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Abstract 

A novel and efficient transform method for ECG data compression based on B-spline basis functions is proposed. The 

algorithm allows these basis functions to adapt their shape to the nonstationary behavior of ECG signals. The number and 
shape of these basis functions are completely characterized by the number and location of the so-called knots. The position 

of the knots can effectively be coded using run-length coding. Therefore, the overhead data required to describe the way the 
B-spline basis functions vary in time can be neglected compared to the gain in compression achieved by adaptation. The 
quasi-periodic nature of the ECG signal is used in order to further reduce redundant information in the data. Low bit-rates 

of the order of 160-200 bits/s are achieved with very good quality of the reconstructed signal. The algorithm is compared 
with other transform-based schemes (DCT and DLT), and was found superior at any bit-rate. 0 1997 Elsevier Science B.V. 

Zusammenfassung 

Es wird eine neue und etiiente Methode, die ECG Daten mit Hilfe von Spline-Basisftmktionen komprimiert, vorgeschlagen. 
Der Algorithmus ist in der Lage die Basisfunktionen dem nichtstationiiren Verhalten der ECG Signale anzupassen. Die Anzahl 

und die Form der Basisfnnktionen sind komplett durch die Anzahl und die Position ihrer sogenannten Knoten bestimmt. Die 

Position der Knoten kann effektiv in eine “run-length”-Kodierung transformiert werden. Die zusgtzlichen Daten, mit denen 
die Zeitvarianz der Basisfunktionen beschrieben wird, kann man deshalb gegeniiber dem Kompressionsgewinn durch die 
Adaption vemachlgssigen. Aufgnmd des quasiperiodischen Verhaltens von ECG Signalen kann die Redundanz der Kodiemng 

weiter reduziert werden. Geringe Datenraten von 160-200 bits/s werden erreicht, wobei die QualitSit des rekonstruierten 
Signals sehr gut ist. Im Vergleich mit anderen Transformationsverfahren (DCT und DLT) erzielt dieser Algorithmus bei 
jeder Bitrate bessere Ergebnisse. 0 1997 Elsevier Science B.V. 

R&urn6 

Une nouvelle m&hode efficace pour la compression d’ECG basee sur les fonctions B-splines est proposte. L’algorithme 
permet l’adaptation des fonctions de base au caractkre non stationnaire des signaux ECG. Le nombre et la forme de ces 

fonctions de base sont completement caract&is&es par le nombre et la position des noeuds. La position des noeuds peut &tre 
cod&e de maniere efficace en utilisant un codage des rkpbtitions. De cette faGon, on peut nkgliger I’importance de 1’entBte du 
fichier des donntes dCcrivant la man&e dont les B-splines varies dans le temps en comparaison avec le gain de compression 

atteint par cette adaptation. La nature quasi pCriodique de I’ECG est utilisCe pour rbduire la redondance dans les don&es. Des 
bas d&bits de I’ordre de 160-200 bits/s ont cte attents avec une tr& bonne reconstruction du signal original. L’algorithme 
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est cornpar avec d’autres techniques bakes Bgalement sur des transformations (DCT et DLT), et s’est a&C meilleur pour 
n’importe quel debit. 0 1997 Elsevier Science B.V. 

Keywords: ECG data compression; Adaptive compression; Spline functions 

1. Introduction 

Electrocardiogram (ECG) signals are usually sam- 

pled at 200-500 samples/s with 8-12 bits resolution. 

Considering long monitoring periods, compression is 

required to handle such vast amount of data. It can 

increase the capacity of databases where hundreds 

of thousands of ECG signals are stored for subse- 
quent monitoring and evaluation. Other applications 
of ECG compression include transmission via tele- 

phone or mobile radio to an ECG center for further 

processing. 
In recent years many algorithms for ECG data 

compression have been suggested. For a recent re- 

view of these methods the reader is referred to [lo] 1 
Existing methods for data compression can be clas- 
sified into three categories: (1) direct data handling 

methods, (2) transformation-based methods, and 

(3) parameterized model-based methods [23]. Our 

approach belongs to the second group. In general, 

transform techniques involve expanding a signal 
into a weighted sum of basis functions. The coeffi- 

cients of this sum are properly encoded and stored 

or transmitted instead of the original data. The best 
transform is the one which requires the least number 

of basis functions to represent the input signal for a 
given mean-square error (mse). The signal-dependent 
Karhunen-Loeve transform (KLT) is the optimal or- 

thogonal transform in this sense. It has been employed 

for ECG data compression in [ 11. The basis functions 
of KLT are eigenvectors of the covariance matrix of 

the original data. Adapting the KLT to a single signal 
requires sending or storing all of its basis functions, 
point by point, because these functions have no sim- 
ple structure and cannot be coded efficiently. The 
overhead involved in coding them can far outweigh 
the possible gain in compression. In practice, the KLT 
is optimized in the mean performance for all signals 
in the given database, and there is just one set of KLT 
basis functions which is used for the whole class of 
signals. 

The KLT is often replaced by input-independent 

transforms such as discrete cosine transform (DCT) 
[l], fast Walsh transform (WT) [15] or discrete 

Legendre transform (DLT) [21]. On the one hand, the 

DCT is the most widely used in signal compression 

because it closely approximates the KLT especially 
for data modeled as first-order autoregressive signals. 

