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ABSTRACT

The four different types of stack filters, type-0 through
type-3, are determined by four different shapes of the on-set of
the positive Boolean function from which the stack filter is con-
structed.

Under all three appending strategies commonly con-
sidered in the literature -- first and last value carry on strategy,
constant value carry on strategy, and the circular approach --
stack filters of type-0 through type-2 possess the convergence
property, while type-3 stack filters do not all share this pro-
perty. Examples of cyclic behavior in type-3 stack filters are
given.

The rates of convergence for stack filters of type-1 and
type-2 are determined for each appending approach.

1. Introduction

The convergence property [1]-[3] and the structure of the
root signals of median filters are very important for determining
which filtering problems can be solved by the median filter [2]-
[4]. If similar results can be obtained for stack filters, then it
will become more clear which filtering problems can be solved
with stack filters.

In [1] it was shown that median filters possess the follow-
ing convergence property: any finite length signal will be
filtered to a root signal after a finite number of passes of the
median filter. It was shown in [3] that a signal of length L

L-2
2N +2)
to a root when filtered by a median filter of window width
2N +1.

In this paper we continue the study of the convergence
behavior of the class of stack filters, which are a generalization
of median filters [6]. A general theory for characterizing the
existence and nature of root signals for stack filters is provided
in [5] [7]. The characterization is in terms of cycles and toroids
in directed graphs and the behavior of root signals constructed
from these cycles. The work in [8] and [9] provides methods for
determining whether any given signal is a root signal for some
nontrivial stack filter, and also introduces methods for designing
stack filters which have a desired set of root signals. In [10,11]
it was shown that one- and two-dimensional stack filters based
on symmetric threshold functions either always converge 10 a
root signal or to an oscillation of length 2, and that recursive
stack filters of this type always yield convergence to a root.

requires at most 3 , passes 10 guarantee convergence

The goals of this paper are to determine the convergence
behavior of stack filters under three appending strategies which
have appeared in the literature, to find operations on stack filters
with the convergence property which produce other filters with
the convergence property, to find the number of passes which
guarantees that certain stack filters will filter any input signal to
a root signal, and to characterize the set of root signals of type-3
stack filters.

The paper is organized as follows. In Section 2, the
different appending strategies that have been used for median
and other rank order filters will be defined. They must be con-
sidered since the appending strategy which is used has a
significant effect on the convergence behavior of stack filters.
Section 3 then summarizes the four types of stack filters con-
sidered in the rest of the paper. Section 4 presents many proper-
ties regarding the convergence behavior of the different types of
stack filters. The number of passes needed to guarantee conver-
gence to a root signal is considered in Section 5.

Before procecding, we summarize the notation used
throughout the paper:
» X is used to indicate any signal; unless specified otherwise, a
signal is assumed to consist of L samples. Each sample takes on
values from the set 0 ={0,1, ... ,M-1} for some integer M > 0.
« S () denotes the stack filter based on the positive Boolean
function £ (). S;():2%—Q". In other words, it maps a signal of
length L into another signal of length L.
* X is the appended version of the signal X .
« X' is the output after the i ’th application of the stack filter
S/ ()' X+ S/ (X‘).
« f (") denotes a Boolean function of 2V +1 variables where N is
any nonnegative integer: f %'.B””—)B, where B = {0,1}.
s on—set(f) is the sct {XeB¥*:f (X) = 1.
« off —set (f ) is the set {X e BP*1:f (X)) =0].

2. Appending Strategies and their Effect on Convergence

As mentioned previously, the first problem one encounters
in considering the filtering of finite length signals is how to
define the filtering operation when the window of the stack
filter, which has a fixed window width, extends beyond the end
of the signal. Three different approaches to this problem have
appeared in the literature. In the description of these three
approaches which appears below, we assume without loss of
generality that the output of the fiiter is assigned the position of
the center sample in the window.
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The first approach is called the first and last value carry on
strategy. It consists of repeating the end values of the signal N
times when the filter has a window of width 2N+1. This
appending strategy will be referred to as strategy SI.

