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ABSTRACT — This paper presents a new adap-
tive compression method for ECG signals based on
B-spline expansion, allowing multiple knots at the
same location. The algorithm tries to remove as
many of these knots as possible to yield a high
compression ratio. Low bit rates on the order of
160-200 bits/s are achieved with very good qual-
ity of the reconstructed signal. The algorithm is
compared with other transform based schemes.

1 Introduction

In recent years, many algorithms for ECG data com-
pression have been suggested [5]. ECG signal com-
pression is very important for two reasons: effective
storage and effective real time transmission. Trans-
form methods produce smooth compressed signals and
are insensitive to noise. In general, transform tech-
niques involve expanding a signal into a set of basis
functions and properly encoding the transform coeffi-
cients. The compression ratio (CR), the ratio of the
number of bits needed to represent the signal and the
compressed data, depends heavily on the set of basis
functions. Ideally, the functions should adapt to the
nonstationary behavior of ECG signals; and the infor-
mation describing the way they vary in time should re-
quire as small number of bits as possible. We propose
to use B-splines as the set of basis functions. The num-
ber and shape of these basis functions are completely
characterized by the location of the so-called knots
and their local properties can be changed by varying
the position of the knots. By reducing the number of
knots, we reduce the number of basis functions. The
position of the knots can be efficiently coded using
run-length coding. A number of authors have con-
sidered the problem in which not only the coefficients
but also the position of the knots are optimized [3]. In
conventional methods, after the initial choice of knots,
their locations are varied in order to determine the po-
sitions that minimize the least-square error. This non-
linear least square problem is nonconvex; thus, we can
only expect a local minimum in the vicinity of the ini-
tial location. The number of knots should be known
a priori. The other problem is computational com-
plexity. Each function evaluation in the minimization
algorithm requires calculations of a fixed knot least-
squares splines 1nvolving the solution of an overdeter-
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mined system of equations. In [7], a strategy based on
eliminating the knots was proposed. In this paper, we
introduce a new, and efficient approach for removing
knots. |

2 B-Splines

Let n and k£ be positive Integers with & < n, and

t = ()™} be a sequence of real numbers. There
are n B-splines (B; ), associated with the knot
sequence, which are normalized to sum to unity. We
denote by Si : the linear space of functions spanned
by these B-splines, and we refer to elements of S5y .
written in terms of this basis, as B-spline functions
or simply splines. A function f(z) in Sk ¢ with coeffi-
cients a, ..., @, can be wntten as

n

f(z) = ZaiBi,k,t(x)o (1)

=1
In our algorithm we use & = 4.

3 Compression by knot removal

The idea behind our data reduction method is to start
with an initial spline approximation given by a large
number of knots. The knots are removed one by one
without perturbing the initial spline by more than a
given tolerance. The final number and location of
these knots are determined automatically.

Let f(z), an element of Sk, be the initial spline
approximation to a given data, and ¢ a given nonneg-
ative real number. We want to determine a subspace
Sk,r of Sk ¢ of the lowest possible dimension and an
element g(x) of Si r such that

max|f(z) - g(z)| < e. &)

Let 7° denote a subsequence of t obtained by removing
{ knots and by ¢;(x) an approximation to f(z) defined

on r'. Our strategy to determine g(x) involves three
main steps:

1. Initialize: go(z) = f(z) and 7° = t;

2. Decide which knot should be removed from +°

and create a new subsequence 1'”'1;

3. Compute the approximation ¢;;; to the spline f.



The iterations are stopped when
max| f(z) ~ g1 (2)] > €. (3

and the approximation ¢;(x) is the output g(x). The
spline approximation g;(i) at each iteration 1s com-
puted using the least-square method. Our algorithm
can handle multiple knots at the same location. Re-
moving knots one by one allows us to easily update the
approximation to the initial spline and avoids prob-
lems related to interaction between neighboring knots.

3.1 Least-squares approximation with splines

The ECG signal is divided into intervals. In each of
these, a spline approximation 1s used. To further im-
prove compression ratio and avoid discontimuities, the
first and the last point in each interval should be 1n-
terpolated not approximated. Let us assume that we
have a given set of data values y; corresponding to
data points z;, j = 1,...,N, with z; = 0, 2y = .
We want to find a spline ¢;(z) of degree & with given

knots 7{, ..., 7, +& such that the expression
N-1
")
Z i =g x.? , (4)
3=2
where

a(e) = S el Big e (z;) (5)
i1

18 minimized subject to

gi(z1) =y, qilzn) =y~ (6)
1

If we choose coincident boundary knots z7 = 7{ =

I _ _ _
L= Ty Tyl = o = Tpap = IN and replace the

o.rlgmal data by

YN — W1
y}=yj—xN__m1, (7)