However, it works well only under the assumption 

that the signal is wide-sense stationary and conse- 
quently its application to ECG compression produced 

poor results. DLT, on the other hand, requires half 
the number of bits per sample to represent an R-R 

interval with the same reconstruction error compared 

to DCT [21]. The reason is that the local properties 
of the DCT basis functions do not vary in time, while 

the local amplitude and frequency of DLT functions 

are changing in time in a way that better resembles 
the nonstationary behavior of ECG signal in an R-R 

interval. The performance of transform-based coding 

methods strongly depends on the shape of basis func- 

tions. Optimally, the functions should adapt to the 
nonstationary behavior of ECG signals, and the infor- 

mation describing the way they vary in time should 
require as small number of bits per sample as possible. 

Splines play an important role in approximation 
theory. They have been applied to model 1-D and 

2-D data in [12-14,25,26]. In this paper, B-splines 
are proposed as a set of adaptive basis functions to 

be used for ECG signal compression. B-spline-based 
transform requires a much lower bit-rate than fixed 

transforms as it can adapt to the nonstationary behav- 

ior of an ECG signal. The information describing the 
way in which the basis functions vary in time can 
be coded very efficiently. The number and shape of 
these functions are completely characterized by the 
number and location of the so-called knots and their 
local properties can be changed by varying the posi- 
tion of the knots. By reducing the number of knots, 
the number of basis functions is reduced. The position 
of the knots can be effectively coded using run-length 
coding. Philips proposed another adaptive transform, 
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namely time-warped polynomial transform [20]. Un- 
like time-warped polynomials, B-splines are well lo- 
calized in time and are not oscillatory by nature. These 

properties can be advantageous when modeling cer- 

tain types of signals. 
Previous work using spline approximations for ECG 

compression [9, 16,241 fixed the location of knots ac- 
cording to a set of rules involving the local values of 

amplitude and curvature of the signal. An additional 

refinement of knot positions during which the location 

of knots is varied, one at a time, was developed in 
[24]. In this paper, a novel and efficient solution for the 

problem of approximating data by splines for which 

not only the coefficients but also the position and num- 

ber of the knots are optimized is presented. The idea 
behind the proposed reduction method is to start with 

an initial spline approximation given by a large num- 

ber of knots. The knots are then removed, one by one, 
without perturbing the initial spline approximation by 

more than a given tolerance. The number and location 

of these knots are determined automatically. 
The paper is organized as folIows. In Section 2, 

a review of the B-spline model is presented. A gen- 

eral description of the proposed data reduction ap- 

proach is given in Section 3. In Section 4, an ECG 
compression method based on the developed strategy 

for knot removal is presented. Simulation results and 

performance comparison are provided in Section 5. 

Section 6 contains some conclusions. 

2. Splines and B-splines 

A spline function consists of polynomial pieces on 
subintervals joined together by continuity conditions. 
The segmented nature allows splines to adjust very 

efficiently to the local characteristics of the data and 
represent it better (i.e. with smaller deviations) than 
other classes of functions. 

Definition 2.1. A function f(x), defined on a finite in- 

terval [a, b], is called a spline function of order k > 0, 

having as knots the sequence t = {to,zi,. . . ,tn+l} 
(to = a, &+J = 6) such that ti < ti+k (the knots coor- 
dinates ti may not be distinct), if the following two 
conditions are satisfied: 

1. In each knot interval [t<, ti+l], f(x) is given by a 
polynomial of degree k - 1 at most. 

2. At any knot ti such that ti-1 < ti = . = ti+i < 
ti+/+l , the function f(x) has continuous k - I - 2 

derivatives (and is discontinuous at ti if I = k - 1). 

The vector space of functions satisfying Defini- 

tion 2.1 will be denoted by Sk,,. The dimension of the 

Vector space Sk,t is 

dim(&) = n + k. (1) 

To perform computations with splines, one must 
choose a suitable representation in which any member 

of Sk,, can be written as a unique linear combination 

of n + k basis functions such that Definition 2.1 is 

automatically satisfied. A common choice is to use 

B-splines. Computations with B-splines are particu- 

larly convenient, due to their local-support property, 

i.e. they are nonzero only over a finite interval, More- 

over, B-splines are a unique minimum-support basis 
_ the only set of basis functions in which each cov- 

ers the minimum number of knots. Using B-splines, 

curve-fitting problems are easy to pose and lead to 

well-conditioned, banded positive-definite systems. 
They also provide an easy to manipulate representa- 

tion for splines having different degrees of smoothness 
at each knot. 

Definition 2.2. A B-spline Bi,&x) of order k > 0, 

with knots ti, . . , ti+k, can be defined using the follow- 
ing recurrence relation: 

(2) 

and 

Bj,r,,(X) = t.fi+r - x &+1.r-I,&) 
1+r - &+I 

+ X - ti 
ti+r-l - ti 

&,,-I,&) (3) 

for Y = 2,3,. . . , k, where we interpret the terms 

ti+r - X 
and 

.X - tj 

ti+r - ti+l ti+r-l - ti 
(4) 

as zero whenever ti+y - ti+l = 0 and ti+r_ 1 - ti = 0, 

respectively. 

