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ABSTRACT

In this paper, a new optimization algorithm based on
the minimax error criterion is presented. The algorithm
assumes a parameterized environment where the input to the
stack filter can be modelled by some parameterized stochastic
process.

First, it is assumed that the signal parameters are fixed
while the noise parameters vary over a pre-determined
range. The algorithm’s task is to pick an optimal stack filter,
among the set of all stack filters, which minimizes the worst
effect of the noise in the minimax sense. This optimization
scheme is illustrated through an example.

Later, the optimization algorithm is generalized to
allow parameter variations in the underlying input signal
itself. This scheme can for instance deal with data-dependent
noise. The optimization goal remains the same, that is, to
pick an optimal stack filter which minimizes the worst effect
of noise and signal parameter variations in the minimax
sense.

Both algorithms can be solved using a 0-1 linear
program. A Linear program would suffice where soft
decisions are acceptable. In this case, the stacking property
of the resulting filter is still preserved provided that it be
interpreted in the probabilistic sense.

I. Introduction

In many estimation problems, the underlying input
signal process and the corrupting noise process are often
described each by some parameterized stochastic model.
Variations in the model parameters usually have various
effects on the performance of the estimation process. The aim
of this paper is to develop an optimization algorithm to pick
an optimal stack filter, among the class of stack filters, which
minimizes the worst effect of parameter variations in the
minimax sense.

Previous optimizations algorithms over the class of
stack filters were all based on the mean absolute error
~-iterion, i.e., optimization in L, [1-4] where the underlyin®

- .<vses are assumed to have fixed parameters.
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“hough this error criterion might prove useful in itnags
processing since it leads to the conditional median as the
optimal estimator [1], there do exist other error criteria, such
as the MSE and the maximum absolute deviation.

In this paper, the latter is chosen because a minimax
solution guarantees that the errors associated with the
approximation fall within specified limits where these limits
were made as small as possible with no increase in the
complexity of the calculations involved.

The most interesting factor in this optimization process
is, perhaps, the fact that it can be accomplished using a linear
program (LP). A similar approach was used in [5] where the
aim was to pick the best stack filter which minimizes the
maximum absolute deviation between the output signal and
some desired input.

This paper is organized as follows. In the next section,
the optimization theory is presented. It is shown that the best
stack filter which minimizes the worst effect of noise in the
minimax sense can be found via a linear program. In section
I, an application example is shown. In section IV, the
optimization scheme is further generalized to allow
variations in the parameters of the signal model. Section V
contains some conclusions.

II. Minimax Optimization in a Parameterized Stochastic
Model

Suppose that the noise corrupting the signal comes from
some parameterized stochastic process. The minimax
problem will then select the best filter that will perform in a
robust manner in the presence of various noise parameters.

Assume that the noise process N () belongs to a certain
family of stochastic processes parameterized by the set of
parameters A € A. The set of parameters is at this point
arbitrary, but finite. By conditioning on the value of A, one
would like to determine the positive Boolean function f ()
which minimizes the worst effect of the noise under different
values of A.

An instance of a minimax problem is:
min max £[156)-S,Wae)! 1A=X], ()
feBy AeA

where S 7 () is a stack filter based on the n-variable positive
Roolean function f € B,, S(t) is the M+1-valued input
..nal, and W, (¢) is the window state at time ¢.
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Using the threshold decomposition and the stackirg
property, rewrite Eq. (13) as follows.

M -
i Ells — 1 1A=A|. 14
anug_ %‘3\ Ei [sl fw) ] 14

Consider the expression inside the summation and use
successive conditioning on wy;.

E[ls—f wa)l 12=1 =
Ey [E[ls, —F @) 1x=i,wu=.7u]]. @s)

Now, the inner expectation is a function of A and wyy. From
previous analysis in the MAE case, Eq. (15) is equivalent to:

Ey [aY@mP, 1B D+ OS] a6
where
DA wy=1-2rn(11w) and POAW)=n(1wN).
Taking the expectation over W reduces to:
> [a(’ In(w )Py (11w 1) + Bf! )n(W)] =
w e Qw
2* —
Tar 1wy +BY, an
i=1
where
—- — 2* —
o= aPAwnow;) and BP=3, BOAwmw;).
i=1
Now, Eq. (14) can be rewritten as:
M |2° —
; a® e Q)
min max ol 'Pr(1lwy,)+ s (18)
PR e PR
which is equivalent to:

.
min max ¥ &P, (11%ws,)+ s, 19)
feB.st,Ei s w*h

M M_
where @; = Za,‘.(’) and Bi= EB{‘).
i=1 =1
Now, suppose that A c €% ie., A={A;, Ay ..., A0}
A; € R. InEq. (19) above, let

»
X, =Y O, ;Pr(1lwg, ) +Pz,, (20)
i=1

then the new LP which will find the optimal stack filter for
the multiple level input has the following structure:

min u

st Xe<u k=1,...,d @1
AX <b
X,u20.

