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Abstract

In this paper, two fast algorithms are developed to compute a set of parameters, called M,’s, of weighted median filters
for integer weights and real weights, respectively. The M;’s, which characterize the statistical properties of weighted
median filters and are the critical parameters in designing optimal weighted median filters, are defined as the cardinality
of the positive subsets of weighted median filters. The first algorithm, which is for integer weights, is about four times faster
than the existing algorithm. The second algorithm, which applies for real weights, reduces the computational complexity
significantly for many applications where the symmetric weight structures are assumed. Applications of these new
algorithms include design of optimal weighted filters, computations of the output distributions, the output moments, and
the rank selection probabilities, and evaluation of noise attenuation for weighted median filters.

Zusammenfassung

Zwei schnelle Algorithmen werden entwickelt zur Berechnung eines Satzes von Parametern — M, genannt — fiir
gewichtete Medianfilter mit ganzzahligen und allgemein reellen Gewichten. Die M;-Werte, welche die statistischen
Eigenschaften gewichteter Median-filter charakterisieren und die kritischen Parameter beim Entwurf optimaler gewich-
teter Median-filter sind, werden definiert als die Machtigkeit der positiven Untermengen gewichteter Medianfilter. Der
erste Algorithmus, der mit ganzzahligen Gewichten arbeitet, ist etwa um den Faktor 4 schnelier als der existierende
Algorithmus. Die zweite Rechenvorschrift (fiir allgemein reelle Gewichte) verringert den Rechenaufwand fiir viele
Anwendungen erheblich, fir welche symmetrische Gewichtsstrukturen angenommen werden. Anwendungen dieser
neuen Algorithmen schlieen den Entwurf optimaler gewichteter Filter ein, die Berechnung der Ausgangsverteilungen,
der Ausgangsmomente und der Rangauswahl-Wahrscheinlichkeiten sowie die Auswertung der Stérunterdriickung durch
gewichtete Medianfilter.

Résumé

Nous présentons dans cet article deux algorithmes rapides pour le calcul d’un ensemble de paramétres appelés M, des
filtres médians pondérés pour des coefficients de pondération entiers et réels. Les M, qui caractérisent les propriétés
statistiques des filtres médians pondérés et sont des paramétres critiques pour la conception optimale de ceux-ci, sont
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définis comme les cardinaux de leurs sous-ensembles positifs. Le premier algorithme, qui est congu pour les coefficients
de pondération entiers, est & peu prés quatre fois plus rapide que l'algorithme existant. Le second algorithme, qui
s'applique aux coefficients de pondération réels, réduit la complexité calculatoire de maniére significative dans de
nombreuses applications ol on suppose des structures de coefficients symétriques. Les applications de ces algo-
rithmes nouveaux incluent la conception de filtres pondérés optimaux, les calculs des distributions de sortie, des moments
de sortie, et les probabilités de s€lection de rang, ainsi que I'évaluation de 'atténuation de bruit des filters médians
pondereés.

Keywords: Weighted median filter; Optimal filtering; Image processing; Statistical properties

1. Introduction

Weighted median (WM) filters, which were introduced as the generalization of median filters [8], form
a subclass of stack filters [16, 20]. Due to their simple operations, their effective suppression of impulsive
noise and excellent image detail-preserving capability, WM filters have been successfully applied in various
areas from image restoration to image DPCM coding [5, 7, 9, 11, 12, 16, 17, 19].

Since WM filters are nonlinear operations, they do not obey the superposition property and there seems to
be no way to give a simple characterization of their behavior. Research has been undertaken from two
aspects, namely deterministic properties [4, 6, 15, 18, 21] and statistical properties [1, 17, 20], to study the
behavior of WM filters. The basic descriptor of the deterministic properties is a root signal set, a set of signals
which pass the filter unaltered. The root signal set resembles the passband of a linear filter. On the other
hand, the basic statistical descriptor is the output distribution and the output moments of WM filters. Since
WM filters are noise removal operations, noise attenuation capability of WM filters is of great interest. The
first attempt to quantize the noise reduction of WM filters was made by Yli-Harja et al. [20] but fell short of
being intuitive and efficient. Their result was based on the positive Boolean function representation of WM
filters in the binary domain. As a result, all connections to the median operation and the weights of the filter
disappear.