The second appending strategy is called the constant value
appending approach and is widely used by researchers in the
field of morphology. In this approach all zeros or all ones are
appended at the boundaries of the signal when the signal is
binary. For binary signals, this appending strategy will be
referred to as S2-0 when appending 0" at the boundaries of a
signal and S2-1 when appending 1.

The third appending approach that has been considered is

called the circular appending approach. If
X ={x(1) x(2) --- x(L)}is the input signal, then the appended
signal X is

X ={x(L-N+1) x(L-N+2) ---
x(L) x(1) x(@) ---

x(@L) x(1) x@2) -+
x(N)}

As indicated by the above equation, the input signal is wrapped
around on itself in order to define the filtered values at the boun-
dary points. This appending strategy will be referred to as S3.

The appending strategy that is used has a serious impact
on the convergence properties of stack filters. A signal which is
filtered to a root by a given stack filter under one appending
strategy may be filtered, by the same stack filter, to a different
root or to an oscillation when a different appending strategy is
used.

Our goal is to determine under what conditions we can say
convergence occurs under all of the above appending strategies
and to determine what effect the different appending strategies
have on the number of passes required to guarantee conver-
gence. As will be seen later, both type-1 and type-2 stack filters
possess the convergence property -- they filter all input signals
1o roots -- regardless of the appending strategy. Generalizations
of this result are also obtained.

3. Classification of Stack Filters

We now review the classification of stack filters into the
four different types, namely type-0 through type-3 [9].

Definition 1:

A stack filter Sy () based on the positive Boolean function

f () of 2N +1 variables is said to be

i)  a type-O stack filter iff f =1,f =0, or f(;) is the

identity Boolean function.

ii)  atype-1 stack filter iff the on—set (f) is a proper sub-
set of xVix¥, where x€{0,1} and xV is any binary
string of length N. Note that on—set(f ) must not be
empty (or we would have a type-0 filter).

a type-2 stack filter iff the off —set(f ) is a proper sub-
set of x¥0xV. Note that of —set(f) must not be
empty.

i)

O

All those positive Boolean functions on which stack filters
of type-0 are based are referred to as trivial positive Boolean
functions.

Definition 2:

Any stack filter that is not a type-0, type-1 or type-2 is a
type-3 stack filter.

D
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Theorem 1:
The following statements are equivalent:

i)  f() is a positive Boolcan function which yields a
type-1 stack filter of window width 2N +1.

i) £ () is a positive Boolean function and on—set () is a
non-cmpty proper subset of xV 1xV.

iii) f () is a positive Boolean function of 2N +1 variables
and
0 ifxya=0
&= g(y) else,
where g (-) is a non-trivial positive Boolean function,
=y, . Xona)s and
V=1 XN N4 - - - XoN41)-
O
Theorem 2:
The following statements are equivalent:
i)  f() is a positive Boolean function which yields a
type-2 stack filter of window width 2N +1.
ii) f() is a positive Boolean function and off —set (f) is
anon-empty proper subset of x¥ 0x¥.
iif) £ () is a positive Boolean function and
1 ifayp=1
f®= h() else,
where #(-) is a non-trivial positive Boolean function,
P=01 .0 Xona) and
P=1 Xy XNz - - - XaNa1)-
O

We next define a partial ordering property between
Boolean functions.

Definition 3:

Let () and g () be two positive Boolean functions of n

variables. We say that f () is less than or equal to g(),

denoted by *‘f <g”’,if and only if on(f) con(g).
O

Further dccomposition of type-3 stack filters is possible
and helpful. It was shown in [9] that for all type-3 stack filters
S ()

lon (F )N 0x¥ | < lon(F)ru™ 1x¥ 1,

where |A | is the cardinality of the set A.