From this definition one can observe that B-splines 
have local support 

B&k,,(X) = 0 if x @ [ti, ti+kl. (5) 
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With the given set of knots ti, i = 0,. . . , n + 1, one can 
construct n - k + 2 linearly independent B-splines of 
order k, i.e. I&J&) for i = 0, . . . , n - k + 1. To obtain 
a full set of basis functions for the vector space Skt, 
one needs another 2k - 2 linearly independent splines. 
This can be accomplished by introducing additional 
knots t__k+l, . . . , t-1 and tn+2,. . . , t+k satisfying 

(6) 

b=tn+l 6tn+2< .** <t,,+k-l<t,,+k, (7) 

but which are otherwise arbitrary. Every function f(x) 
satisfying Definition 2.1 then has a unique represen- 
tation (the Curry-Schoenberg Theorem) 

f(X) = f: @i,k&), 

i=-ktl 

(8) 

in which ai is called the ith B-spline coefficient of 
f(x). The upper bound for the absolute value of the 
spline function j(x) is given by [3] 

my If(x)1 d myx Jail. (9) 

The most common choice for boundary knots are co- 
incident knots 

b = t,,+l = t,,+2 = . ‘. = t,,+k_l = t,,+k. (11) 

This choice implies that all B-splines vanish outside 
the interval [a, b] and allows very easily to impose the 
boundary conditions 

f(a)=a-k+l, f(b) =a,,. (12) 

Theknotstr,..., tn are called interior knots, and in the 
data reduction scheme, these are the only knots which 
can be eliminated by the knot removal algorithm. 

One of the most powerful tools in studying 
B-splines also used extensively in this algorithm is 
an explicit formula which allows us to write basis 
functions Bi,k,p(x), defined for the knot sequence 
p = t\{t,}, t = {t-k+1 ,. . .,t,+k}, in terms of basis 

functions Bi,k,t(X) defined for t [2]: 

Bi,k,p(X) 

(Bi,k,t(X) ifi<p-k- 1, 

k$Bi,k,r(,.) + ti+k+l - tp Bi+l,k,t(X) 
= ti+k I ti+k+l - ti+l 

ifp-k<i<p-I, 

Bi+l,k,f(X) if p<i<n - 1. 

(13) 

3. Compression by knot removal 

The compression problem can be stated as follows. 
Given a given set of data values Yi corresponding to 
data indices xi, i = 1,. . . , N, and a class of functions 
g(x; 0) parametrized by 8, find the function parame- 
ter 8 which for the chosen norm I( . 1) minimizes 

IIY - g(VlL 

where 

(14) 

Y = [Yl,. . *, YivlT, (15) 

g(e) = wl; e), . . . , dxN; W. (16) 

The best approximating function is the one which can 
be described by the smallest number of parameters 
when the error measured by (14) is below a given 
threshold. The least-squares norm is usually used as 
the closeness criterion 

1 N 
z c (.Yi - SC&; W. 

i=l 

(17) 

Approximation based on this norm has the following 
advantages: 
1. Minimization of the least-squares norm has easy to 

implement, not iterative solutions. 
2. Approximation based on least-squares norm is an 

unbiased estimate for the signal corrupted by zero 
mean, white noise with a finite variance. Moreover, 
if the measurement errors have a Gaussian distri- 
bution, and if the measured data are considered to 
be a realization of a stochastic process, then the ob- 
tained estimate is the minimum variance estimate 
among all unbiased estimators. 
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The spline represented as a linear combination of 
basis B-spline functions (8) has been chosen as the 
approximating function. Therefore, the parameters to 

be determined are: 

1. the order k of the spline, 

2. the number and the location of knots, 

3. the coefficients ai. 
Experimentally, it was found that for the applica- 

tion at hand, the use of cubic splines (k = 4) gives a 

good trade-off between efficiency (computation time 
and memory requirement) and the quality of fit. If the 

order of the spline and the knots are fixed, the least- 

squares problem (17) becomes a linear one since the 

spline function is linear in the unknown B-spline co- 
efficients, as follows from (8). The coefficients can be 

easily calculated as the solution to the overdetermined 
linear system of equations. However, the number and 

shape of the B-spline basis functions depend on the 
number and position of the knots (2), (3) which, in this 

case, must be fixed a priori. The quality of the approx- 

imation thus depends on the proper choice of knots. 

A least-squares problem with the number and position 
of knots as variable parameters must consequently be 

considered. Since splines depend non-linearly on the 
knots as can be seen from Eqs. (2) and (3), the crite- 

rion to be minimized is non-linear. Moreover, it may 

have several local minima and it is almost impossi- 

ble to decide when and if a global minimum has been 
reached [ 111. 

In classical methods, after the initial choice of knots 
is selected their location is varied in order to deter- 

mine the position which minimizes the least-squares 

error. In the simplest algorithms, knot locations are 
changed one by one, starting with the rightmost inte- 
rior knot and proceeding sequentially to the left [4]. 

This method was used to compress low-frequency 

segments of ECG data [24]. The initial knots are cho- 
sen in the locations exhibiting large changes in the 

data values (changes in the slope), such as peak or 
valley points. The knots can also be relocated simulta- 
neously using a non-linear multivariate minimization 

algorithm, such as the conjugate gradient method 

of Fletcher and Reeves. In both cases, the result- 
ing solution depends strongly on the initial position 
of the knots. Since the function to be minimized is 
non-convex [ 111, one can only expect to find a local 
minimum in the vicinity of the initial location. In 
both approaches, the number of knots which must be 

known a priori is kept constant during optimization. 

