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Abstract

The book, Fundamentals of Nonlinear Digital Filtering, by Jaako Astola and Pauli Kuosmanen
presents both a useful selection guide for practitioners seeking a signal processing solution and a
valuable panoramic perspective for theoreticians interested in the underlying principles on which
nonlinear digital filters are based. For example, the results presented in their book make it clear
that most popular nonlinear filters exhibit homogeneous scaling behavior, and are mostly based on
non-smooth (i.e., “median-like”) functions, rendering the Taylor series expansions popular in many
engineering disciplines largely useless. What is less obvious is that these two characteristics are
closely related, a result that comes from the theory of functional equations. This paper examines a
range of algebraic ideas (e.g., categories, groupoids, clones, etc.) that can be useful in characterizing
and designing nonlinear filters, building in part on our past joint work with Jaakko Astola.

1 Introduction

The mathematical notion of linearity has had a profound impact on engineering and the sciences,
greatly facilitating both our ability to understand a range of important phenomena and our ability to
design a variety of useful systems. This is particularly true in electrical engineering, where linearity
has laid the foundation for both linear circuit analysis and linear systems theory. A case in point is the
classical theory of digital signal processing, much of which depends essentially on linearity assumptions
(e.g., the whole notion of frequency-domain characterization of linear digital filters) [32]. Conversely,
there are important cases where linear characterizations are inadequate, such as the problem of de-
signing impulsive noise removal filters discussed in Section 2. This has led to the development of
nonlinear digital filters like those described in the book by Astola and Kuosmanen [7].

Mathemtaically, the notion of linearity is an extremely convenient one, forming the basis for the
theories of linear ordinary and partial differential equations, linear vector spaces, and linear algebra.
In the case of digital filters, linearity can be defined either structurally (giving an explicit prescription
for their implementation) or behaviorally (giving an extremely useful basis for their characterization),
and these two approaches are essentially equivalent, a point discussed further in Section 2. In contrast,
the term “nonlinearity” strictly defines a lack of structure or a lack of behavior without providing any
alternative structural or behavioral characteristics with which to work. Hence, the analysis of “non-
linear systems” is extremely challenging: there is, for example, no mathematical theory of “nonlinear
algebra” comparable to that of linear algebra. One specific consequence of this state of affairs has
been extensive reliance on simulation studies to understand the performance of specific filters in spe-
cific settings. For example, Velleman [45] described the median filter and a number of other simple
nonlinear smoothing filters and summarized the state of affairs in 1977 as follows:

“We do not yet have a deep mathematical understanding of the smoothers presented in
this paper, but we have empirical evidence of their good performance from both computer
simulation studies and practical data analysis experience.”



Conversely, it is possible to obtain practically and theoretically useful results if we restrict consideration
to nonlinear filter classes based on specific structures like median filters [21] or weighted median filters
[49]. Similarly, it is also possible to exploit specific nonlinear behaviors like the notion of homogeneity
discussed in Section 3: imposing this behavior as a constraint, we can identify compatible nonlinear
structures and use them as the basis for designing useful digital filters. The basic objective of this
paper is to identify some useful, specific forms of “nonlinear algebra”—Ilike homogeneity—that can be
used to design and characterize nonlinear digital filters. The results presented here build in a broad
way on Jaakko Astola’s work in the area of nonlinear digital signal processing as described in his book
with Pauli Kuosmanen [7] and a number of other references (e.g., [5, 6, 50]), on the interest he has
expressed in algebraic characterizations of nonlinear digital filters in private conversations, and on our
prior collaborations with him on closely related topics [20, 36, 39].

2 The class of nonlinear digital filters

To keep the scope manageable, this paper restricts consideration primarily to the problems of designing
and characterizing nonlinear digital filters that process a univariate, real-valued data sequence {z}
of finite length, defined for k = 1,2,..., N. Extensions to two-dimensional sequences that arise in
applications like image processing are discussed briefly in Section 10, along with extensions to other
data types (e.g., characterization of DNA or protein sequences described by finite, discrete alphabets).
As is customary in the digital signal processing literature, the sequences {xy} considered here are
treated essentially as uniformly spaced samples of a continuous signal z(t), taken at times ¢t = to+kA
for some constant intersample spacing A > 0. In this context, the objective of a digital filter F (linear
or nonlinear) is to map the finite sequence {zj} into a second, related sequence {yi} that is “better
behaved” in some useful, application-specific sense than the original.

In the case of linear digital filters, attention is usually restricted to the class of time-invariant or
shift-invariant filters that satisfy the following condition:

Flary =y = Florw—j} = vr—y> (1)

for all integer j, positive or negative. We impose the same restriction here, allowing us to characterize
the filters discussed in this article with the following explicit representation:

Y = F{xr} = @C(Yk—1, Yk—2, - - - » Yk—p> Thtns Thnt1s - - - » Thbm—15 Thtm ) (2)

where p is an arbitrary non-negative integer, n and m are integers that may be positive or negative
but must satisfy m > n, and ® : RPY™~"*!l - R is an arbitrary mapping.

In words, Eq. (2) means that the filter’s response at time k, yx, can depend on previous responses,
yr—j, and on a fixed but otherwise arbitrary finite portion of the input sequence {x;}. In this paper,
we will impose two restrictions on the integers m, n, and p, both of which have important theoretical
and practical consequences but both of which are met by the majority of nonlinear digital filters now
in common use, including almost all of those discussed in the books by Astola and Kuosmanen [7],
Mathews and Sicuranza [29], and Pitas and Venetsanopoulos [41]. The first of these restrictions is
to require p = 0, eliminating the explicit dependence in Eq. (2) of the current filter output y; on
prior outputs, yix—;. This requirement restricts our attention to the subclass of nonrecursive digital
filters, greatly simplifying stability considerations which are much more complicated in the case of
nonlinear filters than they are in the linear case [33, 34]. Perhaps the nonlinear filter of greatest
practical importance that is excluded by this restriction is the recursive median filter [31], which is
useful in part because of its very special stability properties [34].



The second restriction is to the class of symmetric moving window filters, for which m > 0 and

n = —m. Combining this requirement with the nonrecursive structure restriction p = 0, Eq. (2)
simplifies to:

Yk = @(.’L‘k,m,...,.%‘k,...,karm) = @(Wk), (3)

where wj, denotes the moving window defined by samples x_,, through zj.,,. Note that the resulting
class of filters is non-causal since the current output y, depends on both past inputs z;_; and future
inputs xy4;. In typical off-line signal processing applications (e.g., time-series data pre-processing for
spectral estimation or dynamic modeling), this lack of causality poses no difficulties, but real-time
applications (e.g., industrial process control) may require filters that are causal (implying n > 0 in
Eq. (2)) or even strictly causal (implying n > 0). In some cases, causality or strict causality may be
achieved by simply introducing a fixed delay in the filter’s response, although this modification can
have nontrivial consequences. As a specific example, the root sequences for the causal median filter
are much different from those for the symmetric median filter, a result that has important practical
consequences for real-time data cleaning applications [30].

2.1 Linear filters

Since they serve as the essential counterweight around which nonlinear filters are defined, it is worth
briefly discussing the linear reference case. As noted in Section 1, linear filters may be defined either
behaviorally or structurally; while these definitions are essentially equivalent in the linear case, they
form the basis for very different nonlinear generalizations. Behaviorally, the filter £ is linear if it
satisfies the principle of superposition:

L{axg + Byr} = al{zg} + BL{Yk}, (4)

for all real numbers o and 3 and all real-valued sequences {zj} and {yx}. Note that this description
does not tell us directly how to construct the linear filter £, but it does tell us how it behaves. It
is possible, however, to obtain a constructive (i.e., structural) representation from this behavioral
description. To do this, define the discrete impulse as:

1 k=0,
and note that any data sequence {zj;} may be rewritten as the following weighted sum of impulses:

o0

T — Z 1‘j(5k,j. (6)

j=—00
Substituting this result into Eq. (4), it follows that

oo oo

ﬁ{xk}zﬁ Z xjék,j = Z {/thk,j, (7)

j=—o0 j=—o0

where the sequence {hy} is the impulse response of the filter £, defined as its response to the unit
impulse sequence {dx}. The primary practical consequence of this result is the well-known one that
any linear, time-invariant filter is completely characterized by its impulse response sequence {hy}.
Thus, at least at a high level, linear filter design may be viewed as the specification of useful impulse
response sequences; this view overlooks important implementation details like coeficient sensitivity,
but a key point of this article is that the corresponding high level specification problem for nonlinear
filters is much more complicated.



