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Abstract

This paper introduces the class of KC-linear filters,
which are linear when restricted to a specified cone K
of input sequences, but which can exhibit very nonlin-
ear behavior for input sequences that do not belong
to this set. An important special case is the class
of monotone-linear filters, which are linear when re-
stricted to monotone input sequences. It is shown
that all positive L-filters belong to this class. Other
results presented here include a general procedure for
generating new K-linear filters from known examples,
and a closely related, simple linearization strategy
that is useful in characterizing their nonlinearity.

1 Introduction

Linear digital filters are extremely important in prac-
tice, in large part because their linearity provides the
basis for a variety of useful qualitatitive character-
izations and design rules. The problems of analyz-
ing and designing nonlinear digital filters are much
harder, in general, because we normally have no ex-
ploitable alternative to linearity in developing these
results. It is, however, possible to obtain interest-
ing and useful classes of nonlinear filters by requiring
them to satisfy the axioms of linearity, not for all real-
valued input sequences {zy }, but only for a restricted
subset S of these sequences. More specifically, a cone
of sequences is any set K of sequences satisfying the
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following condition [17, p. 28]:

{ze}, {un} € K = {ax + By} € K, (1)

for all real «v, 3 > 0. Given a cone C, define the filter
F to be K-linear if the following two conditions hold:

a. the cone K is an invariant set for F, meaning
{ij} ek = f{xk} eK;

b. the behavior of the filter F is positive-linear
when restricted to K, meaning that for all
{z},{yr} € K and all o, 8 > 0, we have:

Flaxg + Byr} = aF{zi} + BF{yr}.

Note that while any linear filter £ satisfies the sec-
ond of these conditions on any cone /C, the first is
generally not satisfied without imposing some restric-
tions on L. For the cone 7 of increasing pseudocausal
sequences introduced in the next section, it can be
shown [14] that £ must belong to the class of exter-
nally positive systems, defined as those with nonneg-
ative impulse responses [6, p. 9], a restriction that
has important behavioral consequences [4].

2 Monotone-linear Filters

To make these results more concrete, consider the
cone T of increasing pseudocausal sequences, defined
as follows: {z}} € 7 if and only if there exists some
finite £* < 0 such that x, = 0 for all £ < k* and
Trpy1 > xk for all & > k*. The corresponding class
of K-linear filters will be called monotone-linear fil-
ters and it has the following useful characterization.
Define the unit step at time £ as the function

se(k) = {

and note that sy(k) = so(k—¥). Any sequence {z}} €
Z can be written as:

1 k>4

0 k<, (2)

Tp = TS (k) + (Thep1 — Tpe)Spr g1 (k) + -
= Z (zj —xj—1)s0(k — j), (3)
j=—o00
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where z; —x;_1 > 0 for all . Thus, if F is monotone-
linear,

oo

Floy = Y (x5 —z-0)F{sok = j)}.

j=—c0

(4)

If F is also shift-invariant, define its unit step re-
sponse as fr = F{so(k)}, leading to the following
result for any {zy} € Z:

o0

Flay= > (a; -

j=—o00

(5)

Ti1) fr—j-

While this result is well-known for linear filters—
without the restriction to increasing pseudocausal
sequences—it is important to emphasize that Eq. (5)
holds on Z for the entire class of monotone-linear fil-
ters, which includes some extremely nonlinear mem-
bers, as discussed in Secs. 3 and 4.

3 The class of L-filters

The class of L-filters is defined by [5, 11]:

K

f{xk}: Z ajx(j),

j=—K

(6)

where {z(;)} is the rank-ordered sequence ob-
tained from the windowed input sequence

{Tp—Kk, - Tp, ..., ThrKi |, satisfying:

(7)

(If z; = x; for some ¢, j in the data window, the
original relative ordering of ¢ and j is retained in con-
structing this rank-ordered sequence.)

