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Abstract

Linear filtering techniques have serious limitations in dealing with signals that have been
created or processed by a system exhibiting some degree of nonlinearity or, in general,
situations where the relevance of information cannot be specified in frequency domain. In
image processing many of these characteristics are often present and it is no wonder that
image processing is the field where nonlinear filtering techniques have first shown clear
superiority over linear filters. Despite this success, nonlinear filtering, excepting a few
special cases, is sill more of an art than an established systematic engineering
discipline. Considering the immensity of the area, it can never be such but still much can
be done to establish and clarify the relations of different techniques and the assumptions
behind them. The present paper is a reflection on the methodologies and challenges of
nonlinear filter design with special emphasis on order statistics, polynomial and rational
filter classes.

components.  Thus dl high frequency
disurbances can be removed by smple
low-pass filtering. Such dgnds and
processes  preclude  shap  trangtions

1. Signals and Sgnal Properties
Requiring Nonlinear Processing
In generd, a dgnd is referred to as

dationary if its datigicd properties do
not change over time In  may
goplications, dationaity in the wide
sne is often assumed and it refers to
proceses with constant mean, finite
powe axd having  autocorrddion
functions, which depend only on the
time or space difference. Usudly, it is
dso assumed tha only (joint) second
order datigtics of the desred sgnd and
the obsarved dgnd ae known a priori.
Thus, we do not have the daa to
determine the parameters of nonlinear
edimators and the use of linear filters is
mos  naurd. Determinigticdly, one
often uses the terms smooth or dowly
vaying dgnds. This means tha when
viewed in frequency doman the sgnd
contains only low frequency

(details and edges often encountered in
image and image sequences)  and
impuses (eg. in heavy-taled noise).
When viewed in frequency domain these
dgnds contan perhaps dl  frequencies
and no frequency <Hective filtering is
able to spaae the desred sgnd and
the noise Optimd linear filtering will
bascdly use more those frequencies
where the rdative energy of the sgnd is
high compared to noise. In such cases
and without resorting to sophidticated
techniques (eg. datadependent tricks),
liner processng  will  blur  those
trandtions and will fal to remove
impulses (as it tends to locdly spread its
energy). On the other hand, we may have
ome additiond information avalable
For ingance, if we knew tha the signd



is locdly monotonic and the noise is
impulsve with cetan low occurrence
probability, a dgmple median filtering
may redore the dgnd with practicaly
no errors.

This phenomenon is even more
prevaling in multivaigte dSgnds eg.
color images, image sequences and
sadlite images, where the different
channds may have vey nontrivid joint
detigics.  Such  dependence is totdly
ignored by any margind (or component-
Wise) processing.

Optimd (Wiener) linear filtering in the
most widdy used form assumes that the
observed and the dedred dgnds ae
jonly Gaussan and tha the noise
corrupting process is uncorrdlated  with
the desred dgnd. Such assumptions ae
hady vdid in any practicad gpplicaion
involving images or color images The
need to devdop more suitable processng
techniques to ded with such sgnds and
goplicationsis dearly motivated.

The theory of linear filtering is based on
the theory of liner gpaces. The
components of the sgnd beong to the
red or the complex fidd and we have
wdl defined order or  magnitude
concepts avalable This fits wdl to the
case where the sgnal originaes from a
sensor with linear characterigtics. On the
other hand, in many image processng
tasks the dgnd is just twovaued (black
and white) and the order is more or less
arbitrary. Or there are severd gray levels
but the scdes ae not linear. The
rdationship of snsor  output  to
ubjective sense  of  brightness,  for
indance, can be quite nontrivid. One
can axk if the use of theories based on
lineer spaces is redly the right thing to
do. In biology we encounter dgnds

where there is no clear sructure in the
st of "vdues' tha the sSgnd
components teke. In datigicd terms we
ae deding with classfied daa The
ggnd processng methods should be
desgned for this dtudion. In practice,
identifying the set with some subsat of
integers and S0 imposing Sructure may
work reasonably wel but the danger is
that it will induce properties that were
not actudly present in the origind data
If we use methods that assume very little
of the modd of the daa and the
processng when there in redity is a
dructured modd behind our sSgnd
processng tak we ae not fuly
exploiting the posshbiliies but we can
not obtain results that are impossble in
redity. On the other hand, if we ae
usng methods that ae based on
assumptions hat do not hdd, there is
danger that the results we get are grody
wrong. Typicd example would be the
ue of moving average to filter out
impulsvenoise

Thus it is evident that we need a large
vaiey of methods so that in esch case
we ae ade to fully utilize the dructure
of the daa Expeienced dgnd
processng professonas know quite well
the avaldble tools and the undelying
implicit assumptions and are thus able to
pick a working method for a paticular
tak. We fed however that it would be
very useful to build a dasdfication of
the mehods and ther undelying
assumptions. Together with a
comprenensve  description of  the
behavior of the methods under non-ided
conditions this should be hdpful in
choodng the filtering method for a
particular task.