Recently, a set of parameters, called M, was introduced to characterize WM filters [17]. Expressions for
the output distributions and the output moments of WM filters were derived in terms of the M;’s, where the
output distributions/moments are expressed as a linear combination of the M;’s. Using the expressions, one
can evaluate the noise attenuation of WM filters very efficiently. Most importantly, based on the M/,
a theory was developed to design optimal WM filters, where the M;’s play an important role in the design
process.

Because of the M/’s importance in designing and characterizing WM filters, the computations of the M’s
are of great interest. Using the positive Boolean function representations of WM filters [16, 20], the
complexity to compute the M;’s of a WM filter will be of O(2¥), where N is the window size of the WM filter.
Astola and Neuvo proposed a method of O(N2S) to compute the M;’s for integer weights, where § is the sum
of the weights [1]. The method works well for integer weights but fails for weights with real number.
Unfortunately, in many applications of interesting, weights are of real value.

In this paper, we shall develop two algorithms to compute the M;’s of WM filters. The first one applies for
integer weights and the number of operations of the algorithm is about one-fifth of the number of operations
of the existing algorithm. The second algorithm works for real weights and reduces the complexity by a great
extent for many applications where symmetric weight structures are assumed. In the following section, some
basic definitions about WM filters and the M,’s are reviewed, some theorems are presented to show the
importance of the M;’s in characterizing statistical properties of WM filters. The new algorithms are
presented in Section 3. Applications of the algorithms are discussed in Section 4.



R. Yang et al. | Signal Processing 41 (1995) 135-152 137
2. Weighted median filters

For the standard median filter, the output is the median of all the samples inside the filter window, thus
each sample has the same influence on the output. To achieve new filter properties, one may want to give
more weight to samples in specific filter window positions, e.g., to the centermost samples. Weighted median
filters were introduced for this purpose [8].

The weighted median filter can be defined in two different but equivalent ways. The most commonly used
one assumes positive integer weights with odd sum [8].

Definition 1. For the discrete-time continuous-valued input vector X,
X=X, X, ..., Xn),
the output Y of the WM filter of span N associated with the integer weights
W=W, W, .., Wy),
is given by
Y = MED{W, O X, W, O Xa, ..., Wy O X}, 1)
where MED{ -} denotes the median operation and < denotes duplication

noX= X,...,.X
—

n times

This filtering procedure can be stated as follows: sort the samples inside the filter window, duplicate each
sample to the number of the corresponding weight W; and choose the median value from the expanded
sequence.

The second definition of the weighted median allows positive noninteger weights to be used [3].

Definition 2. The weighted median with positive set of weights W of a discrete-time continuous-valued input
X is the value f minimizing the expression

N
o(p) = Y. WilX;— Bl. @

Here, § is guaranteed to be one of the samples X; because @(-) is piecewise linear and convex if W; > 0 for
all i.

The output of the WM filter with real positive weights can be calculated as follows: sort the samples inside
the filter window (in ascending order), add up the corresponding weights starting from the upper end of the
sorted list until the partial sum > %z?’:l W, the output of the WM filter is the sample corresponding to the
last weight.

Recently, a set of parameter, called M;’s, was introduced to analyze and design WM filters [17]. It has been
shown that statistical properties of WM filters can be expressed in terms of the M;’s and the M;’s are key
parameters in design optimal WM filters with structural constraints [17]. In the following, we shall first give
the definition of the M,’s.

Definition 3. Consider a WM filter with weight vector W = (W, W,, ..., Wy). Denote by %~ the multiset of
weights, i.e.

W = (W, W,, ..., Wy}.
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Denote by || the cardinality operation and by 2" the set of all submultisets of %" having cardinality i, i.e.

ri={4lAc W, |Al=i), i=0,1,..,N. 3)

Let Q1 denote the set of those subsets of cardinality i whose sum of elements is at least the threshold T, i.e.

Qm:{Aqurm, Y szT}, i=0,1,...,N. @)
WieA

Such subsets are called positive subsets and the threshold T of a WM filter is the half of the sum of the
weights, i.e.