2.2 Impulsive noise filters

As an example of a simple but practically important application where linear filters are inadequate
but many nonlinear solutions exist, consider the problem of impulsive noise removal from a sequence
{z1}. Impulsive noise consists of “spikes” or outliers in the data sequence, characterized as isolated
points x; whose value lies far from those of neighboring values. Note that such a sequence may be
decomposed into the sum x; = x% + 0, where {x%} is the nominal part of the sequence (i.e., the “true
signal” we wish to observe) and {0} is the impulsive noise part. In the case of a single outlier, this

is given by:
A k=,
Ok‘{o i ¥

where A is the magnitude of the impulsive contamination, assumed here to be large relative to the
range of variation seen in the nominal data sequence {z}. Suppose we apply a linear filter £ with
impulse response sequence {hy} to the contaminated sequence {zj}. The filter response is given by:

o0

ﬁ{ka} = Z x?hj_k + Ahy. (9)

j=—o00

For an ideal data cleaning filter, we would like the first term to be equal to z{ for all k and the second
term to be zero for all k, but these desires are incompatible: the best linear filter for preserving the
first term is the identity filter (hy = 0y), which exactly preserves all sequences, and the best linear
filter for eliminating the second term is the zero filter (hy = 0 for all k), which eliminates all sequences.

In marked contrast, there exists a wide variety of nonlinear filters that are capable of completely
eliminating impulsive noise from certain classes of sequences. The simplest example is the median
filter, defined by:

D(Th—rmy ey Ty e vy Thorn) = median{xg_py, .+, Ty o oy Thtm }s (10)

where the median is defined as the central order statistic x(g) in the rank-ordered sequence:

Themy s Ty o Thrm} = {Z(m) S T(cmgr) S S 20) < S Tne1) < T(m) ) (11)

In particular, it is a standard result that the median filter completely rejects isolated impulses while
preserving all sequences in a known class of root sequences [6, 7, 14, 21, 31]. Indeed, the median filter is
one of a group of nonlinear digital filters whose impulse responses are identically zero, emphasizing that
while the impulse response completely characterizes linear filters, it gives essentially no information
about many nonlinear filters.

This last observation provides a specific illustration of both the advantages and disadvantages of
nonlinear digital filters: there are certain applications (like impulsive noise rejection) that demand
nonlinear solutions and for which effective nonlinear solutions exist, but reasonably complete charac-
terizations of these nonlinear filters are largely lacking, greatly complicating their design and use.

2.3 The issue of finite sequence length

An important practical question that arises in applying moving window filters—whether linear or
nonlinear—is how to handle “end effects.” That is, given a sequence {zy} of finite length N, the
output of any filter specified by Eq. (3) is not well-defined for k¥ < m 4+ 1 or for k > N — m. This
problem can be addressed in various ways, none of them entirely satisfactory, but the approach taken
here is probably the most popular. Specifically, we artificially append m additional copies of the initial



value x1 to the beginning of the sequence as elements x_,,11 through xg, and we append m additional
copies of the final value xx to the end of the sequence, as elements zy41 through zyi,,. Like
the restrictions to nonrecursive filters and symmetric moving windows imposed above, this strategy
for dealing with finite sequence effects can have unexpected consequences, such as the existence of
oscillatory binary root sequences for the median filter [6, 14].

3 Homogeneous nonlinear filters

The behavioral characterization of linearity given in Section 2.1 for linear filters may be expressed in
terms of two component parts: the filter F is additive if

Flak +ye} = Flar) + Flukt, (12)

for all real-valued sequences {z} and {y;}, and F is said to be homogeneous if
F{Az} = AF{ar}, (13)

for all real A. It follows from the theory of Cauchy’s functional equation [2] that the only practical
filters satisfying the additivity condition (12) are linear [33, Section 2.6]. In marked contrast, the
class of nonlinear filters F satisfying the homogeneity condition (13) is large, including many of those
discussed by Astola and Kuosmanen [7]. An even larger class results—one that encompasses almost
all of the nonlinear filters described by Astola and Kuosmanen—if we require Eq. (13) to only hold for
all A > 0, corresponding to the requirement of positive homogeneity, also known as scale-invariance in
the statistics literature [42, p. 159].

The class of L-filters provides a simple illustration of the distinction between these different notions.
While the class can be defined more generally [7, 13, 27], it is convenient for the discussions presented
here to define the class rather strictly as the following normalized linear combination of the moving-
window order statistics defined in Eq. (11):

K

K
Y = .7:{.1'143} = Z ozz-x(i), 0 < (67 < 1, Z o; = 1. (14)
i=—K i=—K

Since positive scaling does not alter the ranks 7, of the data sequence {z} (that is, if . has rank ry
in the sequence {x}, then \zj has the same rank r; in the sequence {\xy}), it follows that all filters
in the L-filter class defined by Eq. (14) are positive-homogeneous. In contrast, since multiplication
by negative numbers reverses the ordering inequalities in Eq. (11), it follows that scaling the original
data sequence by a negative number reverses the ranks: z(;) — Az(_j for A < 0. Hence, the only
fully homogeneous members of the class of L-filters are the symmetric ones, with a_; = ;. Since the
median filter defined in Eq. (10) is an L-filter with ap = 1 and «; = 0 for all other ¢, it follows that
the median filter is symmetric and thus fully homogeneous. Finally, note that since rank-ordering is
a nonlinear operation, it follows that the only member of the class of L-filters that is linear is the
one for which all coefficients are constant, o; = 1/(2K + 1) for all 4, corresponding to the symmetric
2K + 1-point unweighted linear moving average smoothing filter.

Before leaving this example, it is worth noting that the class of L-filters does satisfy an extremely
limited but important form of additivity, known as location-invariance in the statistics literature [42,
p. 159]. Specifically, note that adding the same constant value ¢ to all elements of the data sequence
{z}} does not change the ranks (that is, changing zj to xj + ¢ for all k changes the ordered samples
T(;) to x(;) + ¢). Since the coefficients of the L-filter sum to 1, it follows that:

Flay + ¢} = F{z} + ¢, (15)



for all real c. In fact, it follows from this result that the entire class of L-filters exhibits linear behavior
when restricted to the set of constant input sequences. While this result is too restrictive to be
practically useful, it does point the way to the more useful notion of restricted linearity introduced in
Section 9.

Positive-homogeneity is perhaps the most useful generalization of the behavioral definition of lin-
earity in current practice, but several extensions of this notion are possible and it is useful to introduce
a few of them here. First, it is worth noting the following general result presented by Aczel and Dhom-
bres [2]. The function f : R™ — R is said to exhibit generalized homogeneity if it satisfies the following
functional equation for some function g : R — R:

fAzy, Aza, ..., Axn) = g(\) f(z1, 22, . .., 2p), (16)

for all real x; and all A # 0. Letting A = pv for p, v # 0 and substituting into Eq. (16), it follows that

g(uy)f($1,l'2, s ,l’n) = g(:u)g(y)f(mlvx% s ,l’n), (17)

for all p,v # 0 and all real z;. If we exclude the trivial solution f(z1,z2,...,z,) = 0 for all real z;, it
follows that g(-) satisfies Cauchy’s power equation

g(mv) = g(pw)g(v), (18)

for all pu, v # 0. Again excluding the trivial solution g(A) = 0 for all A # 0, the only possible solutions
of Cauchy’s power equation that are continuous at any point or bounded on any set of positive measure
are [2, p. 31]:

g(A) = |A° or g(A) = [A[signA. (19)

In other words, the only possible forms of generalized homogeneity involve power law scaling for some
power c. Also, note that both of the solutions in Eq. (19) reduce to g(A) = A¢ if attention is restricted
to A > 0 (i.e., generalizations of positive homogeneity).

