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Abstract: In this paper, the theory of root signals for stack
filters is combined with the theory of minimum mean
absolute error stack filtering. This new, unified theory allows
the designer to pick a filter which minimizes noise subject to
constraints on its structural behavior.

1. Introduction

Median filters preserve signals, called root signals, whose
structure consists of strings of monotonic ‘‘edges” and
constant-valued regions [1,2]. They eliminate signal structures
which are impulsive in nature since repeated filtering of a
signal with a median filter will eventually reduce that signal
to a root signal [1]. These two facts indicate that the median
filter should be very good at removing impulsive noise from
signals and images which are similar to root signals. This, as
discussed for example in [1,2], has led to the use of median
filters in many applications in digital image processing.

The goal of this paper is to extend the use of these
concepts of preservation, removal and modification of specific
signal structures to the set of filters known as stack filters [3].
Since their definition is motivated by the two properties of
the median filter, namely the threshold decomposition and
the stacking property; it should be possible to characterize
stack filters by the signal structures they preserve or delete.

This paper shows that it is possible to design a stack
filter which minimizes the mean absolute error subject to
constraints on, or goals for, its behavior with regard to any
list of signal structures specified by the designer. Thus, this
approach unites the structural approach and the estimation
approach to the design of stack filters under a single
analytical methodology.

This paper is organized as follows. In Section 2, a general
approach to the definition and properties of binary root
signals of stack filters is reviewed. Specifically, this section
leads to a characterization of binary root signals of stack
filters as cycles in a directed graph. The theory of root
signals is combined, in Section 3, with the estimation theory
to produce tests for specific structural behavior and noise
minimization. Section 4 contains the conclusion.

2. Root Signala for Stack Filters

Since stack filters obey the above two properties, it was
shown that filtering an M-valued signal by a stack filter S{*)
based on the positive Boolean function f{-) reduces to filtering
each of its (M—1) binary threshold signals by the binary stack
filter f(-) and summing up their output.

Thus, to study the root signal behavior of a stack filter,
it is best to begin with a study of the set of binary roots of
the filter.

Suppose we wish to first determine whether a particular
stack filler has any nontrivial root signals, and then, if it has
roots, to specify them precisely. Both the existence and
nature of the root signals for a stack filter can be determined
with the help of the stack filter's digraph [4], the construction
of which we now address.

The first step in this construction is the development of
a digraph which specifies all possible sequences of binary

sequences that can be observed as a signal moves through a
window of fixed width.

By motion of the signal through a filter window, we
mean the legal transitions between sequences observed in the
window. For instance, if a window of width three slides, one
point at a time, from left to right over a signal, then
110 — 101 and 001 — 010 are legal transitions, whereas

110 — 010 and 101 — 000 are illegal transitions. The arrow

under each seque;ce indicates the direction in which the filter
window advances. The rightmost sample of each new state is
the new sample that entered the window.

Define a graph called window process digraph [4]
D, =(V,E) for a window of width n as follows: Define V to
contain 2" nodes, and label, without repeats, each node in V
with one of the 2* possible binary sequences of length n. The
set of edges E is the set of all legal transitions defined as the
filter’s window moves from left to right over any signal. The
window process digraph D3 is shown in Fig. 2.1.

From the window process digraph D, for a window of
width n, we then construct the stack filter’s digraph D, for a
particular stack filter f(-) with window width n. It is this
graph which will determine whether the filter f{-) has roots or
not, and which will allow the characteristics of any roots
which exist to be determined.

Since f(*) is a binary stack filter of window width =, its
output, which is binary, is well defined for each of the states

of the window digraph. Define ref = % +1 and ref (w;) to be

the value of the ref sample of w; from the left. If node j in
the window process digraph is labeled with a state w; with
ref (w;) different from f{w;), delete this node from the window
process digraph. Also delete any edges which were incident
upon this node. If the filler output f(w,) coincides with
ref(w;), then keep node j in the digraph. Carry out this
procedure for each node j in the window process graph.