1 N
T=2Y w,. (5)
2i=1

In the cases of integer weights, we use the following definition to make the threshold T be an integer,
1 N
T=§<1+ZW,~>. (6)

i=1

Note that both definitions in (5) and (6) result in same WM filter due to the odd sum of the weights.
In order to illustrate the definition of the positive subsets, consider the following example.

Example 1. Given a WM filter with W = (1,4, 5, 3,2), its threshold is T = 8, When i = 1, it is obvious that
there is no such set which satisfies (4). When i = 2, there are two positive subsets, i.e.

Q2 = {{3,5},{4,5}}.
Similarly, one can find other positive subsets:

QB = {11,3,4},{2,3,4}, {1,2,5}, {1,3,5}, {2,3,5},{1,4,5}, {2,4,5}, {3,4,5}},

QW = {{1,2,3,4},{1,2,3,5}, {1,2,4,5}, {1,3,4,5}, {2,3,4,5} },

QB ={{1,2,3,4,5}}.
Definition 4. Denote by M; the cardinality of QU ie.

M;=|Q%, i=0,1,...,N. 7
Example 2. Consider the same WM filter in Example 1, we have

M1=O, M2=2, M3=8, M4=5, M5=1

Three properties of the M’s are next listed [17]. The first establishes an interesting and useful inter-relation
between the M,’s.

Property 1. For a WM filter with window width N = 2K + 1, we have
N
Mi+MN—i=<i>! i=0,1,...,N. (8)
The second property is more intuitive and essential stating the monotonicity of the M/s.

Property 2. The sequence M,, M,, ..., M is nondecreasing with respect to i, i.c.

M, =M, i=1,... K. ©
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This monotonicity property of the M;’s should be intuitive since by increasing the number of weights, more
subsets are likely to become positive.

The third property of the M;’s establishes a direct link to the positive Boolean function (PBF) correspond-
ing to the given weighted median. It simply states that M; is just the cardinality of the subset of the on-set
[21], of the PBF representing the WM, containing all true vectors with Hamming weight i.

Property 3. Suppose the binary inputs of a WM filter are vectors
X=(Xy,..., Xy) e {0, 1}V

Denote by f(X) the positive Boolean function corresponding to this WM. Then, the M,’s can be related to
f(X) as follows:

M= {Xe{0,1}"| f(X) =1, w(X) =i}, (10)

where @(X) denotes the Hamming weight of X (i.e. the number of 1’s in X). Eq. (10) simply states that M; is the
cardinality of the subset of the on-set [21], of the PBF representing the WM, containing all true vectors with
Hamming weight i.

According to the definition of M;, one can verify that M; can be also expressed as follows:

M= Y UWX"-T), (11)

XeS;
where U () is the unit step function, and S; is a set of all N-dimensional binary vectors with Hamming weight
i, ie.
Si={X1Xe{0,1}"; o(X)=1i}. (12)

The following theorems show that the output distributions and output moments of WM filters, when
applied to i.i.d. inputs, can be expressed as the linear combinations of the M;’s [17].

Theorem 1. Let the inputs of a WM filter with window width N = 2K + 1 be i.i.d. with a common distribution
Sunction ®(t). The output distribution of the WM filter V.,..(t) has the following form:

K
Fum(t) = ¥u() + Y My(@@)(1 — 2"~ — o(0)" (1 — D())’), (13)

where W¥,(t) is the output distribution of the standard median filter with the same window width, i.e.

N

wo= 3 (7)owra-swr

i=K+1

Theorem 2. Given a WM filter with window width N = 2K + 1, for ii.d. inputs with common distribution
Sfunction ®(t) and density function ¢(t), the y-order output central moment, denoted by y,.,, of the W M filter can
be expressed as

K
ﬂzvm = .u.Z + Z MiLi(N’ Q’y)! (14)
<1
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where ! is the y-order central moment of the standard median with the same window size,
+ o

LN, ®,7) = f U@y — m)"$(3)dy > 0 (15)

for symmetric ¢,y 2 0,i=1, ..., K, m, is the output mean and
U@ =i — NOP' 11 — Y " 4 (i— N1 — )PV {1 — @)t

Moreover, the M;’s have been proved as the critical parameters to design optimal WM filters with
structural approach and to calculate the rank selection probabilities [10,17].