The definition of homogeneity given in Eq. (13) corresponds to the special case ¢ = 1, the most
common and perhaps the most useful form of generalized homogeneity, although higher integer powers
sometimes arise (e.g., ¢ = 2 or ¢ = 3) [35]. On the other hand, the case ¢ = 0 is particularly noteworthy
as it forms the basis for a large class of nonlinear filter structures. For example, consider the class of
filters defined by

K
Flaey = > pj(wr)ze—;, (20)
i=—K

where {p;(-)} is a family of 2K + 1 positive homogeneous functions of order zero and wy, is the moving
data window defined in Eq. (3). Thus, pj(Awg) = pj(wy) for all A > 0 and it follows that the
filter defined in Eq. (20) is positive homogeneous. An important special case that may be taken as a
prototype for this construction is the class of combination filters discussed by Gandhi and Kassam [22]:
there, pj(wg) = c(r, j) where r; is the rank of the j** sample z; in the moving data window and (-, -)
is an arbitrary real-valued function. The positive homogeneity of combination filters follows from the
fact noted earlier that the ranks r; are invariant under positive rescaling of the data observations x;,
implying that they are positive homogeneous functions of order zero. This construction also makes
use of the fact that if f : R™ — R is a positive homogeneous function of order zero and g : R — R
is any arbitrary function, the composition g o f(x) = g(f(x)) is also positive homogeneous of order
zero. Indeed, the class of positive homogeneous functions of order zero is closed under a wide range
of algebraic operations: sums, differences, products, and quotients (provided they are well-defined) of
these functions retain this property. As a consequence, the class of nonlinear filters defined by Eq. (20)



is enormous and appears to be largely unexplored. Exceptions include the class of combination filters
just described and the class of affine filters proposed by Arce and Hasan for suppressing unwanted
cross-terms in time-frequency distributions [4].

Finally, since many practically important nonlinear filters exhibit positive homogeneity, the fol-
lowing result is especially noteworthy. Aczel, Gronau and Schwaiger have shown that any positive
homogeneous function is differentiable at zero if and only if it is linear [3, Prop. 9]. If the function
is also location-invariant, it follows immediately that differentiability anywhere is equivalent to linear-
ity. Since most nonlinear filters commonly encountered in practice are both positive homogeneous and
location-invariant, it follows that the functions ®(-) on which they are based are nowhere differentiable.
A closely related result is that any positive homogeneous functions of order zero that is continuous at
the origin is constant [35]. An important consequence of these observations is the fact that, in contrast
to the situation commonly encountered in engineering, Taylor series linearization does not provide a
useful basis for analyzing most nonlinear digital filters. The one noteworthy exception is the class of
Volterra filters, which are based on polynomial nonlinearities that may be viewed as truncated Taylor
series approximations of more general smooth nonlinear functions [7, 16, 18, 19, 29, 33, 41].

4 Cascade interconnections and categories

Cascade interconnections of simple linear filters are widely used in the modular implementation of
more complex linear filters with better signal separation characteristics. An important characteristic
of linear filter cascades is that the order of interconnection is immaterial: the cascade interconnection of
filter £1 followed by filter Lo exhibits the same overall behavior as the cascade interconnection formed
in the opposite order. This characteristic no longer holds in the nonlinear case and this observation
means that the cascade interconnection of nonlinear filters is an even more powerful design tool in the
nonlinear case than it is in the linear case.

An extremely useful mathematical construct for discussing cascade interconnections of nonlinear
filters is category theory. A category is a collection of mathematical objects, together with sets of
morphisms relating pairs of objects [12]. One of the most familiar examples is the category of linear
vector spaces, where the objects are the vector spaces R"” and the morphisms are the n x m matrices
mapping one vector space into another. To qualify as a category, a collection of objects and morphisms
must also exhibit a composition law o under which the morphism sets are closed: if M is a morphism
relating object A to object B (written as M; : A — B) and My is a morphism relating object B to
object C (i.e., My : B — (), the composition My oM, : A — C must be a morphism in the category.
In the category of linear vector spaces just described, composition of morphisms generally corresponds
to ordinary matrix multiplication, although other definitions are possible (e.g., Hadamard products
of matrices), leading to different categories based on the same objects and morphisms. Further, to
qualify as a category, there must exist an identity morphism associated with each object that relates
the object to itself (i.e., I4 : A — A) and whose compositions with all morphisms acting on that object
yields the original morphism (i.e., MoI4 = M and IgoM = M for all morphisms M : A — B). Again,
in the usual category of linear vector spaces, the identity morphism associated with the linear vector
space R" is simply the n x n identity matrix I,,. Conversely, it is important to note that the identity
morphisms and the composition law are intimately related; for example, if we define composition to
be the Hadamard (i.e., elementwise) product of two matrices, the identity morphisms in the resulting
category are not the usual identity matrices, but rather the n x n matrices E,, whose elements are all
1. Finally, composition of morphisms must satisfy the following associativity condition:

Xo(YoZ)=(XoY)oZ, (21)



for all compatably defined morphisms X, Y, and Z. It is not difficult to show that both ordinary
matrix multiplication and Hadamard products satisfy this associativity condition.

The objects of primary interest here are real-valued sequences {z}, and the morphisms are filters
F mapping one such sequence into another. Composition of morphisms is defined as the cascade
interconnection of two filters:

(G o Fli{wr} = GIF{w}]- (22)

The identity morphism associated with each sequence is simply the identity mapping taking the
sequence into itself, and it follows directly from the associativity of the composition of functions that
the composition law considered here satisfies the associativity condition (21). It is a standard result
that the cascade interconnection of two linear filters yields a third linear filter, from which it follows
that linear filters form a category. More generally, a family F of filters defined over a class O of
sequences defines a category if the following three conditions are met:

1. F{xg} € O for all {z} € O,
2. F must include the identity filters for all {z} € O,
3. F must be closed under cascade interconnections.

It is not difficult to show that the class of symmetric moving window filters defined in Eq. (3) satisfies
all three of these conditions: these filters map one real-valued data sequence into another, the identity
filter for any input sequence {zj} is obtained by letting ®(-) return the central element in the data
window (i.e., ®(wy) = xx), and the cascade interconnection of the symmetric moving window filters
defined by ®1(+) of half-width m; and ®5(-) of half-width my is the filter defined by ¥(-) of half-width
m1 + me given by:

\I](xkfmlfm27' sy Ty e - 7xk+m1+m2) = ©1(¢2($k7m17m27"‘ s Lh—myy -+ 7xk7m1+m2)7
...,@2(azk,m2,...,xk,...,aﬁk+m2),...,
(I)Q(xk+M1fm27 co oy Thdmyy - - - 7$k+m1+m2))- (23)

In the following discussion, it will be convenient to denote the category of nonlinear symmetric moving
window filters defined by Eq. (3) as NSMWF. The practical difficulty with the category NSMWF
is that it is so large that nothing useful can be said about it in general. It is therefore desirable to
consider smaller categories, either defined structurally like NSMWTF (i.e., every filter is defined by
specifying a window half-width m and a function ® : R*"*! — R), or defined behaviorally.

While most of the nonlinear filter families that have been defined and studied to date do not by
themselves define categories, any filter or collection of filters generates a category. In particular, given
any collection {F;} of nonlinear filters, note that the set consisting of the identity mapping together
with all possible cascade interconnections of filters from {F;} represent the morphisms in a category
with cascade interconnection as the composition rule for morphisms. As a specific example, while
the family of median filters does not define a category in and of itself, the set of all possible median
filter cascades does define a category MED. Note that this category includes all median filters as
morphisms, along with cascade structures like the data sieve described by Bangham [10].