A is the matrix containing the stacking constraints, see [2].

Remark: The size of the matrix A is O(n2"), thus if
d <n2", then the minimax LP and the MAE LP have the
same order of complexity. Furthermore, if d <« 2", then the
multiple level minimax LP contains fewer inequality

istraints than the previous binary minimax LP, see [¢

‘towever, one must mention that the overhead for :
multiple level case is much more involved.

IT1. Applications

In this section, some examples will be treated in which
some stochastic models for the signal and the noise are
assumed.

II1.1. Description of the Signal

In the following optimization examples, the signal s (¢),
t=0,1,... is an irreducible, discrete-time Markov chain with
state space Q¢ ={q;.42,.-., q4} and state transition

matrix
P11 P
P2 Pam
ps = . .
PM1 Pum

Since all the information about the statistics of the different
threshold levels is contained in the coefficients of Eq. (20),
one can just consider a binary valued signal as the input to
the filter. This neither reduces nor increases the complexity
of the LP that finds the optimal stack filter, but it does reduce
the overhead.

Once the state transition matrix P, of the signal has
been determined, the following system of linear equations is
solved:

h(G)= X hG)P,(i.j); jeE, (22)
icE
with
Y h(G)=1, (23)
JeE

where E is the index set of the states in ;. This produces
the limiting probabilities of the states of the signal which are
all recurrent non-null.

II1.2. Description of the Noise

The noise n(t), t=0,1,2,..., corrupting the signal, is also
an irreducible, discrete-time Markov chain with state space
Q, ={X,Y,Z} and state transition matrix P, parameterized
by a parameter set A = (A;,Ay) € A < 8%,

A 1A,
P, = A A IR, |,
It dy A

where 0<A;,A,<1 and 0<A; +A,<1. Again, the noise is
assumed to be independent of the signal. The states of the
noise in @, act upon the signal in the following manner:
If the noise is in state:

X _it does not interfere with the signal,

Y _it drives the signal to its highest value,

Z _it drives the signal to its lowest value.
Solving the system of linear equations in (22) with condition
(23), the following limiting probabilities for the

rameterized noise process are obtained:



M +20 - D),y

Tk, ti-h—h
vX)= T ,
I
YO =T Ty

and
v(Z)=1-vX)-v().

IIL3. Description of the Received Process

The process which appears at the input of the binary
stack filter is called r(t), t=0,1,2,... This received binary signal
is an irreducible finite state Markov chain; furthermore, it is
assumed to be a memoryless function of the signal and the
noise processes. Since the signal and the noise are
independent, the received process is the output of a
memoryless function operating on a Markov process. The
state space O, associated with this process is the product
space O, x Q, and its transition matrix is

PF = PS @ P’l 4
see [2], where ® denotes the Kronecker product for matrices.

IIL4. Constructing the Binary Window Process

At any time ¢, there is a sequence of » bits in the filter’s
window, (sometimes, n is referred to as the window width of
the filter). Therefore, the process which specifies the
transitions between all the possible 7 -bit sequences (there are
2" of them) is constructed from the elementary single sample
definition of the received binary process.

Let Q,, denote the state space of the window process,
then Q,, =(Q,)", that is Q, crossed with itself » times.
Label the states in 0. as follows:
Q,={41:92+- -+ Qpu~ }, Where m is the number of states
in Q, and each g; is a binary sequence of n bits. The state
transition matrix P,, was found in [2] to be

Po=31n; ® OL;.P) ® [yes © 1, (%)
i=1

where
1,,; is a column vector with a 1 in the i ’th entry.
P, is an (m xm) square matrix, the state transition
matrix for the received process.
1,, is a column vector of m 1's.
1«2 s the (m" 2 x m"~?) identity matrix.
T denotes the transpose operation.
The limiting probabilities of the binary window process with
the above state transition matrix are arranged in vector &

E=[r (W, TW, -, KWy,
where & (w;)=lmP (w(t)=w;).
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More specifically, consider the following state space of
the input signal taken from [6],
Q, ={(0.),(0,6),00,).(1.3).(1,b).(1.c)},
1..: the state transition matrix is

010 000
001 000
0 004060 0
Psi=1p 00 010
000 001

040 0 0 006

A careful examination of P, reveals that any signal, thatis a
Markov chain, with the above state transition matrix must be
a root signal to a window width five median filter.

Solving the system of linear equations in (22) with
condition (23), one obtains the limiting probability vector A
whose components are:

h(0,a) = 0.12245 , h(0,b) = 0.12245 , h(0,c) = 0.20408
h(1,a) = 0.12245 , h(1,b) = 0.12245, h(1,c) =0.30612.

