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Abstract

This paper considers the problem of designing nonlin-
ear FIR filters from a bottom-up approach, in which
simple components with known characteristics are
combined into more complex filter structures. The
specific approach considered here is based on the con-
cept of a clone from universal algebra, generalizing
the FIR-median hybrid (FMH) filter construction.
Results presented here illustrate the flexibility of this
procedure, the vast array of interesting special cases
that emerge, including some new ones, and some of
the types of qualitative behavior that are preserved
under the clone interconnection strategy.

1 Introduction

An important idea in many engineering disciplines
is that of modular design, in which more complex
systems are built by interconnecting several simpler
components. The general motivation for this ap-
proach lies in the fact that the simpler components on
which these modular designs are based are often much
easier to design and characterize than the overall in-
terconnected system is. Hence, the design benefits
can be substantial if we can develop systematic pro-
cedures for combining simple, well-understood com-
ponents into larger systems in ways that preserve
some of the desirable characteristics of these sim-
ple components while giving us a composite system
with greater flexibility than the individual compo-
nents have by themselves. A specific signal process-
ing example is the development of separable median

filters for two-dimensional signals (Astola and Kuos-
manen, 1997). There, the overall filter output is the
median of the outputs from individual median filters
based on subwindows of a large two-dimensional win-
dow. These subwindows can be based on horizon-
tal, vertical, diagonal, or cross-shaped subsets and
they can be chosen to deal with different classes of
image artifacts (e.g., horizontal or vertical streaks,
etc.). Further, this approach is closely related to the
“divide and conquer” strategy common in algorithm
design (Sedgewick, 1998, p. 210), which often yields
substantial computational savings.

This paper considers a specific implementation of
the modular design strategy just described, special-
ized to the problem of nonlinear digital filter design.
Because they are the most popular nonlinear digi-
tal filter class in practical applications, the focus is
further restricted to the nonlinear FIR filter class de-
fined in Sec. 2. The specific interconnection pro-
cedure considered here is based on the concept of a
clone from universal algebra, introduced in Sec. 3.

2 NFIR filter design

This paper is concerned with the design of nonlinear
FIR (NFIR) filters, defined by:

(1)

where n > m are integers and ® : Rr—m+l R
is any arbitrary function. This filter class contains
the vast majority of nonlinear digital filters currently
in use, including almost all of the filters described
in the books by Astola and Kuosmanen (1997) and
Pitas and Venetsanopoulos (1990). One reason for
the popularity of this filter class is that, so long
as the function ®(-) is continuous, the resulting fil-
ter is bounded-input, bounded-output (BIBO) stable
(Pearson, 1999, p. 149). In contrast, stability condi-
tions for recursive structures, in which yx—; appears
as an argument of the function ®(-) for some j > 0,
are much more complicated, and instabilities can be
extremely subtle (Pearson, 1999, p. 186).

Even within the class of nonlinear FIR structures,
the flexibility is enormous, making design decisions
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difficult: how do we choose ®(-)? As a specific ex-
ample, the class of C-filters or combination filters is
defined by (Astola and Kuosmanen, 1997, p. 70):

where r; denotes the rank of x;_; in the data win-
dow and ¢(rj, j) is a filter weighting coefficient that
depends on both the temporal order j and the rank-
order r; of the input sample x,_;. Despite its ex-
tremely special form, this class of filters includes
many important special cases (e.g., both linear FIR
filters and order-statistic filters like the median fil-
ter). Conversely, a C-filter based on a moving data
window of length N = n —m + 1 requires the speci-
fication of an N x N matrix of coefficients and poor
choices can lead to undesirable filter behavior.

As a partial solution to the nonlinear FIR filter
design problem, this paper considers a special case
of the bottom-up design strategy: given a collection
of well-characterized, simple nonlinear FIR compo-
nents and a constructive interconnection strategy, de-
sign a more complex composite NFIR filter that ex-
hibits some of the desirable characterstics of the com-
ponents but with greater overall flexibility than the
components exhibit individually. The specific inter-
connection strategy considered here is based on the
algebraic concept of a clone, defined in Sec. 3. Mo-
tivation for this particular choice lies in the fact that
it is the interconnection strategy on which the FIR-
median hybrid (FMH) filters are based (Heinonen
and Neuvo, 1987). There, the clone-based intercon-
nection of linear FIR filters with the nonlinear me-
dian filter leads to a class of nonlinear FIR filters
with behavior that is intermediate in important prac-
tical aspects between that of the linear and nonlinear
components on which it is built. For example, FMH
filters exhibit impulsive noise rejection characteris-
tics comparable to that of the median filter, while
introducing less jitter in preserved edges and better
smoothing characteristics for low-level noise.