One of the advantages of describing cascade interconnections in terms of category theory is that
nonlinear filter categories can also be defined behaviorally, as noted above and as the example discussed
below illustrates. The practical advantage of this observation is that, if a particular filter behavior
defines a category and a collection of filters is known to exhibit that behavior, it follows immediately
that the behavior is inherited by all cascade interconnections of filters in the collection. More formally,
a category S is a subcategory of the category C if the following four conditions are satisfied [12, p.7]:



1. Every object of S is also an object of C;

2. For all objects X, Y of S, the set of morphisms relating X and Y in S is a subset of the morphisms
relating X and Y in C;

3. Composition of morphisms o is the same in S and C;
4. For all objets X in S, the associated identity morphism in S is the same as it is in C.

It is not difficult to show that if all filters {F;} exhibit a behavioral characteristic B that defines a
category B, then the category F generated by {F;} is a subcategory of B.

As a specific illustration of a behaviorally defined category, note that the class of positive homo-
geneous filters defined in Section 3 defines a category, which will be denoted PH [33, Section 7.4.4].
To prove this, it is only necessary to show that positive homogeneity is preserved under cascade in-
terconnection, as follows. Suppose filters F and G are positive homogeneous; then, for every A > 0,
we have:

F o G{xr} = FING{xp}] = \F[G{zi}]| = A\F o G{xy}. (24)

Since, as noted in Section 3, the median filter is positive homogeneous, it follows that the category
MED of median filter cascades is a subcategory of PH, establishing that all median filter cascades
(e.g., Bangham’s data sieves) also exhibit positive homogeneity.

Other forms of behavior that define categories include linearity, location invariance, (full) ho-
mogeneity, homogeneity of order zero and positive homogeneity of order zero. Conversely, other
well-defined forms of nonlinear behavior are not invariant under cascade interconnection and therefore
do not define categories. A specific example is homogeneity of order v for v # 0, 1: it is easy to show
that the cascade interconnection of two homogeneous filters of order v is homogeneous of order v?,
which is distinct from v unless ¥ = 0 or 1. Another form of nonlinear behavior that does not define a
category is idempotence, discussed in Section 8.

Before concluding this discussion, it is useful to note the following two general approaches to
defining behavioral categories of nonlinear filters. The first is based on the notion of invariant sets:
suppose S is a set of real-valued sequences exhibiting some particular characteristic; useful examples
include boundedness, nonnegativity, or monotonicity, among many others. Now, suppose F and G are
two filters that preserve this sequence property, S C S and GS C S, meaning;:

{zr} €S = F{zx} €S and G{zi} € S. (25)
It follows immediately that this behavior is preserved by cascade interconnection:
FogScCS. (26)

Since identity mappings leave any set S invariant, it follows that the set of all filters F leaving a given
set S invariant define a category. Taking S as the set of all bounded sequences leads to the category
BIBO of filters that are bounded-input, bounded-output (BIBO) stable, a large category that includes
all symmetric moving window filters based on continuous functions ®(-) [33, p. 149].

A possibly more interesting subset-based nonlinear filter category is that obtained by taking S
as the set of all monotone sequences. It is well known that monotone sequences are invariant under
median filtering. More generally, these sequences are invariant under rank ordering, from which it
follows that the L-filter introduced in Section 3 reduces to a linear filter when the input sequence is
monotone [36], a result considered further in Section 9. Also, it is known that linear filters preserve
monotonicity if and only if their impulse responses are positive [33, p. 341], so the class of L-filters



defined in Eq. (14) preserve monotonicity due to the nonnegativity constraint imposed on the coef-
ficients there. Thus, although this class of L-filters does not define a category (i.e., it is not closed
under cascade interconnection), the category it generates (i.e., positive L-filters and all possible cas-
cade interconnections) is a subcategory of MONO, the category of monotonicity-preserving nonlinear
filters.

The second general approach to defining behavioral filter categories is based on the following
observation. Suppose M is a sequence mapping and consider the class of all filters F that commutes
with M:

FoM=MolkF. (27)

It is not difficult to show that this construction defines a category. Specifically, note that the identity
map commutes with all mappings M and if 7 and G both commute with M, then

(FoG)oM=Fo(GoM)=Fo(MoG)=(FoM)oG=(MoF)oG=Mo(FoG). (28)

As a specific application of this result, let M represent scaling by an arbitrary positive number,
M{zp} = {A\xr}, and note that the class of filters commuting with M corresponds to the class
of positive homogeneous filters. Similarly, if M represents translation by an arbitrary real number,
M{zp} = {xx+c}, the class of filters commuting with M corresponds to the class of location-invariant
filters introduced in Section 3. The fact that both of these classes—the positive homogeneous filters
and the location-invariant filters—define filter categories follows from the above construction.

5 Parallel interconnections and groupoids

For two linear filters, £ and L9, the parallel interconnection is obtained by driving both filters with
the same input and summing the outputs:

Yk = L1{zg} + Lofay ). (29)

It follows that this interconnection defines another linear filter and this construction, like the cascade
interconnection structures discussed in Section 4, represents a useful way of combining simple com-
ponents into more complex structures while retaining their most useful characteristics (i.e., linearity).
This approach can also lead to useful nonlinear filter structures, particularly when the filters involved
exhibit either homogeneity or positive homogeneity—of any order—since it is easy to show that this
behavior is preserved under the parallel sum interconnection implied by Eq. (29). A case in point is
the mean-median (MEM) filter described by Aysal and Barner [8].

Alternatively, if we replace the addition appearing in Eq. (29) with some other binary operation
@, we obtain a nonlinear system. A specific example is the MMD Volterra filter structure described
by Frank [19], where two linear systems are combined multiplicatively, replacing the sum in Eq.
(29) with a multiplication, obtaining a second-order (i.e., quadratic) Volterra model with certain
desirable characteristics [18, p.70]. In fact, the complete structure proposed by Frank follows this
“multiplicatively parallel” interconnection with a third linear system connected in series, providing an
example of the class of block-oriented filter structures discussed in Section 6.

The construction of Frank can be generalized further, replacing the addition appearing in Eq.
(29) with other binary operations. The qualitative behavior of the resulting system will depend on
both that of the two subsystems being interconnected and the binary operator selected. The range of
possible binary operations is uncountably infinite since any function f : R*> — R can be used to define
a binary operation, i.e.

rdy = f(z,y). (30)



For the design and analysis of composite nonlinear filters, however, it is useful to restrict consideration
to binary operations like addition that exhibit desirable algebraic characteristics. Perhaps the best-
known generalization of addition is the notion of a group; while the defining axioms for a group can
be restricted to the case of real variables of primary interest in this discussion, they are usually given
for an arbitrary (frequently finite) set ¥ and it is useful to do this here to lay the foundation for the
extensions to other data types discussed briefly in Section 10.2. Specifically, the set 3 and the binary
operator @ define a group G = (X, @) if the following four conditions are satisfied [28, p. 43]:

1. closure: x ®y € X for all z,y € 3;
2. associativity: x & (y ® z) = (xDy) ® z for all z,y,z € ¥;

3. unit element: there exists e € 3 such that x @ e = e ® x = x for all z € ¥; further, this element
is necessarily unique;

4. invertibility: for every x € X, there exists a unique element y € ¥ such that t Gy=y D x =e.

Since the set of real numbers R with addition form the group (R, +), the notion of a binary operator
@ that defines a group (R, @) may be viewed as a generalization of addition. Other, more restrictive
generalizations of addition are obtained by restricting consideration to operators @ that only satisfy
a subset of these four axioms. Thus, if (3, @) satisfies only axioms 1, 2, and 3, the result is a monoid,
while axioms 1 and 2 together define a semigroup, and axiom 1 alone defines a groupoid. As the
following discussions illustrate, we can base parallel interconnections of nonlinear component filters
on any of these algebraic constructs, but the characteristics of the interconnected system will depend
on which of these classes of binary operators we select. Also, while we do not exploit this observation
here, note that every monoid defines a category.