3. Fast algorithms
Since the M;’s play a critical role in designing and analyzing WM filters, the computation of the M;’s

becomes an important issue. In the following two subsections, we shall propose two fast algorithms to
compute the M;’s of WM filters, one for integer weights, another for real weights.

3.1. Algorithm 1

In principle, M;’s can be computed using the positive Boolean function representations of WM filters. The
complexity of the procedure is of O(2"). Recently, Astola and Neuvo proposed a fast algorithm, whose
complexity is of O(N?2S), to compute the M;’s of WM filters with integer weights, where S is the sum of the
weights.

In the following, we will propose a quite efficient method, whose number of operations is less than one-fifth

of that of the algorithm proposed in [1].
Suppose a WM filter with integer weights W = (W,, W, ..., Wy). Consider the following polynomial:

F(Y,Z)= ﬁ (14 YZ%). (16)
j=1

When expanded it contains 2" terms, each of the form Y‘Z!. These can be thought of as combinations of
i weights whose sum is I Therefore, the 2V terms of the polynomial in Eq. (16) represent all weight
combinations with 1 to N weights. Now, expand the polynomial in Eq. (16) in powers of Y'Z' as follows:

N §
F(Y,Z)=} ) F.Y'Z, (17
i=0l=1
where S is the sum of the weights
N
S = Z Wi'
i=1
It can be shown that M; can be expressed as the sum of the coefficients F; , for 1 > T, ie.

s
M= Z Fiy. (18)
=T
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Now the problem to compute the M;’s becomes the problem to compute these F;s. Obviously, the
polynomial F(Y,Z) can be written in a recursive form,

FU(Y,Z)=(1 + YZ¥)FU"1(Y,Z), i=1,...,N, (19)

with the initial value F1°(Y,Z) = 1. The algorithm to compute the M;’s is shown as follows.

Algorithm 1
(i) Sort (W, W,,..., Wy) in ascendent order.
i) £1(1,1) =1
(i) Compute f(j,1)
fori=1to N
if i <K + 1, then
forj=1toi+1
forl=1,1+%}_ W
SUGD =G + 071G = 1,1 = W)
end
end
else
forj=1to K+1
forl=1,1+Y i ki1 Wn
SRGD =710 + 510G = L1 - W)
end
end
end
(iv) Compute M;’s
fori=1to(N—1)/2

M@ =0
forj=TtoS
M@) =M@ +f(+ 1))
end
end

Note that the first sorting step is not trivial. It will reduce the number of operations unless all weights are
equal to each other.

Theorem 3. The number of the operations of above algorithm is less than (1—36 NZ28).

The proof is in Appendix A.

Note that the number of operations of our algorithm is less than one-fifth of that of Astola and Neuvo’s
algorithm, whose number of operations is N2S. The major difference between these two algorithms is the way
to calculate the matrix £ (i, /). In our algorithm, the inter-relationship between M;’s is utilized, i.e. only the first
K + 1 columns of f(i, /) matrix need to be calculated. Secondly, only nonzero elements in the matrix are
updated. That saves a number of operations.

Example 3. In order to demonstrate how the algorithm works, consider a 5-point WM filter with weight vector
W =(1,2,3,2,1). In the following we list all f(j,!) matrices in each iteration (for the purpose of iilustration the
full £(i, j) matrices are shown here, even though only their fast K + 1 columns need to be calculated in the
algorithm). The elements in the first row and the first column locate at low left corner of the matrices.
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Note that weights are first sorted in ascendent order, i.e. W =(1,1,2,2,3).