we will get gi(z1) = ¢}, qilzn) = ¢, ¥, = 0 and
iy = 0. Thus, conditions (6) are satisfied when ¢{ =
0 and ¢/, = 0 and the first B; ; ,(z) and the last
B, 1 - (z) basis functions can be removed from the
representation of spline g;(z). Instead of Eq. (4) we

can minimize
2
z;) ) ° (3)
1_"‘ N

S (-3 e

1=2
Therefore, our problem reduces to the determination

of the B-spline coefficients cﬁ, t = 2,...,m—1, as the

solution, in the least-square sense, of the overdeter-
mined linear system

Eic; =y, (9)
where

i B2,k,r‘ (z2) Bm-—l,k.r‘ (z2) T

E =

L BQ,k,r‘(‘BN—l) Bm—l,ﬁc,rl (-’Z«'N—l) o

o Co

y’ : ¢} : (11)

d {
Yn -1 Cm—1

- - -

To determine the least-square solution of the system
(9) we use the orthogonalization method. lLet us as-
sume that we have QR factorization of the matrix E;

= Q;Ry

R
- (] e[

with z;; having m — 2 elements and R;; is an upper
triangular matrix of order m — 2. The vector of spline
coefficients c¢; 18 the solution of the triangular system

(12)

and

] Qiy,  (13)

Ruc; = (14)

which can be obtained by simple backsubstitution.
The reason why we chose this method 1s that the
QR factorization of the matrix E;¢; can be very efhi-
ciently obtained by updating the factorization of E;.
The matrix E;y1 consisting of the new basis functions

B; . y1+1 defined for the knot sequence '+ = '\ {7]}
can be obtained from the matrix E; [2]:

E;1 = E;B. (15)
From Egs. (12) and (15)
Ey = QRB = QR (16)

The columns of the matrix R are either unchanged
columns of the upper triangular matrix R; or a hnear
combination of two consecutive columns of this ma-
trix. Thus the matrix R is upper Hessenberg and the
unwanted subdiagonal elements can be zerod by a se-
quence of Givens rotations of row vectors. The matrix
E; has the band structure with at most & non-zero ad-
jacent elements in a row. As a consequence R; and R
have also the band strucure with & and &£ 4 1 adjacent
non-zero elements, respectively. This further reduces
the computational complexity because the Givens ro-
tation can now be restricted to the vectors of length
k+ 1. Matrix Q; does not have to be updated. The
vector ;41 can be obtained by applying GGivens trans-
formations to the corresponding elements of z; (z; can

be considered as an extra column of R).

3.2 Ranking the knots

Next we describe the algorithm which allows us to es-
timate the significance of each interior knot in repre-
senting the spline function g; given by Eq. (5) and
decide which knot should be removed. Let us re-
move knot z = 7!, The function h(z) defined on

Y
P =01, Pmtk-1~ Tf\{z} 1s given by:

m-—1
h(:z:_?) = Z ngg,k,p(:Cj), ] - 1, . .,N. (17]
1=1



A natural approach is to let the distance between ¢;
and h, be the measure of the significance of the knot,
'r;; in representing spline g;:

min max|h(z;) — qi{z;)].
dl,--o,dm-«l J

(18)

Only a rough estimate of the relative importance of
the knots i1s needed. Thus, to avoid extensive compu-
tations, we are use approximate solution to the prob-
lem of minimizing Eq. (18). First we represent h using
the same basis B; ; 1 as function g;:

h(x,? :Z 3k1" 333), J=1...,N, (19)
where

) . dy f:<p—k

d; = { a,-d,-+(1 —a,;)d,-_l Hp—-k4+1<:<p-1
d;_1 fp<i<m
(20)
&; — T . (21)
Pivk—1 — P

Let us denote by d = ¢(d) the transformation
(&) — (d)™,. We can find such transformation

¢ that all coefﬁments C; = c?,- for all z exept 1 = ¢y for
some 7. From Eq. (20) we immediately have

[
d; = {
C‘+1

The rest of the coefficients are computed as follows:

if i < p—k

fp—~-1<i1<m-—1 (22)

Ol |, Py OF , Ty

C{ — (1 — a,-)d,:_l

d; = = — i=p—k+1,..p-2 (23)
1
Oor
i o
g = 2 0m ) o2 gkt (20

Using coefficients computed by Eq (22) and Eq. (23)
we have d; = ¢! for a.ll but : = p—1 and by Eq. {22)

and Eq. (24) d; = ¢! for all i but t=p—k-+1. The
maxlmim error between ¢; and h is given, respectively,
by

: .
8; = max|(c,_; — dp-.

J OBposin(2)] (25)

and
53 = mjaxl(ci)—k-i-l - Jp—k-i-l)Bp—k-t-l.kﬂ" (z5)], (26)

where Jp 1 Jp r+1 are given by Eq. (20). The weight
wp = min(e,,€;) is assigned to the knot 7. This
weight is a measure of the significance of this knot in

representlng the spline g; This procedure is repeated

for all interior knots 7' . p==k+1,...,m The knot

with the smallest welght Wp 18 removed from 7.