Taking the most general case first, note that any mapping f : R?> — R defines a groupoid operation
on R via Eq. (30). Using this groupoid operation generalizes the standard parallel combination defined
in Eq. (29) to:

y = (Fi{zi}) @ (Fofaw}) = f(F{ze}, Folan}). (31)

While this groupoid construction is the most general possible extension of the standard sum-based
parallel interconnection strategy for linear systems, it does introduce some important complications
when considering extensions to more than two parallel components. Specifically, unless the binary
operation @ also satisfies Condition 2 above (i.e., (R, ®) constitutes a semigroup), it is necessary to
specify the order in which these interconnected components are combined. For example, the intercon-
nection of three parallel components can be performed in any of six possible orders and the results
are generally not equivalent:

TOYP2)£r02BY) Ay (@ ®2) Ay 200) £ 2D (rBy) # 2D (y D ). (32)

In fact, even if @ does define a semigroup, it is generally not true that the operation is commutative:
that is, t @y # y ® z, in general. One of the advantages of addition is that it is commutative, so that
(R, +) defines an abelian group. It is the fact that addition is both associative and commutative that
allows us to re-order the terms of a finite sum at will, writing it as:

n
Tyt T+t T, = @ (33)
iz1

We can recover much of the simplicity of addition by restricting consideration to the following class
of binary operations, which have been used to define a nonlinear generalization of the class of linear
ARMA (autoregressive moving average) models for modeling dynamical systems [40].



The basis for this construction is the solution of the associativity equation [1, Ch. 1], a functional
equation satisfied by any associative binary operator:

r®(Ydz)=fz,f(y,2) = f(f(z,9),2) = (2 Dy) ® = (34)

The operator @ is said to be continuous if the function f(-,-) in Eq. (30) is continuous, and it is
cancellative if either ©1 ® z = o ® z or 2 ® 11 = z ® x9 for any z implies z1 = x2. (Note that if @
defines a group, then both of these conditions are satisfied since these equations may be combined on
either the right or the left by the inverse of the element z.) It has been shown that the operator @ is
continuous, associative and cancellative if and only if [1, Ch. 7, Thm. 1] it can be represented as:

z®y=9¢""[o(x) +oy)], (35)

for some strictly monotone, continuous function ¢ : R — R. Note also that e = ¢~ 1(0) defines an
identity element for (R, @) and that every real number z has an inverse given by y = ¢~ 1(—¢(x)).
Further, it follows from the commutativity of addition that this operation is also commutative: z®y =
y @ x. Thus, as in the case of addition, (R, ®) defines an abelian group and combinations of arbitrary
numbers of terms may be re-ordered at will, allowing us to define the generalized summation operation:

Pri=none - Gz, =¢" [Z ¢($z)]- (36)
i=1 i=1

It is important to emphasize that, despite the defining restrictions imposed, this class of binary
operators is very large, including both addition (for ¢(z) = x), multiplication (for ¢(z) = Inx), along
with the parallel combination:

zlly = (37)

x+y’

obtained by taking ¢(x) = 1/z and motivated by the parallel combination of resistors in electrical
networks, and the projective addition operator considered by Verriest [46] and obtained by taking

o(x) = 2/(1 - 2):
rTPYy=——"-—". (38)

6 Block-oriented filter structures

While parallel combinations of two or more individual filters can lead to useful new composite struc-
tures, a much more flexible design strategy incorporates both parallel and cascade interconnections.
This double combination approach leads to a class of nonlinear filters analogous to the class of block-
oriented nonlinear models popular in characterizing biological system dynamics, consisting of series
and parallel interconnections of linear dynamic models with static (i.e., memoryless) nonlinear ele-
ments [16]. Although any collection of nonlinear filter modules may be combined in this fashion,
this approach is most useful when the interconnections preserve some useful nonlinear behavior, like
positive homogeneity. This leads to a behavior-preserving “bottom up” design strategy that allows
complex filter structures to be built from simpler, well-characterized modules. One specific example is
the MMD Volterra filter structure of Frank [19], discussed in Section 5, which leads to useful Volterra
filters of much simpler structure (i.e., fewer filter parameters to be specified) than the general case.
The key to making the block-oriented filter design strategy useful lies in coordinating the cascade
and parallel interconnection strategies with the overall filter behavior we wish to preserve. As discussed
in Section 4, cascade interconnections are inherently behavior-preserving—if filters F; and F5 each
leave some behaviorally-defined set of sequences invariant, so do the cascade interconnections Fj o Fo



and Fy o F1—so the essential constraint on this block-oriented interconnection strategy is to choose a
parallel combination operator & that is behavior-preserving. It is also desirable, as noted in Section 5,
for & to be associative and commutative to simplify the interpretation of the resulting block diagrams.

As a specific example, suppose we wished to consider block-oriented combinations of positive
homogeneous components that preserved this behavioral characteristic. Adopting the class of parallel
combination operators @ defined by Eq. (35) to guarantee associativity and commutativity, we are
led to seek solutions ¢(-) of the following functional equation:

(A\z) @ (\y) = Mz ®y) = ¢~ (6(Ax) + 6(Ny)) = Ao~ ((x) + d(y)), (39)

for all A > 0 and all real x and y. Note that if ¢(x) exhibits positive homogeneity of any order v # 0,
it follows that

(M) = N'o(z) = Az =0 ' (\o(z)), (40)
for all real x and all A > 0. Substituting this result into the expression for (Az) @ (\y) gives

¢ o(A2) +o(\y)) = ¢ (N[e(x) + 6(y)])
= ¢(Woz@y)
= Mz oy), (41)

implying that Eq. (39) is satisfied. It is not difficult to show that the only positive homogeneous
functions ¢ : R — R of order v are of the general form [33, p. 115]:

) alz]” x>0,
for arbitrary real constants a and b. Note that this function is continuous and monotonic (thus
invertible [26, p. 181]) if and only if v # 0 and @ and b are both nonzero and have the same algebraic
sign. Taking ¢ = b =1 and v = 1 reduces @ to ordinary addition, but taking v # 1 leads to more
general parallel combinations.

7 Clones: generalized parallel interconnections

The block-oriented nonlinear filter class just described represents one generalization of the parallel
interconnection strategy discussed in Section 5. An alternative generalization is based on the concept
of a clone as defined in universal algebra [44, p. 11]. Take A as an arbitrary set, let » > 1 and ¢ > 1
be integers, let ¢; : A7 — A be arbitrary mappings for ¢ = 1,2,...,r, and let G : A" — A be another
arbitrary mapping. Here, A? denotes the g-fold cartesian product of A with itself and the dimension
of the domain of the functions ¢; and G is defined as their arity. A clone superposition is a composite
mapping of the form:

(I)(X) = G(¢1 (X)7 ¢2(x)7 R ¢7"(x))7 (43)

defined for all x € A%. A clone of A is a set of mappings that are closed under clone superposition
and that contains all projections of the form

Pi (X) = Ty, (44)

where ; is the i*" component of x. An important example of a nonlinear digital filter that may be
recognized as a clone construction is the FIR-Median Hybrid (FMH) filter class introduced by Heinonen



and Neuvo [24]. In the simplest case, r = 3, the outer function of arity 3 is G(z,y, z) = median{z, y, z},
and the inner functions ¢;(-) of arity ¢ = 2m + 1 are given by:

b1 (Wr) = ;jz::l Th_j,
P2(Wr) = xp,

p3(wy) = %Z Thtj (45)
j=1

More generally, the outer function G(- - -) in an FMH filter is a median of arity r and the inner functions
¢; are arbitrary linear FIR filters. Another closely related filter class that contains the FMH filters is
the class of FIR-WOS filters [48], a clone construction based on linear FIR filters as the inner functions
but replacing the outer median with one of the weighted order statistic (WOS) filters described below.

As in the case of categories, it is useful to consider filter classes that constitute clones, but as
in that case, most structurally-defined filter classes do not by themselves constitute clones because
they are not closed under clone superposition. Exceptions include both the class of linear FIR filters
and the class of nonlinear symmetric moving window filters [39]. Still, as the examples of the FMH
and FIR-WOS filters just described illustrate—and the other constructions described below further
illustrate—it is extremely useful to consider the clones generated by a collection of filters. That
is, given a finite collection {®;(---)} of functions defining a set {F;} of symmetric moving window
nonlinear filters together with all projections, the set of all composite filter structures defined by clone
superpositions of these components define the clone generated by the filters {F;}. Also as in the case of
categories, it is possible to define clones based on behavioral characterizations. Again, the advantage
of this observation is that if the filters {F;} all exhibit some desirable behavior B and this behavior
defines a clone, it follows that all filters in the clone generated by the set {F;} exhibit behavior B.