If the number of knots is too small, the corresponding 
fit is not accurate enough; if it is too large, redundant 

information is still left in the data. Therefore, an ad- 

ditional technique must be developed to determine 

the number of knots. The other problem is compu- 

tational complexity. In both methods, each function 

evaluation after changing the position of knots re- 

quires the computation of a fixed-knot, least-squares 
splines which involves the solution of the overdeter- 

mined system of equations. 

In this paper, a new and efficient approach for de- 
termining the number and position of knots for a given 

data is introduced. Let f(x), defined on the knot se- 

quence t = {t-k+,, . . , t,,+k}, be a spline interpolation 

toagivendata(f(xi)=Yi,j=l,...,N): 

(18) 

i=-kfl 

The number of basis functions must be equal to the 

number of data points n+k = N to ensure interpolation 

[6]. The problem considered here is to determine the 

subspace Sk,r of Sk,t of the lowest possible dimension 
(the shortest knot sequence Z) and an element g(x) of 

&!& such that 

Ilf-gll<sE, 

where 

(19) 

f = [ f(W), . * ., fh NT, (20) 

g = MXl >, . . ., sh IIT, (21) 

and E is a given non-negative real number. Denote by 

r’ a subsequence obtained by removing 1 knots from t 

and by g&x) an approximation to f(x) defined on t’. 

The proposed strategy involves three main steps: 

1. Initialize: go(x) = f(x) and r” = t; 
2. For I=1 2 > >... 

(a) decide which knot should be removed from 

r’-’ and create a new subsequence rl; 

(b) compute the approximation gl defined on r’ to 
the given data. 

The iterations are stopped when 

Ilf - gIlI ’ 6 (22) 

and the approximation gl_ 1 (x) is the solution. The new 
spline approximation at each iteration is computed to 
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minimize the least-squares criterion (17). The error as 

measured by the least-squares norm does not give any 
information about the maximum difference between 

the spline f(x) and its approximation gl(x) at a spe- 

cific point. For this reason, the oo-norm is selected as 
the termination criterion (22): 

m;x IS(x) - g!(x)] > c,. (23) 

Although the oo-norm has the disadvantage of not be- 

ing robust against noise (a single noise spike may lead 

to a large norm), its use ensures the preservation of 
diagnostically significant features of the ECG wave- 

form. 
Removing knots, one at a time, allows one to avoid 

problems related to interaction between neighboring 

knots and to find a computationally efficient algorithm 
for determining the importance of each knot in rep- 

resenting the underlying data. Moreover, it will be 

shown that the coefficients of the new spline approxi- 

mation gl can be obtained at very low computational 

cost by updating the solution from the previous itera- 

tion gl_ 1. 
A B-spline compression algorithm based on itera- 

tive knot removal is presented in [ 181. There are sub- 
stantial differences between these two algorithms. In 

[ 181 the knots are removed in groups which makes 

it more difficult to determine the significance of each 

knot in representing the spline due to the dependency 
between neighboring knots. Unlike in the proposed 

method, the knot ranking algorithm in [ 181 requires 

solving a system of equations. The spline fit to the ini- 

tial data is re-computed at each iteration using the dis- 
crete approximation method suggested in [ 171. For the 

spline of order k = 4 the achieved root mean square er- 
ror can be 10 times larger than the one obtained from 

exact solution [ 171. 

3. I. Least-squares approximation with splines 

The ECG signal is divided into intervals. In each 
of these, a spline approximation is used. To further 
improve compression ratio and avoid discontinuities, 
the first and the last point in each interval are in- 
terpolated, not approximated. Consider a given set 
of data values yj corresponding to data indices xj, 
j=l , . . . , N, with xi = a, xN = b. At the lth iteration 
of the knot removal algorithm, one needs to find the 

coefficients of spline gr(x) of order k with given knots 

r[ = {rI_k+i , . *. , T;,,}, 

m 

cll(X) = c CfBi,k&), 
i=-k+l 

where m = n - 1, such that 

N-l 

C(yi - CIdXj>)2 
j=2 

is minimized subject to 

(24) 

(25) 

ah) = Yl, &N)=yN. (26) 

When choosing coincident boundary knots (lo), (11) 

and using the boundary condition in Eq. (12), con- 
straint (26) results in 

&+1 = Yl, cfn=YN. (27) 

Instead of minimizing (25), the following expression 

can now be minimized: 

N-l / m-1 12 

(28) 

where 

1 
Yj = Yj - C-k+lB-k+l,k$ - C!$m,k,r’, 

j =2,...,N - 1. (29) 

Therefore, the problem reduces to the determination 

of the B-spline coefficients cf, i = -k + 2,. . . , m - 1, 
as the solution, in the least-squares sense, of the 

overdetermined linear system 

m-1 

C CfBi,k,+(Xi)=_Fj, j=2 ,.,., N - 1. (30) 
i=-kt2 

To avoid recomputing the whole spline approxima- 
tion after removing a knot at each iteration, a QR 
factorization-based algorithm will be developed and 
used to update the solution. This algorithm can be 
much more efficient when the approximated data Fj 
in Eq. (30) remain constant during iterations. The 
approximated data given by Eq. (29) depend on the 
basis functions which are determined by the sequence 
of knots and therefore can be modified as a result of 
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knot removal. To avoid this problem, the original data 
is replaced by 

j= l,...,N, (31) 

prior to iterations. As a result 

jJ, =0 and j& =O. (32) 