To improve the computational efficiency first the lin-
ear approximation to the data is found, which requires
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Figure 1: (a)Original ECG (200Hz). Its reconstruc-
tion using (b) 30 quantized coefficient of DLT and (¢}
20 quantized coefhicient of B-splines.

only a small amount of computing time for each data
point. The objective of this stage is to produce an
approximation that well represents the detalls 1n the
data, but might lack smoothness and has toco many
parameters The output is treated as a linear spline
f=>".a;B; 1., which is subsequently represented as
a cubic splme f >, ¢iBi 4., with triple knots. Then
the knot removal is performed on f to obtaln the final
approximation.

4 Compression of ECG

We use the fact that the ECG 1s a quasi-pertodic signal
with strong correlation between adjacent beats. The
detection of P and T waves 1s not easy or sometimes
not even feasible; thus, we chose the R-R interval to be
the repetitive period. For the first interval, we find the
knot sequence and compute coeffictents of the approx-
imating spline function using the procedure described
In Section 3. For other intervals the knot sequence
from the previous interval is used to compute approx-
imation to the current data and the MSE is compared
with the MSE for the interval for which the sequence
was originally found. Only when the error increases
more than some predefined threshold we search for a
new knot sequence. This reduces not only the com-
putation time but also the amount of overhead data.
The coeflicients ¢; of the spline function are further
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Figure 2: (a) The location of knots (marked as dots)
for the R-R interval and (b) the resulting B-spline
basis functions.

quantized, using a uniform quantization scheme. For
simplicity, the sequence of knots 1s run-length coded.
The coefficients in R-R intervals are usually strongly
correlated. Thus, the CR can be further improved by
quantizing the difference between the coeflicients in
the previous and current interval.

5 Results and discussion

Our method was tested using 10 non-standard ECG
records (200Hz with 12 bits/sample resolution) and
10 records from MIT-BIH Arrhythmia database [8]
(360Hz with 11 bits/sample resolution). Each record
was 30 s in duration. The compression ratio (CR)
is defined as the total number of bits in the original
signal, divided by the number of bits needed to store
the coefficients and overhead information, such as in-
terval length or position of knots. As an objective
measure of “goodness” we use percentage root-mean-
square difference (PRD) calculated as

p.

> (0 — w) -
PRD = 100 : = 27
\/ > Vi (27)

where y; is the original ith sample and g; is the recon-
structed sample. We compare our method with dis-
crete Legendre transform DLT [9], where it was shown
that the CR for DLT is almost twice that of the dis-
crete cosine transform (DCT) with the same recon-
struction error. To make the comparison easier, the
number N of basis function is set a priorl and the same
method has been used to code the coefficients in both
algorithms. Tables 1 and 2 list the mean value of CR
and PRD. The spline compression with 20 coefficients
is comparable to the DLT with 40 coefficients as far as
PRD is concerned, but the CR is about 60% higher.
Fig.1 shows an original ECG, its approximation by
30 basis functions of DLT and by 20 B-spline basis
functions., Very annoying ringing effect can be seen
i the DLT reconstruction; while, the reconstruction

SPLINES DLT
N || CR JPRD [ CR [PRD
50| 5.833 | 252 [[5.82 [ 2.61
40 ]| 707 [ 272 [[7.19 ] 4.26
30 ]| 9.02 | 2.94 || 9.39 [ 7.05
20 || 12.77 | 4.27 || 13.61 | 16.32

Table 1: Mean values of CR, PRD for ECG sampled

at 200Hz with 12 bit/sample resolution.

SPLINES DLT
N CR JTPRD{ CR [ PRD
50 ]| 11.39 | 3.02 12.73 | 4.27
40 || 14.01 | 3.11 || 15.63 | 5.09
30 || 17.36 | 3.47 19.86 | 7.67
20 || 24.56 | 5.16 || 20.96 | 17.16

Table 2: Mean values of CR, PRD for ECG sampled
at 360Hz with 11 bit/sample resolution.

by spline approximation is still very good. The place-
ment of the knots and the resulting basis functions
for the first R-R interval of the ECG signal in Fig.1
18 depicted 1n Fig. 2. We see that the local frequency
of these basis functions resembles well the nonstation-
ary behavior of the ECG signal. The quality of the
ECG data compressed by DLT with less than 40 co-
efficients deteriorates rapidly. However, with splines
ECG can be represented accurately using only 20 co-
efficients. This corresponds to a bit rate of 160 — 200
bits/s. Thus, higher CR can be achieved with spline
approximation since it requires less basis functions for
the same signal quality.
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