3 Clones

The concept of a clone comes from universal alge-
bra (Szendrei, 1986, p. 11) and is defined as follows.
Suppose A is an arbitrary set, » > 1 and ¢ > 1 are
integers, ¢; : A? — A are arbitrary mappings for
i=1,2,...,7 and G : A" — A is another arbitrary
mapping. Here, A9 = Ax Ax---x A is the cartesian
product of the set A taken with itself ¢ times and
A will generally be taken either as the real line R
or some subset of R. Also, the dimension of the do-
mains of these functions (i.e., number of arguments ¢
or r) is defined as the arity of the function. A clone
of A is a set of such mappings that is closed under
arbitarary clone superpositions of the form:

(I)(X) = G(qSl (X), P2 (X), s 7¢r(x))’ (3)

for all x € A%. In addition, a clone must contain all
projections of the form:

Pi (X) = Z;, (4)
where z; is the i*" component of the vector x.

As a concrete example of a clone, consider the
class of NFIR filters defined by Eq. (1). First, note
that the projection operators may be viewed as iden-
tity systems (mapping zj into xy), delay operators
(mapping xy into zx_; for j > 0) or advance oper-
ators (mapping xj into zjy; for j > 0). Next, con-
sider arbitrary NFIR filters based on the functions
Py : R" — R and ®; : R™ — R. The clone superpo-
sition of these filters is given by

Y = (I)O((I)l(xkfml g ,xk,nl),
Do (Thrmgs -+ > Thony ),
ey P (Thmmys ey Theny))
= U(Zpome,--o Thon~), (5)
where m* = min{my,...,m,} and n* =
max {ni,...,n,}. Since this result is an NFIR filter,

it follows that this filter class is closed under clone su-
perposition and includes the projections, so it defines
the clone of NFIR filters, denoted .

Note that the NFIR filter clone N is defined struc-
turally: all filters in this clone may be written in
the form of Eq. (1) for the appropriate choice of



the function ®(-). It is also possible to define clones
behaviorally, specifying filters by their input/output
behavior and showing that this behavior is preserved
under clone superposition. An important example is
the clone of positive-homogeneous or scale-invariant
filters, defined as follows. A filter F is positive-
homogeneous if it satisfies the following condition
(Pearson, 2002):

F{ap} = A\F{z}, (6)

for all A > 0. It is easy to see that if the component
filters ®,;(-) in Eq. (5) all satisfy Eq. (6), then so
does the clone superposition defined by ¥(:). A sec-
ond behaviorally-defined filter clone is the clone of
location-invariant nonlinear filters (Pearson, 2001),
defined as those filters F satisfying the condition:

Flag + ¢} = Flagt + e (7)

Again, it is not difficult to see that if the component
filters ®,(-) in Eq. (5) all satisfy Eq. (7), then so
does the clone superposition defined by ¥(). Fur-
ther, note that filters satisfying both scale-invariance
and location-invariance have the useful property that
their responses are invariant to changes in measure-
ment units; for example, nonlinear filters applied to
temperature sequences expressed in degrees Faren-
heit or Celsius yield compatable results. Finally, note
that a practical disadvantage of behaviorally-defined
clones is that behavioral definitions are not construc-
tive: conditions (6) and (7) tell us how filters in the
class behave, but not how to build them. One ad-
vantage of the clone construction is that, if we can
identify simple members of these filter classes, it pro-
vides us a way of constructing new members of these
behavioral classes.

4 Properties of clones

The clone superposition defined in Eq. (3) includes a
number of important structures as special cases; the
following discussions describe two.

4.1 Cascade interconnection

Any clone containing NFIR filters F and G also con-
tains their cascade interconnection F oG. To see this

point, consider the following NFIR filter cascade:

2k = F{yr}
yr = G{ar} =

’ yk—n)

. ,:L‘k,q).

V(s
(I)(:L‘k,p, . (8)
Combining these equations gives a result that may
be written in the following form:

FolG{zr} = U(P(Thom—p)---sThom—q),
ey @(xk_n_p, e ,xk_n_q))
= W(¢m(xk—pa"'7xk—q)7
..,an(xk,pw..,fl;qu)), (9)
where ¢;(Tk—p, ..., Th—gq) = P(Th—izp,-.-, Th—i—q)

represents the clone superposition of ®(-) with ¢ —
p + 1 copies of the projection F;.

4.2 Weighted structures

Define a function ®(-) to be of arbitrary arity if
d : A7 — A is well-defined for all q. Typical exam-
ples include sums and unweighted averages, products
and geometric means, £, norms, and arbitrary order
statistics, including minima, maxima, and medians.
If ®(-) is a function of arbitrary arity, the following
weighted filters are well-defined:

Dy (X)) = P(Wirn © Th—imy - -+, Wy © Th—ry),  (10)
where w; ¢ x; denotes w;-fold replication of the vari-
able z;, where w; is a positive integer. Since weighted
filters may be represented as the clone superposition
of the unweighted filter with a finite set of projec-
tions (w; projections for each component x;), it fol-
lows that any clone containing the unweighted filters
defined by ®(-) also necessarily contains all weighted
versions of this filter.