When employing jj instead of the original data in 

Eq. (27) one has 

&+, = 0, CL ==o, (33) 

Substituting these values of cLk+t and CL into (29) 

yields 

Yj = .CJ> j=2,...,N - 1. (34) 

Thus, the approximated data remain constant during 

knot removal. Eq. (30) can be written in a matrix 

notation as 

ElCi =y’, 

where 

(35) 

. . . Bm-1,k.s62) 

k+2,k,&N-1) ... Bm-l,k,r’(XN-I) 

(36) 

CL 

q= : [ ] 

CL I 

(37) 

To determine the least-squares solution of system 

of equations (35), the following orthogonalization 
method is used [8]. Assume that we have the QR 
factorization of the matrix El, 

(38) 

where Q, is an orthonormal matrix and RI, a square 
upper triangular matrix of order m+k-2. Furthermore, 
let 

= Q;.F> (39) 

with zll having m -t k - 2 elements. The vector of 
spline coefficients cl is the solution of the triangular 

system 

&I CI = ZII 3 (40) 

which can be obtained by simple backsubstitution. 

To find a new prediction error at (I + 1 )th iteration, 

after removing one knot, one does not have to evalu- 
ate matrices R,+, and zl+t from the beginning, which 

would be very computationally complex considering 

the size of matrix El+ 1. The QR factorization of ma- 

trix El+ 1 can be very efficiently computed by updating 
the factorization of El. 

The matrix El+, consisting of the new basis 

functions Bi,k,r~i~ (x) defined for the knot sequence 
rl+l _ I - 7 \{$} can be obtained from the matrix El 

using Eq. (13). In matrix notation 

-%,I = EiB, (41) 

where 

(42) 

IP_2, Im-P--l are identity matrices of order p - 2 and 

m - p - 1, respectively, and 

B22 = 

with 

;li = 
$, - Tf-k+, 

- ‘i-k+, 

and 

I 
pi = ‘i+2 - ‘f, 

7!+2 - rf-k+2. 

(43) 

(44) 

(45) 

From Eqs. (38) and (41), one has 

E,,, = E,B = Q/R/B = Q,R. (46) 

To obtain RI+, and Ql+t , matrix d should be tri- 
angularized. Note that the columns of & are either 
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unchanged columns of the upper triangular ma- 
trix RI or linear combinations of two consecutive 
columns of this matrix. Thus, matrix I? is upper 
Hessenberg and the unwanted subdiagonal elements 
_ 
$,p-l,..., ?,&k_2,,+_3 can be zeroed by a sequence 
of Givens rotations 

(47) 

where G,r transforms the ith and (i + 1)th row vectors 

0 . . . 0 ri,j ri,j+l ri, jf2 

0 . . . 0 G+l,j ri+l,j+l G+l,j+2 

into 

[ 

0 . . . 0 Fi,j Fi,j+l Ji,j+Z 

0 ' * ' 0 0 ;i+l,j+l Fi+l,j+2 

through the following formulas: 

. . . 

. . . 1 
(48) 

. . 
1 (49) . . 

ri,j = , 
4 

$j + ri:l,j, 

C = ri,j/fi,j, 

S=ri+l,j/fi,j, 

?i,l=Cri,J+Sri+l,l Z=j+ l,..., 

fj+l,J= -Srj,j+Cri+l,j Z=j+ l,... 

The matrix El has the band structure with at most 
k non-zero adjacent elements in a row. As a conse- 
quence, RI and fi have also the band structure with k 
adjacent non-zero elements [5]. This further reduces 
the computational complexity because the Givens ro- 
tation can now be restricted to the vectors of length 
k + 1. Matrix Ql does not need to be updated. The 
vector zl+l can be obtained by applying Givens trans- 
formations to the corresponding elements of z[ (zl can 
be considered as an extra column of R) [5]. 

3.2. Ranking of the knots 

Next, we describe the algorithm which allows us 
to estimate the significance of each interior knot in 
representing the spline function gl given by 

i=-k+l 

(50) 

and decide which knot should be removed. Suppose 
that knot z = r; is to be removed. The function h(x) 

definedonp=p_k+t,... , pm+k__l = d\(z) is given by 

_ 

h(x) = 1 diBi,k,p(x). 

i=-k+l 

(51) 

A natural approach is to let the mean-square error 
between gl and h, 

(52) 

be the measure of significance of the knot r; in rep- 
resenting spline 91. To find values of di, i = - k + 
1 , . . . , m - 1 for which expression (52) is minimized, an 
overdetermined linear system of N equations should 
be solved. However, only a rough estimate of the rela- 
tive importance of the knots is needed. Thus, to avoid 
extensive computations, an approximate solution to 
the problem of minimizing Eq. (52) is used. First, h 
is represented using the same basis &&/ as function 

Sr PI: 

h(x) = 2 aiBi,k,d(X), 

i=-kfl 

where 

ifi<p-k, 

(53) 