If we require a; > 0 for all j in Eq. (6), the re-
sulting L-filter is monotone-linear. Specifically, note
that any sequence {z}} € T already satisfies the rank-
order conditions of Eq. (7): that is, z(;) = x_; for
j=-K,...,0,..., K. Thus, for all increasing input
sequences, the L-filter defined in Eq. (6) is equivalent
to the positive linear FIR filter:

gy S-Sz S S xky-

K
Flavy = Y ajwe . (8)
j=—K
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The resulting class of positive L-filters includes both
the linear unweighted moving average filter, Uy, ob-
tained by setting a; = 1/(2K + 1) for all j in Eq.
(6) and the median filter, My, obtained by setting
ap = 1 and a; = 0 for all j # 0. Other members of
this class include the trimmed mean filters and the
Winsorized trimmed mean filters [2, 3, 11].

4 Nonlinear cascade structures

For any cone C, the class of IC-linear filters is closed
under cascade interconnection: if filters F and G both
belong to the IC-linear class, then so does the cascade
F oG, obtained by first applying filter G to the input
sequence and then applying filter F to the result. In
particular, since GK C K and FK C K, it follows
that F o GK C K, establishing Condition (a.) for the
cascade. Similarly, note that

Flag{zr} + BG{y}]
aF o Gz} + BF o G{yR)

establishing Condition (b.) for the cascade.

This observation leads to the following particu-
larly simple construction, that is nevertheless power-
ful enough to lead to an interesting class of nonlinear
filters. First, recall that a sequence {ry} is a root se-
quence for the filter F if F{ry} = {rr}, and let Rz
denote the set of all root sequences for the filter F.
Since the filter F is trivially KC-linear if K C R, it
follows that any cascade interconnection of nonlinear
filters containing /C in their root sets and linear fil-
ters that leave KC invariant defines a KC-linear filter.
More specifically, the nonlinear cascade construction
considered here consists of filters of the general form:

F o G{ax, + Byk}

f:£10N10£20N20"'0£n0Nn7 (10)

where all linear components £; satisfy the invariance
condition:

Li{z,} € K for all {z)} € K, (11)

and all nonlinear components N; satisfy the root con-
dition:

Ni{xp} = {x} for all {zx} € K. (12)
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Note that any cascade of admissible linear and non-
linear components may be written in the form of Eq.
(10) by defining certain components £; or N; to be
identity filters for which all sequences are roots.

For the case of monotone-linear filters, the linear
components satisfying Eq. (11) were completely char-
acterized in Sec. 1 as those with nonnegative im-
pulse response coefficients. A well-known example of
a nonlinear filter satisfying the root condition (12)
on 7 is the median filter, whose root set contains all
monotone input sequences [7]. Consequently, arbi-
trary cascades of positive-linear filters with median
filters belong to the monotone-linear filter class, de-
spite their overall nonlinearity. Obviously, this con-
dition is also met by any nonlinear filter whose root
set contains that of the median filter Mg for some
K. One example is the Hampel filter [15], a mem-
ber of the class of decision-based filters [2]. This is a
data cleaning filter based on the following idea: an
outlier detection procedure is applied to the moving
data window {xp_f, .. .., Tkt K+ to determine
whether the central element, xj, is an outlier with
respect to the data window or not. If so, this central
data element is replaced with a more representative
value, in this case the median of the 2K + 1 values in
the data window; if x; is not an outlier within this
moving neighborhood, no change is made: the filter
output is simply x;. More specifically, z, is declared
to be an outlier and replaced with my, if

3 Ly -

|z — my| > Sk, (13)

where my, is the median of the data window values,
Sk is the median absolute deviation scale estimate
[10, p. 107], defined by:

Sk = 1.4826 median{|zg_x —mg/|,. .., |[Trrx — mi|},

(14)
and t is a non-negative tuning parameter. For con-
venience in the following discussions, this filter will
be denoted Hg; to note that its performance de-
pends on the window half-width parameter K and
the threshold parameter ¢t. Two useful observations
are first, that if {ry} is a root sequence of the fil-
ter H ¢ for some fixed ¢ > 0, then it is also a root
sequence for Hg  for any ¢ > ¢. This fact follows
from the observation that if {ry} is a root sequence of
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H i, then ri, never satisfies condition (13), implying:

‘T}C — mk| S tSk S t/S}C, (15)

so that {ry} is also a root sequence of H . The sec-
ond key observation is that when ¢ = 0, the Hampel
filter Hg o reduces to the median filter M g. Thus,
it follows as a corollary that the root sequence set
Rk of the median filter M g is contained in the root
sequence sets for Hg ; for all t > 0.