(CRY)

Definition 4:
If equality holds in (3.1), then §;(:) is called a type-3-1
stack filter; if the inequality in (3.1) is strict, then §; (") is
called a type-3-2 stack filter.

O

The convergence behavior of the different stack filters
defined above, and of some other stack filters, is considered in
the next section.

4. Convergence Properties of Stack Filters

Some stack filters, such as the median filter, behave nicely
in the sense that they will filter any arbitrary input signal of
finite length to a root after successive passes of the filter. This
prolperty is referred to as the convergence property. More for-
mally:



Definition S:

A stack filter S, () is said to possess the convergence pro-
perty if and only if for each input signal X of finite length,
there is a finite integer I such that X" = §, (X') =x".

a
The results which follow hold for all three appending stra-
tegies unless specified otherwise.

Fact 1:

All three type-0 stack filters possess the convergence pro-
perty and any arbitrary input signal is either a root to the
filter or will be filtered to a root in a single pass.

0

This fact follows easily from the trivial nature of type-0
stack filters, which are based on positive Boolean functions
which either put out 1 for every binary input, put out 0 for every
binary input, or are the identity operation.

That all stack filters of window width 3 possess the con-
vergence property, assuming S1 (first and last value carry on
strategy), has been proven in [6). In [8], we used the fact that
any monotonic bounded sequence of finite-dimensional vectors
converges, to analyze the convergence behavior of type-1 and
type-2 stack filters, again assuming S1. Those resulis, see [8],
are stated in the following theorem and are valid under all three
appending strategies.

Theorem 3:
All type-1 and type-2 stack filters possess the convergence
property.

0

Type-1 and type-2 stack filters can be considered generali-
zations of the erosion and dilation operations considered in
morphology. Each type-1 or type-2 stack filter, or any stack
filter for that matter, can have a representation in terms of a
composition of erosion and dilation operations.

‘When the window width 2N +1 of the filter is greater than
3, type-3 stack filters do not necessarily possess the conver-
gence property, as the following example demonstrates.

Example 1:

Consider the following type-3 stack filter S;(-) based on
f(x1x2x3,x4xs5)=x1xs. This filter does not possess the
convergence property. Moreover, it will produce, under
S1, an alternating sequence of period 2 when, for instance,
the input is the binary signal 10111.

a

With the above example as motivation, we can construct a
type-3-1 stack filter having a cycle with a period of any desired
length.

Fact 2:

For any positive integer n22, there exists a type-3 stack
filter which filters, under appending strategy S1, an input
signal X of appropriate length L such that the sequence
{xt,i= 1,2,--_-1 is periodic with fundamental period n;
that is, X* =X*** if and only if k is an integer multiple of
n.
O
Not all type-3-1 stack filters produce cycles; some possess
the convergence property. The following result is extended from
[6] and is valid under strategy S1.
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Fact 3:

The stack filters based on the Boolean functions

fx1xa ... xova)=X; OF X; X4 OF X;X;,p POSSESS the conver-

gence property where i is an appropriate index in

{1,2,...2N+1}.

O

All rank-order filters possess the convergence property
under appending strategy S1, [1] [4]. Rank order filters which
put out the i 'th largest value in the window, fori =2, .., 2N, are
all type-3-2 stack filters. In other words, all rank-order filters
which are not the max or min filters are type-3-2 stack filters.
Although every filter in this subclass of type-3-2 filters
possesses the convergence property under S1, it does not mean
that every type-3-2 stack filter possesses the convergence pro-
perty.

Since not all type-3 stack filters possess the convergence
property, some subclasses which have some overlap with type-3
stack filters are considered in [12] where their convergence
behavior is also analyzed.

Any type-3 stack filter can be decomposed into a type-1
stack filter and a type-2 stack filter [9]. This decomposition and
one of its consequences are shown in the following theorems.

