this requirement be- |. INTRODUCTION

comes. . o e Emerging information technologies such as video conferencing and
Additionally, the consistency problem for classes”, Fy™, Fy high definition television (HDTV) require real time compression of

and F5* is also pqunomial _time SOIV"’_‘ble' As _part _Of future work, itvideo signals, which require a huge amount of bandwidth compared
would be worthwhile to consider best-fit extensions in the above Clasﬁssaudio or text information. The key to a successful video coding

of Boolean functions, especially for high values;gfwhen a fewer gheme is to exploit the spatial and temporal redundancies existing
number of possible rules is expected. in video image sequences effectively. One common feature of most
coding schemes is that they use motion estimation to reduce the
temporal redundancy, and use block transform coding, such as the

REFERENCES DCT or wavelet transform, to reduce spatial redundancy. The most

popular technique for motion estimation is the block-matching
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