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Abstract

Since the introduction of the median filter
by John Tukey in 1971, many important classes
of order statistic-bascd nonlinear filters have been
developed. In this paper we review some recent
results obtained for the two filter classes known
as stack filters and weighted median filters. The
highlights include new rcsults on optimal filter
design and fast training algorithms.

1. Introduction

Linear filters have long bcen the primary
tool for signal and image processing. They are
casy to implement and analyze and, perhaps most
importantly, the linear filter which minimizes the
mean squared error criterion can usually be found
in closed form. Furthermore, they are optimal
among the class of all filtering operations when
the noise being considered is additive and Gaus-
sian,

Unfortunately, a small deviation from this
Gaussian assumption sometimes leads to a severe
deterioration in the performance of linear filters.
In the many applications in which non-Gaussian
noise arises, linear methods have thus proven to
be inadequate for signal smoothing and/or noise
reduction. One such case occurs in the presence
of speckle noise. Other types of non-Gaussian
and/or signal dependent noise also cause prob-
lems. We belicve that these cases occur more
frequently than not; therefore, linear methods are
not completely satisfactory when dealing with

rcal signals and noise rather than simply com-
puter simulations.

The obvious answer to this problem is to
usc a filter that is not linear. There are, however,
many classes of non-lincar filters, and the task of
choosing the right class is itself a challenge.
Each class of filters is good in certain applica-
tions. The user could consult a look-up table to
determine which filter or class of filters best fits
the problem at hand.

Onc filter that would certainly appear in
any such cataloguc would be the median filter.
The median filter, or "running median" as it was
called in the first publication in which it appeared
{Tuk], consists of a window, usually of odd
width, which is stepped one sample at a time
along a signal. At each position of the window,
the sample values inside are ranked according to
their magnitude and the middle element in this
ranking is defined to be the output.

Typically, the window is assumed to have
width 2N+1 where N is any positive integer.
Suppose that the window is centered on the £’th
sample in the input sequence and that the 2N +1
points in the window, in time-order, are specified
by the vector

INE= Ny Xk=N+1s """ s Xko " * s XkaN)-

We want to find y,, where

Vi =med(Xk_N, T xk-}-N) =med(x_N,k)

which is the output of the median filter when the
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window is centered on the ’th sample.

First, the samples in the window are reor-
dered according to their rank, with x ;) denoting
the sample of i rank. The samples in the win-

dow, in rank-order, would then be

(X(l), X@y " X(2N+1)).

Suppose, for instance, that N=2 and that the sam-
ples, in time order, in the window at time & are

(xk—2v Xi—1> Xks Xk+1» xk+2) = (8v 1,6,4, 1);
in rank-order they would be

(xqy X2y, X@3)» X4y X(5)) =(1,1,4,6,8).

The median value of 2N+1 samples is
given by x 1), which for the example just given
would be: x3y=4. We thus have y,=4. The
window is then moved so it is centered over the
k+1’st sample in the input sequence and the out-
put value y4; is computed by following the
above procedure.

Figure 1 shows the input and output for a
window width three median filter, and also shows
how the window moves along the signal. Note
from the figure that the median filter can preserve
edges while deleting impulses.

5 .
1 1
4 t
! ' N
3 T T Input
2 T : Signal
1 ! 1
H—
0 1 |
e
Filter Motion
5
4 %—o-
3 Output
2 Signal
1
0

Figure 1: The window width 3 median filter.

Three questions arise from this example.
Why does the median filter preserve edges and
eliminate impulses? Are there other filters which
have similar behavior? Can a design theory be
developed for a class of filters related to the
median filter?

For the last two decades, these questions
have attracted the attention of many researchers.

The result of this attention is a large number of
papers, dissertations and books written on the
median and other order statistic-based filters.

Thorough reviews of the development of
these filters can be found in [CLG][GCG]. An
overview of the ficld of nonlinear filters can be
found in [PiV1]. In this brief conference paper
we only have space to review two classes of
order statistic-based nonlinear filters: stack
filters and weighted median filters.

2. Stack Filters

In 1984, an important theoretical tool for
analyzing median and median-type filters was
developed by Fitch et al, [FCG1][FCG2]. It was
shown that all rank-order-based filters possess a
weak superposition property called the threshold
decomposition property. It says that median
filtcring any sequence whose e¢lements take on
values in the set Q={0,1,--- ,M-1} is
equivalent to decomposing the signal into binary
sequences by thresholding at each level from 1
through M-1, filtering each resulting binary
sequence by a (binary) median filter, and then
adding up the results.

To express this property more precisely,
define T;[-] to be the operator which thresholds
its argument at level i:

0
T;(x) ={1

For instance, T3(5)=1 and T3(2)=0. We will
also apply thresholding to vectors, and will
define it as follows, even though it means a slight
abuse of notation

ren w0 = [To, - i)
For example, we would have
T3 [(6,2, 1,3,7)] =(1,0,0,1,1).