000001

000020

000120

00001 000410

Matrices 00020 002300 T=5

0001 00120 003200

0020 00400 014000

001 0110 02100 021000

01 020 0200 02000 020000

1 10 100 1000 10000 100000

Column no. 1 12 123 1234 12345 123456
Iteration 0 1 2 3 4 5
New weight Wi=1 W,=1 W;=2 W,=2 Ws=3
M’s M, =0
M, =
M, =
M, =
M;=1

The M;s are computed from the final f(j,!) matrix in the last iteration. Note that M, is calculated from
column i + 1 of f(j,1) matrix. For instance, in order to calculate the M, of the example, simply add all
elements in column 4 which are above the threshold T, here these elements are 3,4,1 and two 0’s, thus
M 3= 8.

Using the binomial theorem, we can prove the following theorem.

Theorem 4. The sum of all elements in the final f(j,1) matrix is 2~, where N is the window size, for any integer
valued weight vector.

Note that the efficiency of the algorithm relies on the fact that the sum of the given weights is minimized. In
that case, these nonzero elements in f(j,!) matrix are overlapped, making the dimensions of the matrix be
compressed and reducing the number of operations. When the sum of the given weight vector is not
minimized, the algorithm may not be efficient, sometime may have high computation complexity. For
example, consider a 5-point WM filter with weight W =(1,2,4,8,16). One can verify that there is no
overlapping among these nonzero elements in the f(j,!) matrix. The computation complexity becomes
O(N?2") in the case. Obviously, this WM filter is an identity filter with minimum-of-sum representation
W =(1,1,5,1,1). Therefore, Algorithm 1 is not suitable when the sum of the given weights is not minimized.
Moreover, Algorithm 1 can not be applied to the WM filters whose weights are of real value.

Note that the Algorithm 1 works also for rank order filters, including weighted order statistic filters, by
changing the threshold T to the appropriate value.

3.2. Algorithm 2

As we mentioned earlier, Algorithm 1 is restricted by the fact that it cannot be used for computation of M,’s
for real weights. Unfortunately, in many applications of interest, the weights of WM filters are of real number.
For instance, in adaptive WM filtering {19] and optimal WM filtering [17], where weights are updated in
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each iteration and are no longer integers. Therefore, it is of importance to study algorithms for computing
Ms of real weights.

There are, usually, two ways to do so. One way is to convert real weights into integer weight representation
before using Algorithm 1, by resorting to the positive Boolean function (PBF) representation and integer
programming. It can be very much computationally complex. Research has been undertaken in this
direction, but so far not much progress has been made [13]. Another way is to check the PBF representation
of WM filters for 2" entries. This method is quite intuitive and simple when N, the window size of WM filters,
is small. It has 2" iterations and in each iteration one binary vector is checked. The problem arises from these
binary vectors. When N is large, for instance 25, we cannot store these 225 (32M) vectors in our computer.
Instead, we have to generate these vectors in each iteration. It definitely will increase the number of
operations dramatically.

On the other hand, in many applications, symmetric weight structures of WM filters are often used,
making the number of parameters reduced. However, the method which use the PBF representation of WM
filters cannot take the advantage. In the following, using the similar principle of Algorithm 1, we develop
a fast algorithm for computing the M;’s of WM filters having real weights.

Algorithm 2
(i) Sort (W, W,, ..., Wy) in ascendent order.
(i) 1,1 =1, L1) =0, Level = 1
(iii) Compute f(i, j)
fori=1to N
for j =1 to level
forl=1,to0i

fUGD = U716,

end
Ui+ 1)=0

end

for j = level + 1 to 2*level
Y, 1)=0

forl=2t0oi+1
SR =710 — level,l - 1)
end
end
for j = level + 1 to 2*level
L(j)=L(j — level) + W;
end
sort sequence in L
compress L
compress f(j,1)
level = number of rows in f(j,1)
end
(iv) Compute M’s
fori=1to (N —1)/2

M@i)=0
forj=TtoS§

M(i) = M(i) + £ + 1,))
end

end
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In the algorithm, compress L and compress f(j, 1) mean to merge these elements which have identical value
in L and then merge the corresponding rows in f(j,/) matrix.

Example 4. Consider a WM filter with W = (0.1,0.3,0.5,0.3,0.1). The weights are first sorted in ascendent
order (0.1,0.1,0.3,0.3,0.5). The f(j,]) matrices in each iteration are listed as follows.