The graph which results from the above thinning of the
window process graph is called the stack filter’s digraph Dy
for the stack filter f(*). Figure 2.2 shows the stack filter’s
digraph for the window width three median filter.

Definition 2.1: A sequence is a finite binary string. A
signal is an infinite binary string. A sequence is said to be a
root sequence of the window width n stack filter f(-) if all
samples of its n-reduced version (i.e., the original sequence
with (ref —1) samples removed from both ends) are preserved
under f(-). A signal is said to be a root signal of the stack
filter f(-) if the signal is invariant to the filter f{-).

The following two Lemmas relate root sequences to paths
in the filter’s directed graph.

Lemma 1: Any walk in the stack filter’s directed graph Dy
corresponds to a sequence that is invariant to the filter f°).

Lemma 2: Any invariant sequence corresponds to a walk in
the filter’s directed graph D;.

The preceding two lemmas show the correspondence
between root signals for a stack filter and that filter’s
digraph. One would then expect that the existence of
nontrivial root signals -- invariant signals of infinite length --
would correspond to elementary cycles in the filter’s digraph.
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Theorem 1: A stack filter f{*) preserves nonconstant signals
if and only if its directed graph D; contains one or more of
the following:

a) A nontrivial elementary cycle.

b) A path that starts with one of the trivial elementary cycles
and ends with the other.

For a proof of Theorem 1, see [4].

Remarks: Some stack filters’ digraphs contain disjoint
cycles: that is, two or more cycles which are pairwise disjoint,
i.e. they do not share any nodes. This will be particularly
interesting when we consider cycle breaking and cycle
preserving.

. . .

An interesting characteristic of directed graphs is that
they, sometimes, contain disjoint elementary cycles. This will
prove important in a stack filter design example provided
later in this paper.

An important question one might ask is: ‘For what
window width, if any, is there a stack filter whose directed
graph contains disjoint cycles?” By enumerating all stack
filters of window width less than or equal to four and
investigating their corresponding directed graphs, we found
the following result.

Theorem 2: No stack filter’s directed graph of any stack
filter of window width less than five contains disjoint cycles.

On the other hand, there exist stack filters of higher
window widths whose digraphs contain completely disjoint
cycles.

Example 2.1: The following is the Boolean expression of a
stack filter of window width five which is the MMAE filter for
a particular filtering problem.

N(21,22,83,24,25) = 212325 + 2124 + 2323 + 2925 + 2324

The filter’s digraph contains two cycles which are disjoint:
Cycle 1: 01010 — 10101 — 01010

Root signal: --- 0101010101010 - - -
Cyecle 2:
01100—11000—10001—00011-—00110—01100
Root signal: + 0110001100011 - - -

Different cycles can span the same set of nodes [4].
Hence, in order to discriminate between such cycles, we need
to change the window width of the filter. The following
theorem tells us which way to go.

Theorem 3: For any two signals corresponding to two
elementary cycles in D, which span the same set of nodes,
there does not exist a stack filter of window width less than
or equal to n that will preserve one signal and alter the other.

An algorithm to increase the window width of the filter
in such a case is available in [4].

4. Dealgning Stack Fil

When the LP in [5] is used to find a stack filter which
minimizes the MAE between its output and a desired input
signal, it is possible that the resulting filter may possess
structural behavior that is not desirable.

For instance, suppose that a filter is optimal for a certain
noise reduction problem, but it possesses root signals which
contain oscillatory structures. The designer may, however,
consider preservation of such oscillatory structures to be
undesirable structural behavior.

Alternatively, suppose it is known that the signal to be

recovered from the mnoise has specific structural
characteristics. It might, for instance be known that any

realization of the desired signal is one of the root signals of
the median filter of a certain window width. It could thus be
characterized in terms of sequences of structures such as
edges and constant valued regions [1,2,6,7]. It would be
reasonable in some situations, such as high § situations, to
specify that these structures be root signals or root sequences
of the stack filter.