& = aidi+(l-ai)di_l if p-k+l<i 
<p-l, 

di-1 if p<i<m, 

(54) 

Cti = 
Z - Pi 

Pi+k--I - Pi. 
(55) 

Now, the mse between gl and h is given by 

(cf - ai)Bj,k,r,(Xj) (56) 

Coefficients di, i = - k + 1,. . . , m - 1, are found, such 
that cf = c?i for all i except i = io for some io. From 
Eq. (54), one immediately has 

if i<p - k, 

ifp- l<i<m- 1. 
(57) 
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For the remaining coefficients, there are two different 
possible expressions stemming from (54): 

d, = cf - (1 - 4)di-I 
I > 

a, 

i=p-k+ 1,...,p-2, (58) 

or 

C! - aidi 
d&l = -2 

I 

i=p- l,p-2 ,..., p-k+2. (59) 

Substituting (57) and (58) into (54), we have ai =c,! 
for al! i but i = p - 1. If (59) is used instead of (58), 
then di = cf for all i but i = p - k + 1. The mean square 
error for these two alternatives is, respectively, given 

by 

(60) 
j=l 

and 

s; = $ &(c;-,,, - &J--k+1 )~,-k+l,k,c~(~j))2. 
j=l 

(61) 

The weight 

wP = min(cj, E;) (62) 

is assigned to the knot $,. This weight is a measure 
of the significance of this knot in representing the 
spline gr. 

If a function gl is itself an approximation to a 
spline f, the weight becomes 

wP = min(ik, $), 

where 

(63) 

rb = k $(r(xj) - 4xj)12 

j=l 

= i cCtrCxjl - gdxj)) + (Sl(xj) - Mxj))>’ 

j=l 

+<c;-, - ~~-l)Bp--l,k,rl(Xj))2, (64) 

This procedure is repeated for all interior knots $,, 
p= l,..., m. The knot with the smallest weight wP is 
removed from t’ and the new subsequence is created 
r’+’ = z’\{$,}. The new spline approximation to the 
original gl+1(x) defined on this subsequence is found. 
If the resulting error is smaller than the predefined 
threshold the iterations are continued. Otherwise, 7’ 
becomes the final knot sequence. The computation of 
a; and ai can be accelerated using local support prop- 
erty (5) and considering only Xi E [z,_t, Tp+k__l] for 
B- P I,k,r’ in Eqs. (60) and (64) andxj E [+k+l, 7,+11 
for Bp_k+l,k,r/ in Eqs. (61) and (65). 

The influence of using the approximate solution to 
the minimization problem (52) on the decision which 
knot should be removed is established experimentally. 
For 100 different intervals, the final spline approxima- 
tion and number of knots is found by two versions of 
the knot removal algorithm. In one, criterion (52) is 
minimized by solving the overdetermined system of 
equation in the least-squares sense; while, in the other, 
the proposed solution is utilized. Both versions are ap- 
plied with the same stopping criterion. The average 
number of the remaining basis functions was equal to 
22 when employing the exact solution and to 24 using 
the approximate one. 

4. ECG compression 

ECG compression algorithm presented here uses 
the fact that the ECG is a quasi-periodic signal with 
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strong correlation between adjacent beats. The detec- 
tion of P and T waves is not simple and sometimes 
not even feasible; thus, the R-R interval is selected to 
be the repetitive period. The ECG signal is segmented 
into R-R intervals using the method presented in [7]. 
The ECG is passed through a differentiator and low- 
pass filter. The output signal is thresholded using two 
thresholds, equal in magnitude but opposite in polar- 
ity. The number and the distance between alternate 
threshold crossing is used to detect R waves. 

For each interval, the knot sequence tp,,y from the 
previous interval is used to compute an approximation 
of the knot sequence for the current data, tcurr, whose 
ith entry, ty” is given by 

N ,;,=,preVZ, 
N (66) 

prev 

where NcW and NpreV are the lengths of the current 
and previous intervals, respectively. Note that the cur- 
rent interval is reinitialized to start at 0. Only when 
the mse is larger than some threshold amse or the ab- 
solute difference between the compressed and original 
data is larger than E, of peak-to-peak signal value, we 
search for a new knot sequence using the algorithm 
described in Section 3. This reduces not only the com- 
putation time but also the amount of overhead data 
needed to update basis functions. The threshold cmse 
strongly depends on the noise level. Thus, a proper 
choice for smse may be bse = a&prev, where srreV is the 
mse computed for the interval for which the knot se- 
quence was originally found. 

The results can be further improved by building a 
codebook of some limited number of previously coded 
R-R complexes and corresponding knot sequences 
and coefficients. The code of the member has to be 
transmitted or stored so that the proper knot sequence 
is used at the decoder to reconstruct the signal. For the 
current R-R complex, one of the knot sequences found 
in the codebook, resulting in the smallest mse, should 
be chosen. This requires computing spline approxima- 
tion using all the codebook knot sequences. Another 
approach is to find in the codebook an R-R complex 
which is closest to the current one in some sense and 
use its knot sequence. The selection of the codebook 
member can be done by any pattern-matching method 
such as maximum correlation or minimum distance. 
Experimentally, it was found that this does not signif- 
icantly deteriorate the performance of the algorithm. 