Finally, note that the root sets for many other non-
linear filters contain the increasing pseudocausal se-
quence set Z as a subset even if they do not contain
the entire root set for any median filter Mg. Two
specific examples include the FMH filter [9]:

yr = F{rr} = median{L_(K),x ), L4 (K)},
Th—K + -+ Tp—1
L_(K) =
(K) e
Lo(K) = St ok (16)
K
and the LUM smoothing filter [8]:
yr = Flar} = median{z_y), xx, (5 }, (17)

for some integer 0 < s < K. Note that for the FMH
filter, if z < x4 for all k, it follows that L_(K) <
r = 20y < Ly (K), while for the LUM filter, 2 <
Zg41 for all k implies that

T(—g) =Th—s < Tk =< Thys = T(s)-  (18)

Thus, in both cases, yr = xx, demonstrating that all
increasing pseudocausal sequences belong to the root
sets for both of these filters.

5 Linearization strategies

It is common in engineering practice to analyze non-
linear systems by linearizing them, seeking a linear
approximation that captures their dominant behav-
ior. This has the advantage of allowing us to bring
some of our considerable intuition about and analysis
results for linear systems to bear on nonlinear prob-
lems. In the case of smooth (i.e., infinitely differen-
tiable) functions, this approach is based on the exis-
tence of a Taylor series expansion about some fixed
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reference value. Unfortunately, for most of the non-
linear filters of interest here, the nonlinear functions
on which they are based are non-smooth, making
Taylor series-based linearization completely inappli-
cable. In particular, Aczél, Gronau and Schwaiger [1,
Prop. 9] have shown that any function f : R" — R
satisfying the positive homogeneity condition:

,)\l‘n) = )\f(l‘l,al‘g, N

for all A > 0 is differentiable in the neighborhood of
0 if and only if f(-) is the linear function:

F(Az1, Az, .. ,xn)  (19)

@120, 20) = Z Qi L, (20)
i=1

for arbitrary real constants {c;}. This result extends
to arbitrary points xg € R™ if the function f: R™ —
R is also translation-invariant [1, Prop. 9]:

f(xl +C7.’E2+C,...,xn+0) :f(l'l,l'g,...,xn)"‘c,

(21)
for all real constants ¢, subject to the additional con-
straint that the constants {a;} sum to 1. Since most
of the popular nonlinear filters in the signal process-
ing literature satisfy both conditions (19) and (21), it
follows that the notions of Taylor series linearization
are not useful for the filters of interest here.

An alternative linearization approach that is appli-
cable to nonlinear filters based on functions satisfying
conditions (19) and (21) is that of Mallows [12]. Un-
fortunately, this procedure is computational rather
than analytic in character, depending on the specific
nonlinear filter considered and the reasonableness of
an additive decomposition of the input sequence into
Gaussian and non-Gaussian random sequences.

The special characteristics of the nonlinear filter
classes of interest here lead to a much simpler lin-
earization strategy. Specifically, since these filters are
linear when restricted to some cone K of input se-
quences, we seek a linear extension of the filter to the
class C of all input sequences. In cases where this lin-
ear extension is unique, we adopt it as the lineariza-
tion of the K-linear filter F. In the case of monotone-
linear filters, this idea leads to an immediate result:
since a monotone-linear filter F is uniquely specified
on Z by its unit step response, the linearization of
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F is defined as the linear filter £ whose unit step
response is equal to that of F. For the class of posi-
tive L-filters, this linearization corresponds to replac-
ing the rank-ordered samples z(;) in the data window
with the corresponding time-ordered samples xj_; for
i1=-K,...,K.

For the K-linear filters based on the cascade struc-
ture discussed in Sec. 4, the strategy just de-
scribed also leads to an immediate linearization re-
sult. Specifically, since the nonlinear components in
this cascade structure all contain X in their root sets,
these components may be regarded as identity maps
on K. Thus, the unique linear extensions of these
cascade filters are obtained by simply omitting these
nonlinear components. That is, the linearization of
the K-linear filter defined in Eq. (10) is simply

L=LioLyo---0L,. (22)