Of course, the structural constraints or goals may consist
of a list of different structures to be preserved, deleted or
modified. The list might appear as follows:

1_ No oscillations of period 2 shall be preserved by f{*) (f(*)
is our binary filter).

2_ The filter should not alter positive going edges in the
signal.

3_ Negative going impulses are to be preserved.

4_ A specific set of sequences must be preserved by the
filter.

To account for these structural constraints and goals, the
LP in [5] which finds a stack filter which is best in the MAE
sense must be modified. Two approaches are possible, either
modify the objective function of the LP or append more
constraints. The advantages and disadvantages of these two
methods will be discussed as the methods are presented.

Throughout this section, all sequences and signals are
binary unless otherwise specified. The extension to multi-level
signals is carried out in {4].

3.1, Modifying the C int
3.1.1. P ing Root: Signal

In order to preserve any particular root signal, the
elementary cycle (or the compound cycle) corresponding to
this root signal must remain in the stack filter's digraph; that
is, all nodes involved must be in V.

Suppose that (¢, 1z, . - ., ) make up the cycle we wish
to preserve. Since u; belongs to V for i=1,2,...,k Pf1]| ) is
known for i =1, - - -,k It is assigned the value 0 if ref(u;) = 0;
otherwise, it is assigned the value 1. These k new constraints
are then added to the set of constraints of the original LP
problem formulated in [5].

Example 3.1: Suppose that, in addition to minimizing
noise, a window width three stack filter f{*) is to preserve
oscillations in the signal wherever they occur. This implies
that we want f() to preserve the following
signal: «++ 010101 - -+ The corresponding elementary cycle
is 010 — 101 — 010. Hence, the following constraints are
appended to the LP: (a) P{1]010) =1 and (b) P{1]101) =0.
These new constraints ensure that nodes 010 and 101 will
appear in D; and that oscillations of period 2 are preserved
under f(). = Alternatively, we can group these 2 new
constraints in one equation:
(¢) (1 — P{1]010)) + P{1]|101) =o0. This  equation  is
equivalent to equations (a) and (b) whenever the filter’s
decisions are hard decisions. This can be generalized to any
k-node cycle. Thus, only one additional constraint per cycle is
needed to preserve any set of cycles.

Alternatively, we can use the new constraints to reduce
the size of the LP. Let C ={v;:v € Cycle} and
K ={i: v € C}. Then P(1|v)= rcf}v;) for all v; € C. This in
turn will determine the values of at least [K| unknown
probabilities and we are left with at most 2°— |K |
unknowns for which we must solve. Using the stackin
property, more variables may be determined once these |K
variables become known, e.g. suppose that P{1]110) was set
to be 1, then P4{1]111) must also be 1 since 110 stacks on top
of 111. We next present a step by step algorithm to preserve
cycle ¢ with | K rnodes.

Algorithm:
Step 1_ Set P{1] v;) = ref(v;) for all y; € C
Step 2_1If P{1] v;) =1 then
for any v; such that v; > v;, set P{1]v;) =1
else
for any v such that v, < v;, set Pf1] v) =0.




Step 3_— Solve the reduced LP problem to compute the
remaining unknowns.
o

3.1.2, Removing Cycles

As discussed previously, eliminating sequences or signals
is equivalent to breaking the corresponding cycles in the stack
filter’s digraph. A cycle can be broken by deleting one or
more nodes in that cycle.

Assume that v; is, for some reason, the node to be
removed from the «cyclee Then we must have
P{1] v}) =1 — ref(v;). This additional constraint is added to
the LP as in the previous subsection.

Note that choosing which node is to be removed is
arbitrary and might or might not interfere with other
features of the optimal filter {computed based only on the
stacking constraints, with minimizing the MAE as the goal?.
Hence, it would be better if, somehow, this operation of cycle
breaking could be introduced to the LP as an additional
constraint in such a way that the LP is given the freedom to
decide which of the nodes in the cycle is to be removed. The
result will be a filter which breaks the cycle in those spots
which contribute the most to minimizing the mean absolute
error.