A possible choice, which was determined experimen- 
tally, for && is &mse = %!&d, where &,,d is the me- 
dian of mse values for the intervals in the codebook. 
To use the correlation between adjacent beats as de- 
scribed above, it is assumed that the number of knots 
remains constant during the compression for most of 
the intervals. Thus, when searching for the new knot 
sequence the iterations are stopped when 
(1) absolute difference between the compressed and 

original data is larger than a, of peak-to-peak 
signal value, or 

(2) the number of basis functions (coefficients) n is 
equal to nconst. 

If n = nconst the new knot sequence replaces the oldest 
one in codebook. 

The knots are coded as a difference between the po- 
sition of two consecutive knots using Huffman coding. 
For n coefficients one has to send n knots. Because 
the value of the first knot is always set to zero, n - 1 
differences have to be coded. The coefficients ci of the 
spline function are quantized, using a uniform quan- 
tization scheme. The quantization step A is the same 
for all the coefficients in all intervals, but it adapts to 
the dynamic range of the signal. This is done by tak- 
ing A as a fraction /I of the peak-to-peak amplitude of 
the signal. The influence of coefficients quantization 
on the reconstructed signal can be easily analyzed. 
Let ci be the original and ti the quantized B-spline 
coefficients, and let g(xj ) and i(xj ), j = 1,. . . , N, be 
the function values for unquantized and quantized 
coefficients, respectively. Using expression (9) one 
has 

ITXiX Ii - g(Xj)J = n-7 
i 

2 (c^i - Ci)&,k,r(Xj) 

i=--k+l 

(67) 

and for the uniform quantizer 

max (c^i - Ci] < +. 
i 

(68) 

The quantized coefficients are stored for the current 
R-R interval whenever a new knot sequence must be 
found. On the other hand, when a close match is found 
for the current R-R interval in the codebook (con- 
taining previously stored R-R intervals, their knot 
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Table 1 
Data structure of the compressed R-R interval 

Contents 

Value of the first data point in the interval 

Length of the codeword used to represent 

the coefficient (the difference of coefficients) 

in the interval 

B-split-x coefficients 

Number of bits 

11 
4 

Varying 

Information about knot sequence 

Usage of codebook 1 

With codebook 

~ Position in codebook 3 

Without codebook 

- Number of knots n = ncOnSt (n >nconst) 1 (6) 
- Position of knots Varying 

sequences and coefficients) only the differences be- 
tween the quantized coefficients (those of the current 

and the matching intervals) are stored, instead. In ei- 

ther case, a constant number of bits per coefficient (or 

difference) is used and, for each interval, the maximum 

number of bits needed to store the coefficients (or the 
differences) is saved. Note that the differences between 
the coefficients in two intervals are only stored when 

the same number of knots is used for both inter- 

vals. The parameters required to describe one inter- 
val and the bit allocation per parameter is given in 
Table 1. 

The constants Ed, a and p have been determined 

empirically and set to be E, =2.5%, a=2 and 

a = 0.01. Since the value of peak-to-peak amplitude 
of the signal can be changed significantly by the base 
line shift, the base line is removed using the notch 
filter presented in [22]. 

5. Results 

The proposed method was tested using 22 records 
from the MIT-BIH Arrhythmia database [ 191 from the 

first leads (360 Hz with 11 bits/sample resolution). 
Each record was 1 min in duration. 

The amount of compression is characterized by the 
number of bits required to represent the compressed 
signal (coefficients and overhead information, such as 
interval length and position of knots) per second (bps). 

As an objective measure of “goodness”, we use the 
percentage root-mean-square difference (PRD), calcu- 

lated as 

PRD = 100 

\1 

Ci (?i - .Yi)* 

C;Y’ ’ 
(69) 

where yI and ji are the ith original and reconstructed 

sample, respectively. 
The proposed algorithm is compared using the same 

database with discrete Legendre transform DLT [2 11. 

To ensure fair comparison the coefficients of the Leg- 

endre transfotm are quantized and stored in the same 

way as the spline coefficients in the proposed method. 

The quantized coefficients or the difference between 
the coefficients obtained for the current interval and 

one of the intervals in the codebook can be stored 

depending which option results in a smaller num- 

ber of bits. The codebook is updated when for the 
interval under consideration storing directly the quan- 

tized coefficients is selected. The current R-R inter- 

val replaces the oldest interval in the codebook. To 

make the comparison between the DLT and the pro- 
posed method easier, the number of basis functions 

(coefficients) n per R-R interval is set to be a fixed 
value for both methods during the compression. Both 

methods are applied with different number of coef- 

ficients (n = 20,25,30,35,40,45,50) yielding various 

compression ratios and values of error. The results are 

summarized in Fig. 1. The mean value of PRD error 
for the proposed scheme is lower than that of DLT 

at any bit-rate. Note that to achieve the same PRD as 

spline approximation of order, e.g. n = 20, DLT re- 

quires 40 basis functions. To indicate the number of 
bits used for updating the shape of basis functions, 

bit-rates calculated without and with the extra data for 

the knots sequences (BRi and BR2, respectively) are 
given in Table 2. The proposed approach is also com- 

pared against DCT [l]. However, even with 50 DCT 
basis functions, the PRD for the same database is still 
high, 19.9, with bit-rate 306. 