L(j)

000001 1.3

000020 1.2

000100 1.1

000020 10

000400 09

00001 002010 08

Matrices 00020 000300 T=07

00100 003000 06

0001 00020 010200 05

0020 00400 004000 04

0100 02000 020000 03

001 0010 00100 001000 02

01 020 0200 02000 020000 01

1 10 100 1000 10000 100000 O

Column no. 1 12 123 1234 12345 123456

Iteration 0 1 2 3 4 5
New weight wW,=01 W,=01 W;=03 W,=03 Ws =05
M’s M, =
M2=2
M3_8
M4—5
Ms;=1

In order to demonstrate the algorithm, we work through the iteration No. 4. At the beginning of iteration
4, we got f(j,1) matrix and L(j) sequence from iteration 3, which are listed as follows, level = 6:

2,0 LI j)

0001 0.5
0020 04
0100 0.3
0010 0.2
0200 0.1
1000 0

The coming weight in iteration 4 is W, = 0.3. First we build a 5x 12 matrix (ie. (i + 1)x(2 x level)) by
placing an f'3'(j, 1) matrix on the top of another f31(j,!) matrix and shift one column to the right, and other
empty places are filled by 0’s. The L(j) vector is constructed by placing a vector, whose elements L®(j)’s
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elements plus W, = 0.3, on the top of another LP)(j), i.e.

16D L(j)
0 0001 0.54+03=038
0 0020 04+03=0.7
0 0100 03+03=06
0 0010 02+403=05
0 0200 01+03=04
0 1000 0+03=03
0001 O 0.5
0020 O 04
6100 O 0.3
0010 O 0.2
0200 O 0.1
1000 O 0

145

Then L j} is sorted and elements which have identical value are merged into one. And these rows inf'(j,/)
which correspond to identical value of L(j) are added together and become one new row. The new f(j,1)
matrix, denoted by f141(j, 1), is obtained by arranging these new rows to make their associated elements in
L(j) vector in an ascendent order, i.e.

|
o]
3
=]
=]

N W AN ] 00D

Note also that only the first K + 1 columns of f(j,!) matrix are needed for calculating the M;’s.

S

F19(,1
0

—_—O O OO OCOCO
OO NVNOOOOO
SO O HRO— OO
leNeNeNoNoll SHoN Sl
QOO TOCOOOCO =

L[‘”( j)
0.8

0.7

0.6

0.5

04

03

0.2

0.1

0

It can be shown that the complexity of Algorithm 2 is of O(N?2%), where L is the number of distinct
weights in the filter’s window. Usually, L is much smaller than N in practice. This makes the algorithm very
efficient in these applications where symmetric weight structures are used. For example, to compute the M,s
ofa 5 x 5 WM filter having symmetric weights with respect to horizontal and vertical axes, there are only five
distinct weights while the number of weights is 25. Thus the fast algorithm is about one thousandth of the
existing algorithm in terms of computational complexity. Note that the storage requirement depends on 2-
instead of 2%

4. Applications

It has been shown that the output distribution and output moments of WM filters are linear combinations
of the M;’s. Therefore, the statistical properties of WM filters can be analyzed using the M,’s. Since WM filters

usually are noise-removal filters, the evaluation of noise reduction of WM filters is of great interest.
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Recently, a theory was developed for optimal WM filtering with structural constraints [17]. The problem
arises when a set of pre-specified constraints is imposed on filter’s behavior, a WM filter is sought to yield
maximum noise attenuation. For instance, an image consists of many signal structures, such as lines and
corners, which are critical to perception. When filtering noisy images, care must be taken not to remove such
important image details. WM filters have such an attractive feature that they can be designed to preserve the
desired image details by selecting an appropriate set of weights. However, for a given set of image details,
there may be a number of WM filters. The problem is how to choose one of them which has maximum noise
attenuation. The problem is referred as Optimal WM Filtering with Structural Constraints [2, 17]. In the
newly developed theory, it has been shown that optimal WM filters can be designed by resorting to nonlinear
programming. Again, the parameters M;’s become the key to solve the problem.

In order to make the paper self-contained, here we briefly review some results in the theory of optimal WM
filtering [17].