6 An example

In the nonlinear dynamic modeling literature, the
cascade connection of a memoryless nonlinearity fol-
lowed by a linear dynamic model is called a Hammer-
stein model, while the interconnection of the same
two components in the opposite order is called a
Wiener model [13]. Consequently, a monotone-linear
filter obtained as the cascade interconnection of a
nonlinear filter followed by a positive-linear filter will
be termed a Hammerstein structure, while the oppo-
site interconnection will be termed a Wiener struc-
ture. Since the linearizations of these two structures
are the same, their difference in behavior illustrates
the importance of interconnection order for nonlin-
ear filter cascades. More specifically, consider the
Hammerstein and Wiener structures based on the
unweighted linear average filter U3 and the median
filter M3, as defined in Sec. 3. In the Hammerstein
structure, the median filter acts first and the result
is smoothed by the unweighted linear average filter,
while in the Wiener structure this order is reversed.

Fig. 1 shows two sequences: the line overlaid with
open circles is the common input sequence {uy} ap-
plied to both the Hammerstein and Wiener struc-
tures, consisting of a sinlge exponential decay, con-
taminated with 10 randomly spaced outliers, all of
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Figure 1: Contaminated exponential decay input se-
quence (line overlaid with open circles) and linearized
filter response (solid line) for both the Hammerstein
and Wiener filter structures described in Fig. 2.

the same magnitude. The solid line not overlaid with
points is the response of the linear unweighted av-
erage filter Us, representing the common lineariza-
tion of both the Hammerstein and Wiener structures.
Note that except in the vicinity of the outliers, the
linear filter response is essentially identical to the in-
put sequence.

Fig. 2 shows the responses of the Hammerstein
structure (upper left plot) and the Wiener structure
(upper right plot) to the impulse-contaminated expo-
nential decay input sequence shown in Fig. 1. The
lower two plots in this figure show the nonlinear parts
of these filter responses, defined as the difference be-
tween the filter response and its linearization. Com-
paring these bottom two plots, it is clear that the
nonlinear part of the Hammerstein filter’s response is
generally larger in magnitude than that of the Wiener
filter, consistent with the fact that the Wiener filter’s
response shows a much stronger resemblence to the
linear filter response shown in Fig. 1 than the Ham-
merstein filter’s response does.
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Figure 2: Responses of the Hammerstein (upper left)
and Wiener (upper right) filter responses to the con-
taminated exponential input sequence from Fig. 1,
with the nonlinear part of each response shown in
the plot below.

7 Summary

This paper has defined the general class of K-linear
filters, which behave linearly on a specified cone K of
input sequences but which are nonlinear on the space
of all real-valued input sequences. A general cascade
interconnection strategy is presented in Sec. 4 for
constructing members of this filter class, based on lin-
ear filters £ for which K is invariant (i.e., LK C K)
and nonlinear filters A/ whose root set contains K.
Specific nonlinear filters meeting this root condition
are discussed for the monotone-linear case where K
corresponds to Z, the cone of increasing input se-
quences. It is also shown that the class of posi-
tive L-filters belongs to the monotone-linear filter
class, including special cases like the median filter and
trimmed mean filters. An interesting open question
is whether there exist other simple nonlinear filter
structures in the monotone-linear class that are nei-
ther L-filters nor nonlinear cascade structures (e.g.,
clone-based constructions analogous to the FMH fil-
ter structure [16]).

Another useful result presented here is the fact that
the class of monotone-linear filters is completely char-
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acterized on the cone 7 of increasing input sequences
by the unit step response, extending the well-known
result for the class of linear filters. One advantage
of this result is that it provides the basis for a well-
defined linearization procedure for these filters: the
linearization Lz of a monotone-linear filter F is sim-
ply the linear filter defined by the unit step response
of F. In the case of L-filters, this linearization is
obtained by replacing the order statistics {z(;)} con-
structed for the moving data window with the sam-
ples {zj_;} on which this window is based, since
these two sequences are equal for all {z} € Z. For
the nonlinear cascade structures considered here, the
linearization is obtained by simply omitting the non-
linear filter components from the cascade. An im-
portant practical advantage of this linearization pro-
cedure is its simplicity, relative to computationally-
based alternatives like the procedure of Mallows [12];
also, it was noted in Sec. 5 that the Taylor-series ex-
pansions on which most engineering linearizations of
nonlinear systems are based are not applicable here
since the filters involved are based on non-smooth
functions.
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