IILS. The Received Signal

The state space of the received signal is 0, =Q¢ xQ,
with 6x3=18 states. The noise process was described
earlier. The parameterized state transition matrix of the
received process is

o P, 0 0 0 0]
o o P, O O O
0 0 04P, 06P, 0 O
P,=P,®P,=| 9 0 0 ©0 P, O
0o 0 0 0 0 P,
047, 00 0 0 06P,

Then, again the window process is formed and the
limiting probabilities of the corresponding window state
space Q,, are computed as was outlined in [6]. Next, the cost
coefficients are generated and the LP is used to solve for an
optimal filter.

I11.6. Examples
Let the parameter set be further constrained as follows,

1 1 1
5‘51.1(1, 0<;\q’< —E, Esxl'ﬂ')vl(l,

and divide the unit interval into 10 equal intervals.
Removing all combinations of A,,A;, which produce reducible
Markov chains, one is left with the following values of the
parameters:

A={(0.50.1), (0.50.2), (0.5,0.3), (0.5,04), 0.60.1),
(0.6,0.2) ,(0.6,0.3), (0.7,0.1) , (0.7.0.2), 0.8,0.1)}.

According to Eq. (21), 25 additional constraints will be
added to the stacking constraints to form the over all
constraint matrix. Once again, one is confronted with
randomization. The additional constraints have real valued
coefficients and the over all constraint matrix is no longer
totally unimodular [7]. However, simulation results show
that when the number of constraints added to the stacking
constraints is much smaller than 27, then only few decisions
will be soft decisions. In the simulations shown below

»cision variables take on exactly one of these three value:

., 1 with 0 € x £ | in most cases.

As was previously done in the MAE case, one Ca:
niodify one of the cost coefficients, for instance, cW;.10
and get different optimal filters.



Fabic 1: Sub-Optimal ww 5 filters for various cost factors.

C (w;,1,0) S (x1x0x3,x4x5) W.MNME
0.1-0.4 0 0.050-0.220
0.415 X1XX3+X X34+ X3X 4X s 0.228
to or to
0.45 X1XoX3+X3X4 0.235
0.4625 X1XoX3+X3%y 0.237
0.475 X XpX3+X30, 0.239
to or to
05 Xax3+x3x, 0.243
0.55 XoX3+X3X4X5 0.253
to or to
0.65 x3 0.269
0.75-1.0 X3 0.287-0.333
1.25 X3+ XX X5+ XXX, 0.382
1.5 X300 Xy +X3 0.435
2.5 1 0.450

The first and the last entry in the above table are both
hard or binary decisions. Entries with a single positive
Boolean expression correspond to tertiary decisions with
values 0,1, and 0.9 <x <1 which have been rounded up. The
top expressions in the multiple function entries were obtained
by ceiling soft decisions to 1 while the bottom ones were
obtained by flooring soft decisions to 0. Note that the ranges
of the error in the table above correspond to the optimal value
of the objective of the optimal solution with soft decisions.

IV. Model Generalization

An immediate generalization of the above minimax LP
model for treating the multiple level case is the following.

Suppose that the input signal itself belongs to some
parametrized class of a stochastic process. This is actually
more realistic than assuming specific values of the model for
the input signal. These parameters are usually estimated
before an optimization procedure is adopted. These values
may cover a whole range of numbers and picking one of
them up would only be arbitrary. So, what if one could
incorporate this parameter estimation into the estimation of
the signal itself. Then one would hopefully have a better
estimate of the input signal.

To avoid a more cumbersome notation, let us assume
that the input signal comes from a stochastic process
parameterized again by a parameter set A. Now A contains
the noise parameters as well as the signal parameters. An
instance of a minimax problem could be:

min mex £ [ISA(t)—Sf(W;'(t))l lxzi].

Note that the only difference between this equation and Eq.
++ 15 the subscript on the multi-valued input signal.
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Using the threshold decomposition, the stack .-
property and successively conditioning on the window
process state, one obtains an expression similar to Eq. (15)
except for the thresholded version of the input signal s;
which will have a second subscript A.

Working out the steps as in the previous section, the
final form of the minimax LP would look like:

min u

st. Xy<u k=1,...,d
AX <b
X,uz20,

where d is the cardinality of the parameter set A and A is the
matrix containing the stacking constraints. As for the
complexity of this LP compared to that of the minimum
mean absolute error, as was stated previously, as long as
d <n2", both LP’s have essentially the same order of
complexity.

V. Conclusions

In this paper, a new optimization theory for stack filters
was presented. The minimax criterion was used to select the
best stack filter which minimizes the worst effect of the noise
in a parameterized stochastic model. Several examples were
tabulated.

The problem of randomization appeared. However, it
was less severe in this case than it was in {5] since all soft
decisions made by the LP assumed in most cases the same
values. Once again, sub-optimal solutions would have to be
accepted unless a 0-1 LP is used.

The optimization algorithm was later extended to allows
variations in the input signal parameters. The algorithm’s
task is again to pick the best stack filter in the minimax sense
which minimizes the worst effect of noise and signal
parameter variations.
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