Denote by X (i, j) the input sample of a constant signal s corrupted by some additive white noise n to be
filtered by a WM with weight vector W. Then the output § of the WM filter, which is an estimate of s, can be
written as

$(,j)=MED{W,, 0 X(i—s,j — )|(s,) e W}. (20)
N
Take the mean square error (MSE) as the criterion function

J=E(s— $?. 1)
According to statistical properties of WM filters [17], we have the following theorem.

Theorem 8. For WM filters with window size N = 2K + 1, the mean square error J defined in (21) can be
expressed as

J=062+ Y LM, (22)

where 62 and L;’s are independent of the weights and

L;=0, i=1,...,K.

From this theorem it is concluded that designing optimal WM filters under structural constraints is
equivalent to minimizing the M;’s under detail-preserving requirements, i.e.

K
Minimize ), L;M; subject to structural constraints. (23)
i=1

By Eq. (11) the M;’s can be expressed as functions of the weights in the form of the unit-step function. Then we
approximate the unit-step function by a sigmoidal function

1

1 2%
1+e# (24)

Uilz) =

U,(-) is a continuous differentiable, monotonically increasing, step-like function. Its steepness is controlled
by a gain term # > 0. When gain f§ is large, the unit-step function can be approximated well by the sigmoidal
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function. Thus the optimal problem can be restated as
K K
Minimize Y L;M;= Y Y L, U(Wx"—T)
i=1 i=1xe8;
subject to W = 0 (positivity constraints),
CW = 0 (structural constraints). (25)

where S; is defined in Eq. (12) and matrix C represents the structural constraints. This is a nonlinear
programming problem in which the objective function has first and second derivatives. It can be solved by
successive quadratic programming method [14].

Note that in solving the nonlinear programming problem, the weight vector ¥ has to be updated in each
iteration. Both the objective function and its first derivative have to be computed in each iteration and thus
2¥ sigmoidal functions need to be calculated, making the problem very high computational complexity.
Instead, if we only use sigmoidal functions in deriving the first derivative of the objective function but use
their M;’s representation in computing both the objective function and its first derivative, the problem
becomes much simpler. In this case, M;’s have to be computed for real weights. When N becomes larger, the
computational complexity of the conventional method to compute M’s, i.e. positive Boolean function
representations of WM filters, will be very high. The fast algorithm developed in this paper, Algorithm 2, can
be applied here to greatly shorten the design time. See the following example.

Example 5. Design a 5 x 5 optimal WM filter which preserves horizontal lines, vertical lines and diagonal
lines. From practical point of view, symmetric weight structure is assumed.
Consider 5 x 5 WM filters of the following form:

w, W, W; W, W;s

We W, Ws Wy Wiy
w=| W, Wi, W13 Wis Wis

Wie Win Wis Wi Wy

Wi Wi Wiy Wiy Was

The structural constraints can be written as follows:

Wi+ Wi+ Wi+ W+ Wis 2T,
Wi+ Ws+ W3+ Wig+W,oa=T,
Wi+Wit Wi+ Wi+ Wy 2T,
Ws+Wo+ Wi +Wi+Wy 2T.

Note that the four inequalities in Eq. (26) correspond to horizontal lines, vertical lines and two diagonal lines,
respectively.
The following symmetric weight structure is used:

W,=Ws=W, =W,s,

Wo=Wi=We=Wio=Wie=Wy=W,;, =W,,,

Wiy=Wi=W;is=W,;, (27)
Wy=Wo=W;,=Wi,,

We=Wis=Wiys=Wis.

(26)

=
=
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Together with the positivity constraints of the weights

W, >0 (28)
fori=1,...,25.
The optimal problem becomes
12 12
Minimize ) L;M;=Y Y LU, (Wx" — T) subject to (26)~(28). 29)
i=1 i=1xeS;

We utilize International Mathematics and Statistics Library to solve this nonlinear programming problem
[14]. As stated earlier, we need to supply several subroutines to compute the objective function and its
derivative for a given weight vector in each iteration. In this process, M;’s need to be calculated in order to
calculate the objective function and its derivative. Since the given weight vector is of real value, we have to use
positive Boolean representation of WM filters to check 2¥ entries to calculate the M;’s before Algorithm 2 is
developed. It takes tens of hours to get the final results. We now apply Algorithm 2 to calculate the Ms. It
takes less than one minute to get the final result! It sounds reasonable. Because of the symmetric structure of
weights, there are only five variables. O(N? x 2%) of Algorithm 2 compared against to O(2¥) of the
conventional method, the reduction in complexity is obvious.