To illustrate how this can be done, suppose we have a k-
node cycle vy,vp, ..., v that we want to break. Somewhere
along the path of the cycle an edge must be removed or,
equivalently, an error must be made at one or more nodes (by
error, we mean f(v;) # ref(v;) for some i=1,2, ..., k). Consider
the following examples.

Example 3.2: Suppose we wish to break the following
window width three cycle: 100 — 001 — 010 — 100 in the
digraph of the stack filter whose Boolean expression is given
by f(z1,22,23) = 73 + z;z3. Then, one or more of the following
must hold:

a) P1|010) =0 — P,(O‘Olo)zl
b) P{1]001) =1 — P{0]|001)=0
¢) P{1[100) =1 — P{0[100) =0

If we wish to break the cycle in
require that

P{0]010) + Py1]001) + P1] 100) = 3.
If we wish it to be broken only at one or more nodes, then we
could require

P{0]010) + P1]001) + P,(1] 100) > 1.
The addition of this constraint will break the cycle provided
the linear program still has a solution in which each of the
filter decision probabilities in the inequality is integer valued.
If they are not integer valued, then the resulting filter is
difficult to interpret since it randomizes its outputs. The filter
may sometimes preserve the cycle; at other times it may
delete it. In the MMAE filtering problem which yielded the
filter above, the addition of this inequality constraint still
results in an integer solution. The new optimal stack filter is
f(21,%2,23) = z1 + 72, which has no nontrivial roots.

If the cycle to be broken is completely disjoint from the
rest of the digraph, the designer can get rid of it without
affecting the rest of the graph. On the other hand, there are
situations where the removal of one cycle causes the
destruction of other cycles, as the following example shows.

all three nodes, we simply

Example 3.3: Recall the filter discussed in Example 2.1.
The Boolean expression of the filter is:

fz1,%2,23,24,25) = 212325 + 2124 + T223 + 2a25 + T3z

The filter preserves (among other cycles) Cycle 1 and Cycle 2.

In fact, D; contains 13 elementary cycles. Here, we will try to

lérealk Cycle 1 first, then Cycle 2, and finally, Cycle 1 and
yele 2.

Since Cycle 1 consists of oscillations, it will be eliminated
by requiring that

(a) P{1]01010) + P{0] 10101) > 1.

The new optimal filter has the following Boolean expression:
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f(21,22,23,24,25) = 2124 + 2223 + 2225 + T3%4.

The new D; contains 12 cycles, i.e. only Cycle 1 has been
removed.

To break Cycle 2, the following must hold:
(8) P{1] 00011) + P{0]| 00110) + P{0] 01100)
+ P{1]10001) + P,{1]11000) > 1.

The new optimal filter has the following Boolean expression:
A21,22)23,24,25) = 2123 + 2124 + 2225 + T3%4-

The new D; contains ten cycles. Two extra cycles were
destroyed as a result.

Finally, to break Cycle 1 and Cycle 2, both (a) and (b)
must hold. The new optimal filter has the following
expression:

f(21,%2,23,24,25) = 2123 + 2174 + 2274 + 22T5 + 2324

The new stack filter's digraph of f{) contains only nine cycles.
The above operation caused two extra cycles to be removed.
It is interesting to note that in all the cases considered above,
the LP with the additional constraint still yielded an integer
solution. This will be discussed in more detail later.

P ing Cyeles: Randomizati

Designing stack filters to preserve certain cycles or to
remove certain cycles by modifying the constraints is done as
described in Sections 3.1.1 and 3.1.2, respectively. However,
when we attempt to design a dual-purpose stack filter, which
is a stack filter designed to preserve some cycles and to not
preserve others, it is possible that the resulting set of
constraints may be infeasible.