As a specific example of a behaviorally defined clone, note that if the functions G : R” — R and
¢; : RT — R for i =1,2,...,r are all positive homogeneous, it follows that

DOX) = G(e10%), ., 6, (0%)) = GOG1(X), ..., A6, (X)) = AG(B1(), .., 6,(x)) = XB(x).  (46)

Since projection operators are positive homogeneous, it follows that the family of positive homogeneous
filters defines a clone. Analogous reasoning shows that the family of location-invariant filters also
defines a clone, as does the family of range-preserving filters (i.e., filters F such that a < xp < b for
all k and {yx} = F{x} implies a < y;, < b for all k) [39].

An important aspect of the clone construction is that it is very general, encompassing all of
the interconnection strategies described above—i.e., cascade interconnection, parallel interconnection,
and block-oriented structures—together with a number of others. The easiest of these special cases to
demonstrate is parallel interconnection: letting

G(xi,x9,...,2,) =21 D (22D (... Dxy)...)), (47)

it follows that the parallel combination of r filters {JF;} corresponds to their clone superposition. Thus,
including functions of arbitrary arity based on the binary operation @ with the finite filter set {F;}
provides a clone-based representation of arbitrary parallel combinations.

Similarly, suppose F and G are two symmetric moving window filters and consider their cascade
interconnection, given by:

Rk = F{yk} = \Ij(yk—ﬂ’m e Yky - - ayk-i-m)a
Yk :g{ﬂfk} = @(mk_n,...,xk,...,xk_,_m). (48)



Combining these equations gives the following equivalent expression for the cascade interconnection:

zk =FoG{xr}t = V(P(Thom—ns- s Thmmys s Thmmin)s s L(Thny oy Thoy o oy Thogn),
ooy P(Thtme—ny - - s Thtmy - - > Thtmtn))
= U(om(Tpny e s Thy ooy Tham)y v oo s PO(Thriy + oy Ty« + s Thotm )
s O (Th—ps e ooy They e oy Thotn)),s (49)

where the functions ¢; : R?"*! — R represent clone superpositions of the function ® : R?"*! — R
with the projections P;:

¢i($k—n7 oy Ly v ey xk-{-n) = Q(xk‘—n-i-ia ey Lhtgy e e - 7$k+n+i)7 (50)

for i = —m,...,0,...,m. It follows from this observation that the clone generated by a family of
filters {F;} contains the category generated by this family.

Combining these last two results, it follows that the complete family of block-oriented structures
defined by a family {F;} of filters and a binary operator @ is contained in the clone of filters gener-
ated by the underlying functions that define these components. In addition, every clone containing
functions of arbitrary arity (e.g., functions like the median that are well-defined for arbitrary numbers
of arguments) also contains the corresponding weighted filters, defined by:

Fwlwr} = (W © Ty« -+, WO O Ty« vy Wiy © Thotm), (51)

where w; ¢ x4 ; denotes w;-fold replication of the observation ;. This result follows from the fact
that w; ¢ 14; may be represented as the clone superposition of x; with w; copies of the projection
operator P;. Thus, if a clone contains the unweighted filter F, it also contains all possible weighted
versions of the filter, Fy, for all integer weight vectors w. Probably the best known example of a
weighted filter is the weighted median filter [15, 25]:

F{xp} = median{w_,;, © Tk_pyy -, W0 © Thy - -« y Wiy © Thtm 1 (52)

which has been studied extensively: the survey by Yin et al. [49] lists 126 references describing
its properties, its relationship with other filters, and a range of applications in both one and two
dimensions. More generally, the family of weighted order statistic (WOS) filters is defined by Eq. (51)
where the function ®(-) is taken as the j*"-largest element in the augmented data window defined
there [47].

As an illustration of the power of the clone construction, consider the clone generated by the
family of L-filters defined in Eq. (14), which will be termed the “L-filter clone” in the following
discussion. Since this family contains the standard unweighted median filter, it follows that the L-
filter clone contains the category MED, and thus all median filter cascades. Similarly, it follows from
the results presented above that the L-filter clone contains all weighted median filters with integer
weights. Further, since the only linear L-filter is the unweighted average appearing in the simple FMH
filter defined in Eq. (45), it follows that this filter—constructed from the clone superposition of the
three-place median with suitable projections and two copies of the unweighted linear average filter—
also belongs to the L-filter clone. More generally, note that the L-filter clone contains all weighted
linear average filters of the form:

Ew{xk}: i Ozj.%'k,j, (53)

j==m

where the filter weights {a;} are given by:

(54)



Note that this means all filters with rational, nonnegative weights summing to 1 can be implemented
using this construction. Thus, it follows that all FMH filters based on such linear FIR filters are
included in the L-filter clone. Similarly, it follows that all FIR-WOS hybrid filters based on these
linear components are included in the L-filter clone. In fact, it is not difficult to show that most
of the nonlinear digital filters discussed by Astola and Kuosmanen [7] are members of the L-filter
clone [39]. Further, it is easily shown that the L-filters defined in Eq. (14) are positive homoge-
neous, location-invariant, and range-preserving; since all three of these behaviors are preserved under
clone superposition, it follows that all of the filters contained in the L-filter clone also exhibit these
characteristics.

8 Idempotent nonlinear filters and root sequences

As noted in Section 2.2, a root sequence {ry} for a filter F is one that is invariant under the action of
the filter:

Flrp} = {r}. (55)
Closely related to the notion of a root sequence is that of idempotence: the filter F is idempotent if it
satisfies the condition:

FHar} = FF{a}] = Flar}, (56)

for all input sequences {xy}. Letting {yx} denote the filter’s response to the arbitrary input sequence
{zk}, it follows from this result that {yx} is necessarily a root sequence: F{yr} = {yx}. In words,
this observation means that an idempotent filter converts any input sequence into a root sequence in
one pass.

While the concept does not seem to be nearly as useful in the theory of linear filters, it is worth
noting that there is nothing inherently nonlinear about the notion of root sequences. That is, invariant
sequences exist for linear filters as well: the zero sequence is a trivial root sequence for any linear filter,
but other root sequences generally also exist. In contrast, the class of idempotent filters is an essentially
nonlinear one. In particular, suppose £ is a linear idempotent filter and recall that, like the impulse
response characterization noted earlier, linear filters are also fully characterized by their frequency
responses H(w). Further, one advantage of this characterization is that the frequency response of
the cascade interconnection of two filters is simply the product of the individual frequency responses.
Since repeated application of the filter £ is equivalent to the cascade interconnection of £ with itself,
it follows that an idempotent linear filter must satisfy the condition [37]:

H?*(w) = H(w), (57)

for all frequencies w, implying H(w) = 0 or 1 for all w. These conditions are satisfied by unrealizable
ideal filters that fully pass all signals within one frequency band while fully rejecting those in all other
frequency bands. In fact, the only realizable solutions of this equation are the trivial cases H(w) =0
for all w—the zero filter, which rejects all signals—and H(w) = 1 for all w—the identity filter, which
passes all signals unmodified. In contrast, nontrivial idempotent nonlinear digital do exist, including
the recursive median filter mentioned earlier [31], morphological opening and closing filters [43], and
the recursive Class 1 and nonrecursive Class 2 filters described by Haavisto et al. [23, 49].