The program is written in Fortran Language and run at MIPS RC6280.

The final solution is

0249 0 0169 0 0.249
0 0249 0333 0249 O

w=| 0169 0333 208 0333 0.169
0 0249 0333 0249 O

0249 0 0169 0 0299

In order to demonstrate the performance of the optimal WM filter obtained in the example, we apply the
WM filter to filter a noisy image corrupted by impulsive noise. The probability of impulses was 0.04 and the
height of the impulses was set to + 200. Using the original and its corrupted version, the 5 x 5 Wiener filter
was obtained and applied to restore the noisy image. The MAE and MSE values are listed in Table 1. These
filters are also applied to restore image “Bridge” and “Harbor” which were corrupted by the same noise.
Results are included in Table 1. Fig. 1 shows the original, noisy and filtered images of part of Lenna’s
right eye.

The fast algorithms can also be used for other purposes, for instance, to calculate the rank selection
probabilities of WM filters. It can reduce the complexity from previous O(N!) to O(N2S) or O(N?2%).

Table 1
Filters’ performance in impulsive noise

Bridge Lenna Harbor
Filter MSE MAE MSE MAE MSE MAE
Wiener filter 350.7 14.37 2231 11.60 302.5 12.54
Median filter 261.2 10.38 73.5 479 294.7 8.73

WM filter 85.2 334 304 1.63 87.1 2.85
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original noisy
Wiener filter median filter
WM filter original

Fig. 1. The original, noisy and filtered images of Lenna’s right eye.
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5. Conclusions

In the paper we have developed two fast algorithms to calculate M;’s, the parameters that play a very
important role in analyzing and designing WM filters. The first algorithm works for integer weights
and is about four times fast over the existing algorithm. The second fast algorithm is proposed to
calculate the M,;’s of weights with real value. This is critical for applications since in practice many weight
vectors of interest are of real value. Some examples were presented to demonstrate the efficiency of the
algorithms.

Appendix A

Proof of Theorem 3. Denote the number of operations of the proposed algorithm by C(N). And it can be
expressed as

K i N i
cCN=YiyYyw+ ¥ K Y W,
i=1 j=1 i=K+1 j=i-K+1

There are N iterations in the algorithm. The first term comes from the first K iterations, while the second
comes from the rest of iterations. C(N) can be rewritten as

N i K i K+1
c=K 3 Tw+(E Y 6-RW-KY W),
i=K+1 j=1 i=1j= ji=

Obviously, the term in parenthesis is less than zero, which means that C(N) is less than the first term, denoted
by C1(N), i.e.

C(N) < C1(N) = i iw,-.
i=K+1j=1

Our goal here, is to find an upper bound of C(N). We can take the maximum of C1(N) as an upper bound of
C(N). C1(N) can be written as

N
CI(N)= Y Cw,,
i=1
where
C. = K(K+1) for 1<i<K+1,
PTIK(N—i+1) for K+2<i<N.

Since
Ci=2C; forigj,
and remember the condition
W,<W,; forigj,
we come to the conclusion that C1(N) will reach its maximum when all weights are equal, i.e.

S
W1=W2= =WN=_N
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The maximum is given by

K+1
Y K(K+ )W, + }: K(N—i+ )W,

i=1 i=K+2

S N
EK(K+1)zz 14— Y K(N+1-1)
N Ni=K+2
S S 1
= ZK|[K )—=K K+2
NK(K+1) +NK( (N+1) 3 (N+K+ ))
S 18
—K(K+1P?+=-=—K¥K +1
=N K(K +1) toN (K+1)
1 NS +— NZS
8 16
3 2
1—6NS

It follows that the number of operations of Algorithm 1 is less than ;s N2S. [J
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