The PRD values can be misleading especially for 
noisy signals. Noise reduction will produce large PRD 
errors. The PRD error alone does not reveal whether 
an algorithm can preserve diagnostically important 
features of the ECG waveforms. In many situations, 
diagnostically important small waveforms can be 
distorted or eliminated without significant changes 



54 M. Karczewicz, M. Gabbouj/ Signal Processing 59 (1997) 43-59 

2( 

II 

l( 

14 

12 

f 

1c 

E 

E 

4 

\ 
. ..\ ..,..... ,, . . ..I 

\ 
1. , 1. .; .,.....,.,,.,.... 

\ 
\ 

‘35 : 
‘Q : 

x : 
\ \ 

D 

I 

150 

I I I 1 
200 250 300 350 

bps 

Fig. 1. Error versus bit-rate for DLT (dotted line) and B-spline basis functions (solid line). 

in PRD. Therefore, visual inspection is very impor- Very annoying ringing effect can be seen in the DLT 
tant. Fig. 2 depicts an example. The original signal is reconstruction, while the reconstruction by spline ap- 
shown in Fig. 2(a), its approximation by 35 basis func- proximation is still very good. The reconstruction er- 
tions of DLT (PRD= 10.58, bit-rate 219.32 bps) in rors of the proposed method and DLT are depicted in 
Fig. 2(b) and its approximation by 25 B-spline basis Figs. 3(a) and (b), respectively. The error of DLT 
functions (PRD = 3.07, rate 174.82 bps) in Fig. 2(c). is much larger than that of B-spline approximation, 
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Table 2 

Percentage root mean square differences, bit-rates and number of bits for different number of coefficients 

for an ECG signal sampled at 360 Hz with 11 bits per sample resolution 

n PR&ncan BRI BR2 Bits per knot Bits for the knot sequence 

400 

300 

200 

100 

0 

-100 
I 

50 383 293.46 310.01 2.98 145.83 

45 3.89 264.85 284.48 3.08 135.70 

40 4.14 235.04 248.99 3.29 128.40 

35 4.29 205.39 219.21 3.51 119.46 

30 4.54 179.12 193.11 3.72 107.90 

25 4.91 153.06 169.61 4.02 96.53 

20 5.49 127.27 151.37 4.34 82.43 

Note: PRD,,, is the mean value of PRD, n is the number of coefficients, BRr and BR2 are the 

bit-rates without and with overhead, respectively. 
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(c) sample index 

Fig. 2. (a) Original ECG (360Hz). Its reconstruction using (b) 35 quantized coefficients of DLT (PRD= 10.58, rate 219.32 bps) and 

(c) 25 quantized coefficients of B-splines (PRD = 3.07, rate 174.82 bps). 
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Fig. 3. Reconstruction error for the signal in Fig. 2 compressed by (a) DLT, (b) spline approximation. 

especially near the QRS complexes, even though the 

DLT bit-rate is 25% larger. 
An illustration of the knot placement and the result- 

ing basis functions for the R-R interval is depicted 

in Fig. 4. Note that the local frequency of these basis 
functions resembles well the non-stationary behavior 

of the ECG signal. 
Next, the same ECG signals are compressed as de- 

scribed in Section 4 without the restriction of con- 
stant number of basis functions. Based on the previous 
experiment, we choose as the number of basis func- 
tions which is adequate to represent with high qual- 
ity most of the R-R complexes, nconst = 25. The PRD 
is now equal to 4.77 with the bit-rate 180.1 bps. An 

ECG record with an abnormal complex is shown in 

Fig. 5(a) and its spline approximation in Fig. 5(b). 
The abnormal complex is reconstructed with 35 basis 

functions. 

Errors in QRS detection lead to visible arti- 
facts in the compressed signal and large increase 
in bit-rate in many transform-based methods [21]. 
For spline compression, the quality of the recon- 
structed signal is not affected by the interval po- 
sitioning because of the constant control over the 
absolute difference between the original data and 
its approximation. The discontinuities at the bound- 
aries between different intervals are avoided by 
interpolating not approximating the first and last 
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Fig. 4. (a) Location of knots (marked as circles) for the R-R interval and (b) the resulting B-spline basis functions. 
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points in each interval. The resulting additional 

bit-rate is not significant. The B-spline basis func- 
tions are able to adapt very efficiently to different 

types of signals; thus, there is no increase in the 
number of coefficients per sample. However, the 

false R-R complex has low correlation with in- 
tervals in the codebook and the new sequence of 

knots has to be sent, thereby increasing the overhead 
data. 

6. Conclusions 

A novel compression scheme based on B-spline 
basis functions is proposed. In addition to their ability 

to adapt to different signals, these basis functions can 

efficiently code time-varying non-stationary signals 
such as ECG. An iterative algorithm determines the 

smallest number of basis functions (shortest knot se- 
quence, and their positions) such that the difference 

between the original data and its approximation re- 

mains below a given tolerance. The proposed method 

clearly outperforms non-adaptive DLT and DCT 
compression schemes. It should be noted however 

that the proposed adaptive algorithm is more compu- 
tationally complex than these non-adaptive methods. 

For example, the proposed compression method takes 
almost twice the time required by the DLT (implemen- 
tations of both methods were not optimized for 
speed). 
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Fig. 5. (a) Original ECG signal and (b) compressed with B-spline basis functions. The abnormal complex is compressed using 35 basis 

functions. 
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