It is interesting to note that the class of idempotent filters does not define a category since the
composition of two idempotent filters need not be idempotent (see Pearson and Gabbouj for a coun-
terexample [37]). Since every clone contains the corresponding category, it also follows that the class
of idempotent filters does not constitute a clone. Conversely, it is not difficult to show that if F and
G are idempotent filters that commute, then their composition is idempotent [37]:

(FoG)Y?=FoGoFoG=FoGoGoF=FoGoF=FoFoG=Fog. (58)



In fact, this result is closely related to root the sequence characterizations for the filters F and G. Let
RF and Rg denote the root sequence sets for F and G and note that since idempotent filters map
arbitrary sequences into root sequences in one pass, it follows that:

FoG{xr} € Rr and Go F{xy} € Rg, (59)

for all sequences {zj}. Thus, if the idempotent filters F and G commute, it follows that the action
of either of these compositions must map all sequences into the intersection Rxr N R¢g of these root
sets. Hence, a necessary condition for idempotent filters to commute is that their root sets intersect.
Further, suppose Rg C Rx and note that this implies that, for all {xy},

FoG{art=G{zx} = FoG=g, (60)

so the composition is trivially idempotent. Conversely, let {zx} = G o F{x} and note that since G is
idempotent, {z;} € Rg C Rr. Hence,

(G o F){zr} = Go Flz} = G{zr} = {z} = G o Flau}, (61)

for all real sequences {z}, implying that the cascade interconnection G o F is idempotent. Overall,
these results suggest that the cases where idempotence is not preserved under cascade interconnection
are those where the root sets are “too dissimilar” [37].

Although the class of idempotent filters does not define a category, the notions of category theory
are extremely useful in characterizing these filters. In particular, Pearson and Gabbouj [37] develop a
number of category-theoretic based constructions for idempotent filters that are based on factorization
results for idempotent matrices and other results from linear algebra.

9 Restricted forms of linearity

As a final illustration of the applicability of algebraic ideas to the characterization of nonlinear filters,
the following discussion briefly considers the class of restricted linear filters, a behaviorally-defined
class of nonlinear filters defined in joint work with Jaakko Astola [36]. The basic idea of this filter
class is to require linearity to hold, not for all sequences, but only for some subset S. First, note that
a cone of sequences is any set K satisfying the following condition [51, p. 28]:

{l‘k}, {yk} e = {Oél’k + ﬂyk} er, (62)
for all o, 6 > 0. Given a cone I, define the filter F to be C-linear if the following two conditions hold:
a. the cone K is an invariant set for F, i.e., {x;} € K = F{azi} € K;

b. the filter F is positive-linear on IC, meaning that:

Flawy + Byey = oF{xr} + 8F{yk},
for all {zx},{yx} € K and all o, 3 > 0.

It is important to note that while any linear filter £ satisfies Condition (b) on any cone K, Condition
(a) is generally not satisfied without imposing some restrictions on L.

The specific class of C-linear filters considered here is based on the cone 7 of increasing pseudocausal
sequences, defined as those sequences {xy} such that x; = 0 for all £ < k* for some finite £* < 0 and
Tr4+1 > xk for all £ > k*. The resulting class of monotone-linear filters consists of all shift-invariant



filters F that are K-linear with respect to this cone. An interesting behavioral characterization of
this class is that, like fully linear shift-invariant filters, they are completely characterized on the cone
Z by their unit step response [36]. To emphasize the inherent nonlinearity of this filter class, note
that it contains the entire class of L-filters defined in Eq. (14). This result follows from the fact
that all sequences {x}} in the cone 7 are invariant under rank-ordering (i.e., x(;y = xj4; for all
j=—-m,...,0,...,m), as noted earlier. Thus, the L-filter acts linearly on Z, establishing defining
Condition (b); Condition (a) follows from the fact noted earlier that linear filters preserve monotonicity
if and only if the filter coefficients are nonnegative.

It is also worth noting that the class of K-linear filters for any cone K defines a category. Specifically,
the objects in this category are the sequences {x;} € K, the identity morphism for all objects is
the identity filter which satisfies the KC-linearity conditions trivially, and composition of morphisms
corresponds to cascade interconnection, as in Section 4. To see that IC-linearity is preserved under
cascade interconnection, note that for all {zy},{yx} € K and all «, > 0, we have:

FoGfazy+ By} = FlaG{zi} + 66{u}]
= aF oG{xi} + BF o G{yx}, (63)

for any pair of K-linear filters F and G, establishing Condition (b) for K-linearity. Note that Condition
(a) follows from the preservation of set-invariance for cascade interconnection noted in Section 4.

This last observation leads to the following general construction procedure for C-linear filters: form
cascade interconnections of filters of the following types:

a. linear filters £ that leave the cone K invariant;
b. nonlinear filters F whose root set Rz contains K.

Note that any filter F satisfying this second condition acts as an identity filter on the cone K and is
thus trivially KC-linear. The cascade interconnections £ o F and F o £ both simply reduce to £ on
the cone K, but these filters are, in general, neither equivalent nor linear for sequences {zx} ¢ K. As
a specific example, note that Z C R for the standard median filter M and, as noted above, linear
filters with nonnegative coefficients leave the cone 7 invariant. Thus, cascades formed from these two
filters are monotone-linear but exhibit very nonlinear behavior for nonmonotonic sequences, and the
two cascades £ o M and M o L formed by these two filters manifest this nonlinearity differently [36].

Another “bottom-up” procedure for construct KC-linear filters on an arbitrary cone K is to form
the following weighted parallel combination:

n

Glany =) aiFi{ar}, (64)
i=1
where a; > 0. Combining this construction with the observation that IC-linear filters are closed under
cascade interconnection, it follows that all block-oriented models built from K-linear components using
Eq. (64) as the parallel combination rule are again K-linear. Again considering the specific example
of monotone-linearity, note that this construction leads to the following monotone-linear filter which
does not belong to the category generated by the class of L-filters:

Lo M{zp}+ Mo L{x}
2 9y

where £ is an arbitrary linear FIR filter with nonnegative coefficients and M is the standard median
filter. This example demonstrates that the category of monotone-linear filters is larger than the
category generated by the class of L-filters; other monotone-linear filters not derived from L-filters are
described in the paper by Pearson, Astola, and Gabbouj [36].

Gz} = (65)



10 Some important extensions

To keep the scope of this article manageable, the focus has been restricted to filtering real-valued
sequences, as noted in the introduction. The ideas presented here can be usefully applied in a number
of other settings, however, and the following subsections briefly address two particularly important
ones: two-dimensional filters, required for applications like image processing, and non-real data types,
which arise naturally in a wide range of applications (e.g., analysis of DNA sequence or protein
sequence data, processing of streaming data records of mixed type, etc.).

10.1 Two-dimensional filters

While detailed descriptions of the resulting filters are generally more complex in the two-dimensional
case, all of the key ideas presented here—homogeneity, category-theoretic descriptions of cascade inter-
connections, parallel interconnections based on groupoids, block-oriented constructions, and clones—
extend directly to signal sequences of two (or more) dimensions. Indeed, note that all of the one-
dimensional nonlinear digital filters described by Astola and Kuosmanen—many of which are used
to illustrate specific constructions or concepts here—are presented along with their two-dimensional
analogs [7]. Further, the greater complexity of filters in the two-dimensional case argues for sim-
ple “bottom-up” construction procedures like those described here even more strongly than in the
one-dimensional case.

The two-dimensional analog of the symmetric moving window filter defined in Eq. (3) maps the
two-dimenaional input sequence {(zk,yr)} into the output sequence {(vg,wy)} defined by:

U = q)(xk—ma"'aka"7xk+m>yk—m7"'7yk>"'7yk+m):(p(I‘IC)v
UV = \Il(mk—ma'--a-rka---7xk’+m7yk—m>'"7yk‘a"'7yk+m):\Il(rk?)7 (66)

where rj is the rectangular moving window defined by the vertical components xy_,, through zp. .,
and the horizontal components yx_,, through yit.,,. Note that this filter exhibits homogeneity of order
v if the functions ® : R**2 — R and ¥ : R*™*2 — R are both homogeneous of order v. It would
be possible to consider mixed homogeneity conditions with, for example, the two functions exhibiting
homogeneity of different orders, but it is not at all clear when this might be practically advantageous.