Theorem 4:

If §;() is a type-3 stack filter based on the positive
Boolean function f (-) of (2N +1) variables, then

f&y .o xona)=8@n ..., Xovu) +
Iyaih ey .o Xona)
where on(g) = (on{f )Y 1x¥) and

on(h)=(on (f YN ox¥yuxN 1xV |
a

By the decomposition of any type-3 stack filter mentioned
in Theorem 4, the filtering sequence produced by a type-3 stack

filter S;(-) can be bounded by the filtering sequences of its
decompositions S, () and S, (+).

Theorem 5:
Let Sy(*) be a type-3 stack filter with the decomposition
defined in Theorem 4. Then, assuming S1, for any finite
input signal X,

S, (X8, (X*)<8,(X*), forall k=01, .
O

5. The Number of Passes to Produce a Root for Binary
Inputs

In this section, we will discuss the number of passes
needed to reach a root signal for type-1 and type-2 stack filters
and their generalizations. Throughout this section, the first
appending strategy S1, first and last value carry on strategy, is
assumed. The difference between this approach and the other
two appending approaches will be stated separately following
each result.

Only binary signals are considered in this section. The
number of passes needed to produce a root for a multi-valued
signal is just the largest number of filter passes required by any
of its binary threshold signals to produce a binary root.

It was stated previously that any stack filter of type-0 will
take at most a single pass to filter any input to a root. This fact
holds for all three appending strategies discussed earlier.

For type-1 and type-2 stack filters, the next two theorems
show that the number of required passes is linear in the length

of the input signal.




Let X € B, i, X is a binary sequence of length L.
Denote the {’th clement of X by x(i). Suppose X is non-
constant but othcrwise arbitrary. Then we have the following.
Theorem 6:

Any non-constant input signal X e BL will take at most

Y x(i) itcrations in order to converge to a root by any

i=t
type-1 stack filter. AnyLnon-constant input signal X e B.
will take at most (L — Y x()) iterations to converge 10 a

i=]

root by any type-2 stack filter.
a

A type-1 stack filter that actually achieves this bound is
the one based on the following positive Boolean function:

[l 52

It is easy to show that S (-) is a type-1 stack filter and that when
operating on the input signal X =01£7!, X will converge to
Xz =0F in exacdly

< XoN41) = XNEN 4L

L
#1ly=Yx(@)=L-1
i=1
iterations.

The circular and the constant value carry-on appending
strategies yield similar results, that is the rate of convergence of
type-1 stack filters for signals of length L is of order L.

A type-2 stack filter that actually meets this upper bound
in Theorem 6 is the following:

fu .. xonn) =28 + Xy
When f (-) operates on the input signz;:I X =107, it reduces it to
aroot Xz = 1* inexactly L — 1 =L — Y x(i) iterations.
i=l

The same observations about the other two appending
strategies are also valid for type-2 stack filters. That is, they
require L-1 iterations in the worst case to reach a root. How-
ever, we shall make the following important remark.

Remark:

A given binary signal X might converge to different roots
when filtered with a type-1 or a type-2 stack filter using
different appending strategies. The following example illus-
trates this behavior.

Example 2:

Suppose X =111011 is to be filtered by the type-1 stack
filter Sy () based on the positive Boolean function of (5.2).
Then, under S1, the signal X will be filtered to 111000 in
two passes; whereas, under S2-0, the signal X will be
filtered to 000000 in three passes.

0O

6. Conclusion

The convergence behavior of type-0 through type-3 stack
filters has been investigated. It was shown that stack filters of
type-0 through type-2 all possess the convergence property; that
is, they filter any input signal to a root after consecutive passes
of the filter under any appending strategy.

A counter example was given to show that not all type-3
stack filters have this convergence property.

We next investigated the rate of convergence for conver-
gent stack filters. We showed that stack filters of type-0 will

take at most a single pass to filter any input signal to a root.
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The rate of convergence of type-1 and type-2 stack filters was
shown to be linear in the length of the input signal.
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