Proposition 3.1: If the additional constraints resulting
from preserving cycles and removing cycles make the set of
constraints infeasible, then there exists no stack filter with
’r,h?i ;])lrescribed structural behavior for that particular window
width.

One case of interest which yields infeasible constraints
was discussed in [4]. It is the case in which one cycle to be
preserved and one to be removed both span the same set of
nodes. Although this is a disadvantage of this design
procedure, it is an important result concerning the filter
window width. Theorem 3 tells us that a higher window
width is required in order to accomplish the desired task.

A serious disadvantage of the above approach of adding
constraints is the fact that the resulting LP may no longer
have an integer solution. Previously, before adding any
structural constraints, integral solution to the LP was
guaranteed by the fact that the constraint matrix was
originally totally unimodular (TUM) (8]. The addition of new
constraints may distort the constraint matrix and may result
in randomization of one or more variables at the output of
the resulting optimal filter.

As can be seen from the examples considered in the
previous subsections, though, it appears that the problem of
randomization does not always arise. Indeed, we had to
purposely search for cases in which randomization was
necessary before we found one. Determining when
randomization is required and when it is not is an interesting
open problem in this research area.

Furthermore, even if the optimal filter must randomize,
one of the deterministic filters among the set over which it
randomizes can be used. Although the resulting filter is not
optimal, it will be nearly optimal, and probably acceptable.

3.2. Modifyi he Objecti

In the previous subsection, it was shown how a stack
filter which is optimal for noise reduction while satisfying
constraints on its structural behavior could be obtained by
adding these constraints to the original LP used to find a
MMAE stack filter. It was noted, however, that this method



may sometimes cause the optimal solution to be a filter which
randomizes some of its output decisions. If this is the case, or
if none of the filters over which the randomization takes place
is acceptable, an alternative approach can be taken.

This alternative method is based on an iterative process
which may take more time to perform, but which, if
successful, ensures that the filter which is finally chosen is a
deterministic filter.

This process consists of changing the cost coeficients
associated with certain decision variables in the objective
function of the linear program in a systematic way until the
desired output is obtained. Before making any changes in the
objective, we run the LP with the current objective and check
the resulting optimal filter it yields to determine if it has the
desired structural behavior. This is accomplished by
examining the filter’s digraph to determine if it has the cycles
:hichdare desired and does not have the cycles which are not

esired.

If it does not have the desired behavior, the next step is
to perform a cost ranging analysis [9] on each cost coefficient
associated with every node in the desired and undesired
cycle(s). Cost ranging is usually used in sensitivity analysis to
determine the range within which each cost coefficient is
allowed to vary without changing the optimal point, but in
this case it tells us the minimal change to a cost coefficient
that will assure a change in the optimal filter.

Now, suppose a certain cycle is to be preserved and that
one of its nodes is not in D;. The designer will attempt to
vary the cost coefficient, associated with that decision
variable, so that this node will appear in the new D;. Cost
ranging will provide the minimal amount by which that cost
coefficient must be updated to make the desired change.
Similarly, if a certain cycle is to be removed from Dy, a cost
ranging will be performed on each node (actually, on each
cost coefficient associated with each node) in the cycle, and
the optimal solution with the minimal objective will be
selected.

By preserving the structure of the constraint matrix, the
above method overcomes the worst drawback of the previous
design procedure by ensuring that the resulting filter does not
randomize. This method might require, however, a lengthy
iterative process which involves scores of tedious
computations. Therefore, it is not recommended and no
examples using this method are provided. A simpler
alternative to designing a filter with the desired structural
Fe}iavior by modifying the objective function can be found in
10].

4. Conclusion

In this paper, we combined two filtering approaches: a
root signal approach and MAE estimation approach. In
Section 2, we reviewed a means to extract root signals for any
stack filter by manipulating its directed graph. In Section 3,
we presented two alternatives for designing stack filters which
will preserve and/or remove certain signals. The first method
modifies the constraints of the LP while the second method
alters the objective without changing the constraints.

The extension of this paper to two dimensions can be
found in [10].
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