5 The L-filter clone

Although it does not constitute a clone itself, the
class of L-filters generates an extremely interesting
clone, defined as the set of filters obtained from clone
superpositions of L-filters and projections. Here, we



define the L-filter class rather strictly as filters of the
form:

K K
Y = Z ajzgy, 0<a; <1, Z aj =1,
j=—K j=—K

(11)
where z(;y denotes the 4t order statistic in the rank-
ordered symmetric data window. Under these re-
strictions, the only linear L-filter is the unweighted
average, obtained by taking o; = 1/(2K + 1) for all
j. Taking a; = 0 for all j # 0 and ap = 1 leads
to the standard median filter, and taking o; = 1
for some other fixed j and zero otherwise leads to
other order-statistic filters. Other members of the
class of L-filters include trimmed mean filters (Bed-
nar and Watt, 1984) and the moving-window exten-
sion of Gastwirth’s estimator (Andrews et al., 1972,
p. 8), for which the weights are a; = 0.3 when j
is the nearest integer to +K/3 and 0.4 for j = 0
(this estimator was one of the few non-adaptive es-
timators that appeared frequently as a “reasonable
choice” in the summary of the Princeton Robustness
Study (Andrews et al., 1972)).

It follows from the results presented in Sec. 4 that
the L-filter clone includes all weighted median filters
with positive integer weights (Yin et al., 1996), all
linear FIR filters with rational weights summing to
1, all FMH filters and weighted FMH filters (Nee-
jarvi et al., 1993) based on these linear FIR fil-
ters, cascade structures like the simple data sieve
of Bangham (1993), LUM smoothers (Hardie and
Boncelet, 1993), all multi-stage median filters (As-
tola and Kuosmanen, 1997, p. 88), the Wilcox-
son filter based on the Hodges-Lehmann estimator
(Crinon, 1985), and the simpler Hodges-Lehmann D-
filter based on the Bickel-Hodges estimator (Kundu
and Wu, 1989). Further, it is easy to show that
all members of the clone generated by the L-filters
are positive-homogeneous (Pearson, 2002), location-
invariant (Pearson, 2001), and range-preserving: if
a <z < b for all k, then a < F{ap} < b for all k.

6 A novel example

Mallows (1980) describes a useful nonlinear filter pro-

posed by J.W. Tukey, called the “53 filter.” This fil-
ter corresponds to a clone superposition of median
filters, with the second-stage filter ®o(-) taken as a
3-point median filter and each of the three first-stage
filters taken as 5-point median filters:

yr = median {median{zg_3,...,Tx+1},
median{zy_2,...,Tri2},
median{zx_1,...,Tk3}}.  (12)

Since the median filter components appearing in this
clone superposition belong to the L-filter class, it fol-
lows that Tukey’s 53 filter belongs to the L-filter clone
and exhibits all of the desirable behavior character-
istic of this filter clone. Further, the recognition that
this filter belongs to the L-filter clone immediately
suggests some simple extensions that lead to new
members of the L-filter clone.

For example, note that the 53 filter defined in Eq.
(12) imposes different weights on the 7 data values,
Tp—3 through zp,3 appearing in its data window.
Specifically, the terms xj_3 and z43 each appear
once, the terms x;_o and xi42 each appear twice,
and the terms xy_1, =, and x4 all appear three
times. A logical extension of this filter would be to
replace these standard median filters with weighted
median filters, allowing us to change these inherent
relative weightings. It is known that there only exist
a finite number of distinct integer-weighted median
filters, and that this number grows rapidly with the
increasing filter window width (Yin et al., 1996). For
example, there are no nontrivial integer-weighted ex-
tensions of the three-point median filter appearing
in Tukey’s 53 filter, but there are 76 possible five-
element integer-weighted median filters, listed in Ta-
ble 1, giving 76% = 438,976 possible weighted ver-
sions of Tukey’s 53 filter, including the original.

7 Summary

The bottom-up design approach described in this pa-
per provides a systematic method for building more
complex nonlinear digital filters from simpler ones
that are easier to design and analyze. One possible
implementation of this idea is the use of cascade in-



Weight Vectors, w Possible Permutations

(1,1,1,1,1] 1
[3,1,1,1,1] 1C5 =5
2,2,1,1,1] 2C5 =10
3,2,2,1,1] 1C5 2 Cy = 60
Total: 76

Table 1: Possible 5-element weighted median filters

terconnection structures, which can be analyzed us-
ing algebraic category theory (Pearson, 1999, ch. 7).
The specific implementation of this idea described
here is based on the concept of a clone from univer-
sal algebra, leading to a more flexible, practical inter-
connection strategy that is easily shown to preserve
behavioral characteristics like BIBO stability, scale-
invariance, location-invariance, and range preserva-
tion. As a special case, applying this interconnection
strategy to the class of L-filters leads to a wide vari-
ety of known nonlinear FIR filters, along with some
interesting novel ones like the weighted versions of
Tukey’s 53 smoother described in Sec. 6. Future
publications will describe specific applications of this
design strategy.
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