Suppose we are to apply a median filter of
window width 3 to a sequence {x;} that takes on
values in Q. The threshold decomposition states
that for every k

if x<i
if x2i

M-1
Med(xx_1 ,Xx Xk 1) = Med [ Y T; [(xk—l WXk Xk+1 )]]
i=1

M-1
= Y Med [Ti[(xk—l Xiea X 41 )]] .
i=1
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This weak superposition property, which is illus-
trated in Figure 2 with a median filter of window
width 3, allows the analysis of the effects of the
median on multi-valued sequences to be reduced
to the study of its effects on binary sequences.

110233122 =piMed/—"» 111233222

Threshold at 1,2 and 3

000011000 oooonooo
000111011 000111111
110111111 1111!1111

Figure 2: Threshold Decomposition
Note that the median filter on each threshold
level in Figure 2 has binary data at its input and
produces binary data at its output. A median
filter with binary input is thus a binary opecrator
which we denote as f (*). In the case of the win-
dow width three median, f (") is simply a major-
ity logic operation. If the three bits in the window
at time k are by_;, by, and by, then the output is

J br15 brs bri1) =br_1*by + by¥byyy + by *bey

where "*" denotes the logical and operation, and
"+" denotes the logical or opcration.

Add binary outputs

Another crucial property of the median
filter is the ordering property known as the stack-
ing property. For any two vectors
X=(x1.%2, " X) Y =(1,Y2,  * * »Yn) Of lcngth
n, we say that

xXzy
if and only if x; 2 y; for all values of i. A logical

operator f () is said to obey the stacking property
if and only if

f&x)zf (@) whenever x2y.

The threshold decomposition architecture
shown in Figure 2 and the stacking property are
the defining properties of stack filters. Any filter
SA(*) is a stack filter if it has the superposition
architecture of Figure 3 and if the Boolean func-
tion f(-) used on every threshold level of the
architecture has the stacking property.

220113222 = Sy =P 221113222

Threshold at 1,2 and 3

v

000001000

Add binary outputs

000001000
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110111111111111111

Figure 3: A stack filter: an asymmetric median.
f(b1,b2,b3)=b*b3+b;
S(x1,X2,%3) = max(min(x1,X3),x2)

Note that the AND and OR operations are
simply the binary version of the max and min
operations [NaR]. Because every rank order
operator, including the max and min, possesses
the threshold decomposition property [FCG2],
each stack filter also obeys the threshold decom-
position property and each can be expressed as a
max of mins operation [MaS] as illustrated in the
caption of Figure 3.

Mathematically, the following superposi-
tion property holds for the window width 2N +1
stack filter S{) based on the positive Boolean
function f(-) of window width 2N +1:

M-1
S/(Xk_N. T XkaN) =Sf[ > Ti((xe—ns -~ 1xk+N))}
i=1

=Mi]S f[Ti((xk—Nr o ,xk+1v))]

i=1

M-1
= Z Ti((ens - ,xk+N))] .
i=1

The importance of the threshold decompo-
sition and stacking properties of stack filters fol-
lows from an application to estimation.

Suppose that the input sequence {x;} for a
stack filter is a signal sequence {s;/} that has been
distorted in some fashion by a noise sequence
{ny}. We will assume that the desired signal
sequence and the noise sequence are jointly sta-
tionary and that all sequences take on values in
0 ={0,1,2,--- ,M—-1}. The goal is to choose a
stack filter of window width 2N +1 such that, for
input sequence {xi}, the output sequence {y;}
produced by the stack filter is "close" to {s;}.
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Our measure of closeness will be the mean
absolute error

MAE; =Ef[ ISty ]

where the choice of k is arbitrary because of the
stationarity assumption made above and where
the stack filter S/(*) is being used. Our goal is to
find the positive Boolean function f(-) which
minimizes MAEy.

The threshold decomposition and stacking
properties allow us to significantly simplify
MAEy:

MAEf=Ef[lsk_yk|]
=Ef[ Fsi = SeOk-ns ** " Yiean) | }

Applying the threshold operations and the thres-
hold decomposition property yields:

M-t M-1
AR [SkJ -y S;[Ti()’k—N), e vTi(Yk+N)] I
i=1 l"—‘l
Now apply the stacking property:
M-1

B % 1T (5 - (T, - Tioan)
M-1

g| T 175 - AT:06. - Toww)

i=1
In this last equation we see that the mean abso-
lute error is simply the sum of the mean absolute
errors made on each level of the threshold
decomposition architecture.

With the simplification shown above, the
problem of minimizing MAE; can be reduced to a
linear program [CoL]. This linear program is
difficult to solve, though, for window sizes
greater than 10. A stack filter training algorithm
[LSC] was thus developed and has been used to
design stack filters with windows containing up
to 25 points.