The paper is organized as follows. Next,
we brigfly discuss the most  common



families of nonlinear filter classes and
mention some of their agpplication aress.
Section 3 is devoted to important
chdlenges in nonlinear filter design.
Discusson and some  concludons are
dravn in Section 4. The reference lig
given a the end of the paper is by no
means complete, as the paper is not
intended to be a tutorid in nonlinear
filtering.

2. Families of Common Nonlinear
Filters

Boolean, stack, OS and morphological
filters. Many nonlinear sgnd processing
methods have their origin in datidics In
fact, the median filter was firg
introduced in  datidics for smoothing
economica time series [24]. It soon
became evident that the median filter
performs very wel especidly in image
processng  goplications  where  sharp
trandtions ae common. Especidly in
urben or other "manrmade’ scenes we
dmost dways have shap edges and
these edges usudly ae the most
important  information in  the image
Attempts to retain sharp edyes in linear
filtering lead to "ringing" effects tha are
often more disturbing than noise.

In gpplications involving images image
sequences and  color  images,  order
dedigics and thear dose  kin
morphologica filters have by far been
the mogt prominent and successul
clases of nonlinear techniques, see [1],

[3], [5], [6], [17], and [21].

One of the grestest limitations of order
satigtics filters is the fact that they are
"smoothers'. Without additiond
processng or combingtions ther use
remains limited to retoration
goplications, in which  they excd
epecidly in the presence of heavy-taled
noie (to be removed) and important

dgnd detals (to be preserved). Generd
Booleen filters and morphologicd  filters
with nonflat Structuring eements do not
auffer  from such a shortcomings,
however, they do not benefit from the
dacking propety which unifies 4l
subclasses of dack filters, ranked order,
median ad weghted median and
weighted order daidics filters  The
sacking property says that the Boolean
function that defines the filter is pogtive
(or increesing as is the standard term in
mathematicd  morphology). There is
usudly no underlying physcd modd
tha would demand the filter to be
increesng. The power of increesing
filters comes from the fact that concept
narrows the filter dass in a way that fits
well to design processes. For indance, if
we have informaion of the possble
desred sgnd form expressed in Boolean
vectors in such a form that it does not
coflict the pogtivity of the defining
Booeen function, dedgning optimd
increesing filter becomes
draghtforward, see [4], [11], [13], [26],
and [28]. In some problems notably in
document imege processing, noie is
loosdly spesking sgnd dependent  binary
union and intesection noise  and
increedng filters turn out to peform
quite bedly [14]. Here one mug give up
pogtivity and the pendty is that the large
number of parameters and nonrrobust
behavior of an uncondraned Boolean
function makes the desgn of filters with
large window dSzes impossble Recently
there have emerged new ways to
condrain the function leading to much
better peformance for large window
gzes [20. We ddl retun to the
unification concept later.

Volterra, polynomial and quadratic
filters. Voltera sysems ae manly usd
in communications and other widdy
different gpplications, such as control,



hydrology, turbulence, motion of vessds
and population dudies, see [15]. Vdltera
sydems ae conceptudly esser  to
asmilae, a they ae draghtforward
extendons (to higher kernd order) of
linear filters. One can directly optimize a
polynomid filter in the mean suare
sense if one has information of the joint
higher order moments of the desred and
observed dgnd. Usudly there is no
undelying modd tha would provide
this information and direct edimation
from data has proved to be unrdiable.

Rational and OS- rational hybrid filters.
Rationd filters are direct generdizations
of polynomid filters and thus many
amilar  congderations apply. As the
cdass is much wider and from
goproximation theory we know that the
aoproximation power of rationa
functions is much higher than that of
polynomia functions it adso follows that
the dedgn is more difficult and
robustness problems ae more
pronounced.

Rationd filters were used by Leung and
Haykin [12] based on the work of Wash
[25] for dgnd detection and edimétion,
and were laer goplied in image filtering
and enhancement by Ramponi [18, 19].
Chekh et. a [2] extended these filters to
vector raiond filters and applied them
to color image interpolation. Median
raiond and vector medianraiond
hybrid filters were developed in [9] and
[10], respectivdy, for the purpose
retoring images and color images
corupted by Gaussan and impulsve
type noises.

Homomorphic filters. Redtoration
goplications invalving multiplicative
corrupting noise rdy on  homomorphic
processng which firg tranforms the
multiplicative process into an additive

one, then filters the  unwanted
components, eg. udng often linear or
even nonlinear filtering.