As in the univariate case, cascade interconnection of two-dimensional filters corresponds to func-
tional composition, which is amenable to the same category-theoretic description presented in Section
4. The same may be said of parallel combinations via some groupoid, semigroup, or abelian group
operator as discussed in Section 5, again leading to the prospect of useful block-oriented structures
like those described in Section 6. An important point is that both cascade and parallel interconnection
strategies must consistently process both components of the two-dimensional signal. The simplest way
of doing this is componentwise, leading to cascade interconnections described by:

U = q)l((I)Q(rk?—n)a ce <I>2(I'k), s 7q)2(rk+n)>a
Vr = \Ifl(\lfg(l‘k_n), ey \Ifg(rk), ceey \I’Q(Fk+n)), (67)
and parallel interconnections described by:
u, = O1(ry) © P2(rg), and vy = Vq(ry) © Ua(r). (68)

Of course, more complex alternatives are certainly possible in both cases, and these may be advan-
tageous in certain circumstances (e.g., correcting for angular distortions in images). For example, we
could consider “inherently two-dimensional cascades” of the form:

up = Ti(@a(rh—n), ..., Pa(ri), .., Po(rhin), Vo Th—n), -, Wa(rp), ..., VaTiin)),
Fg(q)g(rk_n), ey <I>2(rk), PPN (I>2(I']€+n), \I’Q(I'k_n), PN ‘Ifg(l‘k), ey \Ifg(rk+n)), (69)
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where I'; : R**2 — R and I's : R**2 — R are moving window filter functions. As in the case of more
general notions of “mixed homogeneity” noted above, it is not clear when the more complex cascade
interconnection strategy described in Eq. (69) would be advantageous. Similar comments apply to
the clone interconnection strategy, generalizing the two-dimensional FIR-Median Hybrid filter. In
particular, the key challenge in applying the algebraic ideas presented here to filtering problems in
two or more dimensions lies in using them to help manage the inherently greater complexity of these
filters than that seen in the one-dimensional case.

10.2 Other data types

Both the one-dimensional nonlinear filters discussed throughout most of this article and the two-
dimensional filters discussed briefly in Section 10.1 are based on real variables. While most signal
processing procedures to date have been concerned with real-valued sequences, there is growing interest
in other data types, both in applications like DNA or protein sequence analysis [11] involving nominal
(i.e., categorical) variables and in data mining applications based on the streaming data model [9],
appropriate either when the dataset to be analyzed is too large to fit in main memory or in applications
like telecommunications, financial services, e-comerce, or sensor network data analysis where the
length of the data sequence is effectively infinite. An important aspect of these latter applications is
that they frequently involve mized data types: multivariable sequences with components of different
types (e.g., binary, real-valued, integer-valued, categorical and ordinal). An important characteristic
of applications involving variables that are not real-valued is that standard linear operations (i.e.,
addition and multiplication) are either not defined (as in the case of categorical variables) or give rise
to meaningless results (e.g., non-integer averages of integer-valued data sequences). As a consequence,
in cases where useful signal processing is feasible for these variables, it is necessarily nonlinear.

The most challenging cases are those involving categorical variables with no additional mathemat-
ical structure since there we can only count the occurrances of individual levels in the sequence or in
a portion of the sequence, or make binary comparisons (i.e., observations z; and zj, either assume the
same value or assume different values). In favorable cases (e.g., spectrum estimation), it is possible to
incorporate the results of these counting and comparison operations into an intermediate real variable
that can be processed by known methods (e.g., correlation estimation in the case of Blackman-Tukey
spectrum estimation) [38], but in unfavorable cases, our signal processing options may be extremely
limited.

The situation is much better for ordinal variables, endowed with a total order [17] since there we
can compute ranks so techniques like median filters, median filter cascades, or weighted median filters
remain useful, even though notions like homogeneity or location-invariance are no longer meaningful. It
is important to emphasize, however, that order can only be reasonably exploited if it occurs naturally
in the original data and is not ¢nduced through some sort of coding artefact. It has been shown,
for example, that spectral analysis of numerically coded DNA sequence data exhibits an undesirable
dependence on the details of the coding scheme [11].

Intermediate between ordinal variables (corresponding to the order-theoretic notion of chains where
any two values can be ordered) and nominal variables (corresponding to antichaims where no two values
can be ordered) is the class of partially ordered sets in which some pairs of elements can be compared
but not all pairs can be [17]. There, it is possible in some cases to exploit the order relation to define
useful binary operations (e.g., the Dedekind groupoid discussed by Pearson and Gabbouj [38]), but
the inability to unambiguously rank all data values significantly reduces our range of flexibility in
developing signal processing algorithms (e.g., median filters are no longer useful).

Despite the complications inherent in dealing with non-real or mixed data types, the algebraic
approach to these problems seems particularly promising since many of the basic ideas presented here



can be applied to these data sequences. In particular, the notions of categories, groups, semigroups,
groupoids and abelian groups can all be defined on arbitrary sets, as can clones: indeed, the field of
universal algebra is fundamentally concerned with the properties of operations on sets [44].

11 Summary and conclusions

While there is no “nonlinear algebra” comparable in power and applicability to standard linear algebra,
this article has attempted to demonstrate that algebraic ideas can be extremely useful in defining,
characterizing, and understanding certain specific classes of nonlinear digital filters. As noted in
Section 1, one of the great advantages of linearity is that it can be defined either structurally or
behaviorally, and these two definitions are essentially equivalent. One of the primary difficulties in
dealing with nonlinear filters is that “nonlinearity” is neither inherently structural nor inherently
behavioral, but the examples presented here have demonstrated that both structural and behavioral
classes of nonlinear filters can be defined and used to enhance our ability to understand and design
useful filters.

Useful structural characteristics include cascade and parallel interconnections, which may be at
least partially characterized in terms of category theory and notions closely related to group theory
(i.e., groups, semigroups, groupoids, and abelian groups). In practical terms, note that cascade
interconnections form the basis for filters like the data sieves discussed in Section 4, while parallel
interconnection strategies arise in filters like the mean-median (MEM) filter described in Section 5.
Combining both of these ideas leads to the notion of block-oriented nonlinear filter classes, analogous
to the block-oriented nonlinear dynamic model classes used in modeling biological system dynamics
[16] and which has been exploited in the design of practical Volterra filters like the MMD structure
described in Section 6. A still more general extension of cascade and parallel interconnections is that
based on the notion of a clone from universal algebra, which generalizes the construction on which
FIR-Median Hybrid (FMH) and FIR-WOS filters are based. Indeed, it was noted in Section 7 that
most of the nonlinear filters described in the book by Astola and Kuosmanen [7] belong to the clone
generated by the class of L-filters.

One of the reasons these algebraic notions are useful is that in some cases the interconnection
strategies just described can be shown to preserve useful nonlinear behavior. Specific examples con-
sidered here include homogeneity, positive homogeneity, location-invariance, boundedness, and mono-
tonicity. The practical advantage of this observation is that simple nonlinear filters exhibiting these
characteristics are often known and these “bottom-up” construction procedures (e.g., cascade and/or
parallel interconnections, clones, etc.) can be applied to generate more complex—and thus more
flexible—mnonlinear filters that preserve these desirable characteristics.

We can also attempt to design nonlinear filters in a “top-down” fashion, specifying a desirable
behavior and seeking filter structures that exhibit it. Often, this approach leads to functional equations
like the Cauchy equations discussed in Section 3 which can, in favorable cases, be solved to provide
explicit characterizations. As a specific example, a complete characterization of positive homogeneous
functions is known [1, p. 44] and this has been used as a basis for designing positive homogeneous
nonrecursive filters [35]; the extension to the recursive case is much more difficult [34]. An intermediate
case is that of idempotent filters discussed in Section 8: as the results presented there demonstrated,
some useful insights into the nature of idempotent nonlinear filters can be obtained using the algebraic
ideas presented here, but the results fall short of general prescriptions for constructing idempotent
filters (for a further discussion along these lines, refer to the paper [37]).

Finally, note that while the discussion of two-dimensional filters and non-real or mixed data types
given in Section 10 was quite brief, it appears that the algebraic ideas presented here can be extremely
useful in these applications. This is particularly the case in dealing with non-real data types, where



signal processing is inherently nonlinear due to the frequent lack of well-defined addition and multi-
plication operations. Since the basic algebraic ideas of categories, groups, groupoids, and clones can
all be applied in very general settings, they represent some of the only analytical tools available for
dealing with these problems.
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