In Figure 4, we show an image of Einstein.
Figure 5 is the same image after it has been cor-
rupted with a combination of Gaussian noise and
salt and pepper noise.

Figure 6: Ouput of 4x4 stack filter.
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A 4x4 stack filter was trained to restore this
image. The results obtained are shown in Figure
6. The detail in the image has been retained
while the noise has been well suppressed.

One of the most recent applications of stack
filters has been to the problem of edge detection
in images corrupted with noise. The use of stack
filters has led to a new approach to edge detec-
tion [YBD].

Consider a noise-free, one-dimensional sig-
nal {x(n)}. We would like to estimate the magni-
tude of the first difference, | s(n+1)—s(n)|, for
this signal since the result can then be thres-
holded to determine if an edge is located at posi-
tion n. We will estimate the first difference by
applying a spatially invariant nonlinear filter F ()
to the noise corrupted signal, x(n).

First define the windowing operation

Wi(n)= [i(n—k),f(n —k+1), - - ,i(n+k)]

The estimated first difference is then F(Wj;(n))
where F () is the nonlinear function to be deter-
mined. Our goal is then to determine the func-
tion F (-) which minimizes

e(F) =E[| FWs(n))— |x(n+1)=x(n)| 1]

To determine the structure of F, we first rewrite
the magnitude of the first difference by noting
that

| x(n+)—x(n) | =
max{x (n+1),x(n)} — min{x (n+1),x (n)}

The magnitude of the first difference is then seen
to be the difference between the windowed max-
imum and minimum, which are equivalent to the
well-known dilation and erosion operators in
morphology. This suggests that we find two non-
linear filters which estimate the dilated and
eroded signals, and then form the difference
between these estimates. This difference is then
thresholded to produce an estimate of the edge
map of the target signal. This approach to edge
detection is called the Difference of Estimates
(DoE) approach.

We thus write
F (Wz(n)) = Sa(Wz(n)) — Se(Wz(n))

where S;(*) and S, () are the stack filters used to
estimate the noise free dilation and erosion,
respectively. The error measure can then be
upper bounded by the sum of the following two
error terms

E[ | Sa(Ws(n)) — max(e(n),x (n+1)) 1}

E[ | S, (W(n)) - min(x(n),x (n+1)) | ]

Our strategy is to minimize the overall error by
choosing S4(-) and S.(*) to separately minimize
each of the above two error expressions.

We train stack filters to minimize these two
error expressions. The training is carried out on
some image that is "similar" to the target image
since the noise-free target image is rarely avail-
able. The image we used for training is shown in
Figure 7. The image was corrupted with light
noise that was a mixture of Gaussian noise and
salt and pepper noise.

Figure 7: Training image.
The resulting stack filters were then used to esti-
mate the noise-free dilated and eroded version of
the image in Figure 8 which is lightly corrupted
by a mixture of Gaussian noise and salt and
pepper noise. The difference of the outputs of
these filtering operations was then thresholded to
obtain the edge map. In Figures 9 through 12 we
show the edge map obtained by the DOE opera-
tor trained on the couple image with those
obtained by a 7x7 Canny operator [Can], the
improved morphological operator developed in
[LHS], and by the dispersion operator [PiV2].
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Figure 8: Noisy image. Figure 12: Dispersion edge operator.

From these images it is clear that the edge
map produced by the DoE operator is
significantly less corrupted by noise. The DoE
operator has also retained more of the fine edges
than the other edge detection operators. Recall
that the DoE operator was trained with a different
image and different noise sample functions. The
robustness that stack filters bring to any applica-
tion is thus clearly evident in this example.

3. Weighted Median Filters

As a major subclass of stack filters and an
immediate generalization of the median filter,
weighted median filters have attracted the atten-
tion of many researchers. Several papers have
recently dealt with the deterministic and statisti-
cal properties of these filters [YAN2], [KoL],
[PrL1], [PrL2], [HGN], [YANI1], [SGN1],
[SGN2]. The most important result obtained for

~ ) WM filters is perhaps the optimality theory built
‘/ around these filters. It combines the determinis-
j R/ tic and statistical properties of WM filters

[YYG2].

The aim of this optimality theory is to
select a WM filter which has the best noise
attenuation capability (under a certain error cri-
terion) and which, at the same time, preserves a
set of pre-specified signal structures. In the
literature, this is referred to as optimal filtering
under structural constraints. A similar theory has
been developed for stack filters [GHB], [CLG]
and weighted order statistics filters [NYG].