The fact tha dl of these filters are
nonlinear does not unify them under a
common umbrdla with aty usful
dructure. There have been atempts to
build a formdism dassfying nonlinear
filters A quite descriptive dassfication
[27] is based on viewing filters as
edimaors and rdying on different
edimator clases in ddidics. In the
absence of such a unified theory, the
user must presdect a filter class for a
gpoecific gpplication a hand. What makes
a good cdass of nonlinear filters? The
answer is more indicative than concrete.
The fdlowing suggesions might hep in
such a process:

A dass tha is cgpable of modeing
the underlying sydem in  the
goplication a hand. Because we
never know the correct modd
paamees but they have to be
edimaed from daa among the
clases of filters that are capable of
modding the sygem one should
choose one that is robust with respect
to erors in the modd. Especdly
when the filter parameters are found
by a traning procedure, the more
there are parameters the more data is
needed. In principle, there ae
methods bassd on  Sochadtic
complexity to andyze these concepts
but no ready-mede guiddines are yet
avaladle.

A dass tha is dmple to represant,
ey to andyze and dedgn. This is
adso related to the robustness aspect
above in the sene that these
properties endble us to veify the
desired behavior.



A dass that is easy to implement.
A dmple example is low order
polynomid filter tha can be
implemented vey much dong the
lines of linear filters. Also there are
many  effident  dgorithms  for
implementing median type filters

Practicd congderations:
The ultimate god of filteing:
preprocessng for a detection or an
edimation system, enhancement or
restoration for human processng
Amount and form of data avalable,
isthere modd, traning materid
SHection of thefilter class
Optimization

3. Challengesin Filter Design

A unified and efficent framework for
nonlinear filter design remains one of the
mos chdlenging tasks in this fidd. Even
though we can not hope to obtan a
framework as powerful as the techniques
for desgning linear filters we should be
able to build a methodology that would
tie togeher the conditions and
assumptions of the problem, the mgor
nonlinear filter classes, redevant oo
functions and accessble  optimization
dgorithms. It is deaxr tha the
methodology must be adle to ded with
both datigicd and deterministic aspects
of the problen and filtes This
framework cannot be obtaned by one
dep (legp) but it will emerge as the
result of incrementd seps from the joint
effots of the dgnd  processng
community. However it is good to keep
the ultimae god in mind while solving
problems for more immediae demands
Few attempts have been made to this
end, see for ingance [8] and [29]. Here
we condder some problems whose
solutions will dearly teke us forward on
this path.

We dl agree that it would be important
to be ale to devise a feasble
optimization procedure with a suiteble
cogd function, even for a gpedific
goplication, e.g. image retoration.

The unification of two or more exising
filter dasses will un-doubtfully incresse
the modding power of the framework.
Therefore, it would of great interest to
determine the class of problems (sgnds)
that can be solved (represented) by the
new framework.

A rdaed problem is tha of the filter
dructure, or more specificdly, the filter
gze. An often asked quedion is how
large should the filter d9ze be Mog of
the answers have been “try and see’
type. In [22], we proposed a solution to
this problem, in which we combined
both the optimizetion and the filter
dructure in arecursve manner.

Ancther equdly important chdlenge to
the nonliner dgnd ad  image
processng community is to devdop new
and atracting gpplications. Next to a
maure  theory (stll developing),
interesting  gpplictions would be the
driving force to open up new fromtiers in
the fidd Mog of the current
goplications remain in the areas of sgnd
(- and M-D) redtoration, enhancement,
edge  detection  and  interpolaion.
Recently, stack and Boolean filters were
successfully used as predictors in a
DPCM losdess image compresson
scheme, [16]. More such endeavors are
needed in other areas such as gpeech
analyss ad processing,
tdecommunications and daa andyss
and communication.



4., Discussion and Conclusions

The past two decades have witnessed the
devdopment of a number of successful
nonlinear cases equipped with drong
andyticd tools, dlowing the desgner to
solve a number of interesting problems,
paticulaly in the aea of image
processng. Among these, one can cite
the dass of dack filters, [4], [13], and
[23]; weghted median filters [26] and
[28]; morphologicd filters [3] and [21];
polynomid ~ filtes [15]; and  order
datistics filters[17].

On the other hand, it is evident from the
previous discusson tha a number of
important open problems and chdlenges
remain to be solved. Among thee, we
mentioned a  unifying  framework
involving two or more exigting classes of
nonlinear filters. It would be important
to identify useful dasses of sgnds and
systems that can be modded by this new
and unifying framework. The hybrid
gpproach, where two or more classes are
combined, has proven to be usdul in a
number  of  goplicstions  invalving
conflicting condraints (eg. removd of
different types of noises and preservation
of deals) see eg. [7], [9], and [10].
Although this is not what is meant by
unification, it is nevethdess an
indication of the addtiond cgpability
resulting from combining different filter
classes.

Findly, the gpplications arees must be
futher deveoped and diversfied in
order to dtract users as wel as young
researchers to devote more efforts in the
fidd.
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