Recall that a weighted median filter can
preserve details, such as pulses of any desired
length, by selecting appropriate weights. On the
other hand, for a given pulse length, there may be

Figure 10: 7x7 Canny edge map.
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many weighted median filters which can preserve
the given pulse. The question is how to select one
of them which suppresses noise the best. A solu-
tion is based on the statistical analysis of
weighted medians developed in recent work
[YYG2], [YYGI1].

Consider a WM filter with weight vector
W=W,;,Wy,..., Wy), N=2K+1. Denote by
scriptS the multiset of weights, i.e.
scriptS ={W,, W,, ..., Wy}, A parameter M;,
i=1, ., K is introduced to denote the
cardinality of the following set for
i=0,1,---,N

QU={A|AcW, |Al=i,and 3 W;2T)
W;e A

(such subsets are called positive subsets), i.e.,
M;= Q| i=0,1, ,N.

Using these M;’s, the output moments of
weighted medians are given by the following
theorem.

Theorem 1: Consider a weighted median filter
with window width N=2K+1, weights W, and
i.i.d. input from a common distribution function
®(t) and density function ¢(¢). The /-order output
moment of the weighted median filter can be
expressed as

K
Wom = W5 + T MiLi(N, @,0),
i=1
where p! is the l-order output moment of the
standard median with the same window width
and
400

L(N,®.)) = [ V@) Iy |'6()dy 20,

for/20andi=l,.., K and
Vi(®) = -&% (@ (1 — DYV 4+ OV-i(1 — DY),

Theorem 1 says that each output moment of
WM filters is composed of two terms. The first
term is the output moment of the standard
median filter with the same window size, and has
nothing to do with the weights. The second term
is a function of the M;’s and is thus a function the
weights; it can be referred to as the contribution
of the weights. Note that this second term is

equal to zero if all the weights are equal. Accord-
ing to the definition of the M;’s, this second term
is always positive, i.e.

K
E M;L; 20.

i=1
This means p’,,, > p,’ forl >0.

One application of Theorem 1 is the
efficient evaluation of the noise attenuation per-
formance of weighted medians [YGN]. It would
be more interesting though if Theorem 1 could be
used to design optimal WM filters with structural
constraints. It has been shown that given a set of
structural constraints, an optimal WM filter can
be found through nonlinear programming. In
some cases, the optimality problem is reduced to
the solution of a group of linear inequalities.

Consider a one-dimensional signal process-
ing application. If pulses with length 2 are sup-
posed to be preserved, then optimal symmetric
WM filters for arbitrary window size N are given
by the following theorem.

Theorem 2: Given a WM filter with window size
N=2K+1,

W=W_x Wik, ..

optimal WM filters which preserve pulses of
length 2 can be expressed as follows:

w=(,1,.,1,a+l,2a+l,a+1, 1, ., 1, 1),

’ WO) ) WK—lv WK)’

wherea 2K - 1.

4. Center Weighted Median Filters

Center weighted median (CWM) filters are
a subclass of WM filters which combines the
simplicity of median filters with some of the
design freedom of WM filters. In CWM filters
only the center sample in the window has a
weight larger than or equal to one; all other
weights are equal to one. They have simpler
implementations than more general weighted
medians since the output is always the median of
three samples from the filter window [KoL].

Because of the nonlinearity of median-
based filters, deterministic properties involving
root set structures and convergence behavior
have been analyzed to represent the filtering
behavior. The deterministic properties of one-
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dimensional CWM filters have been investigated.
To be specific, CWM filters have been shown to
have the convergence property and their root
structures have been specified [SGN1], [SGN2].
It has been shown that an arbitrary finite length
signal will be reduced to a root signal after a
finite number of passes of any CWM filter. A
necessary and sufficient condition for an arbitrary
signal to be a root signal has been derived. Roots
of CWM filters include constant neighborhoods,
edges and some other irregular structures not
found in roots of the median filter. It has also
been shown that the root signal sets of CWM
filters with the same window size and different
center weights are nested.

Analysis of the root structures of CWM
filters has also been extended to the two-
dimensional case [Sun93a]. The required form
for a signal to be a root of a 2-D CWM filter has
been derived in [Sun93a]. These results can be
used to evaluate the detail-preserving properties
of these filters.

Time invariant filtering is not appropriate
for nonstationary images due to the compromise
between noise reduction and resolution. There-
fore, time-variant filters may show their advan-
tage in this case. Based on the simple structure of
CWM filters, adaptive CWM filters based on the
local statistics have been designed. In particular,
we have proposed a cascade of several one-
dimensional adaptive CWM filters oriented in
different important correlation directions of the
image for image restoration [SGN2][SGN3]. This
filtering scheme is better than the corresponding
two-dimensional adaptive CWM filters in many
cases. Each pixel is processed independently, so
a parallel processor can be used in real-time sig-
nal processing applications. The most important
advantage of one-dimensional adaptive CWM
filters is their ability to remove noise along image
details while preserving these details.
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