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Abstract. This paper gives the optimal stack filtering 
theory under the mean absolute error (MAE) criterion 
a completely new meaning in terms of the a posteriori 
Bayes minimum-cost decision. It is shown that under 
certain conditions this always leads to a rank-order filter 
(ROF) as the best filter in the minimum MAE sense. 
It is further shown that for a mostly practical case, the 
solution becomes the median filter. 

The ROFs produced by this approach are subjected 
to a sensitivity analysis to quantify their dependency 
upon the cost coefficients. Several design examples will 
be provided. 

1. INTRODUCTION 

Rank-order filters (ROFs) include the well-known median 
filter and form a subclass of stack filters [I]-[3]. ROFs 
can be defined both in the multi-level domain and in the 
binary domain. In the multi-level domain, the r-th ROF 
of window width b, denoted as Rb,r(.), is defined as 

Y(n)  = Rb,T(J?(n)) = the rth largest sample in 2 ( n )  
+ (1) 

for r = 0,1, , b, b+ l ,  where X ( n )  (n  is a time index) is a 
window vector yhich contains b samples successive in the 
time domain: X ( n )  = { X ( n  - N1) , . . . ,X(n) , . . .  , X ( n  + 
N2))  where N I  + N2 + 1 = b. The following are several 
special cases: r = 0 corresponds to the 1 filter, T = 1 is 
the maxfilter, r = b is the min filter, T = b + l  corresponds 
to the 0 filter, and r = (b + 1)/2 (for odd b) gives the 
median filter. 

Since ROFs are stack filters, they can also be defined 
through threshold decomposition and positive Boolean 
functions [l], [2]. Actually, for the r-th ROF of win- 
dow width b, the number of min-terms included in the 
corresponding Boolean function (in the MSP form) is ex- 
actly (:) (a binomial number) for r =1, 2, - .  ., b. Fig. 1 
illustrates how a ROF R3,2 (a window width three me- 
dian filter) can be realized through (i) threshold decom- 
posing the multi-level input signal to binary signals, (ii) 
filtering the binary signals using the Boolean function 
2122 + 22x3 + 2321 which corresponds to the ROF, and 
(iii) adding the binary outputs on all threshold levels to 
obtain the multi-level output. Such an implementation 
has proven to be attractive to VLSI implementation [8]. 
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Fig. 1. An example showing how a ROF (%point median 
filter) can be implemented through threshold decompo- 
sition and Boolean filtering. 

In this paper, we consider how to design a ROF which 
is optimal under the MAE criterion. We show that such 
a problem is equivalent to the a posteriori Bayes decision 
with consistency constraints and the optimal solution can 
be obtained without resorting to the use of a linear pro- 
gram (LP). We further show that for a special case (in 
fact, the most practical case), the optimal solution be- 
comes the median filter. 

The paper is organized as follows. Section 2 reviews 
the theory of optimal stack filtering under the MAE cri- 
terion (as ROFs are also stack filters). In Section 3, we 
interpret the equivalence between this theory and the 
classical a priori and a posteriori Bayes decisions. The 
a priori problem has been solved in [6]. Here, we con- 
sider the a posteriori problem whose solution is shown in 
Section 4 to be a ROF with an appropriately chosen or- 
der. In Section 5 ,  the ROFs produced are subjected to a 
sensitivity analysis in order to quantify their dependency 
upon the cost coefficients. Several design examples are 
provided in Section 6, and the conclusion of this paper is 
drawn in Section 7. 

2. MINIMUM MAE STACK FILTERING 

The optimal stack filtering theory under the MAE cri- 
tcrion 141 deals with an optimization problem stated as 
fr)llows: 
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minimize : c(s~) = E { I D ( ~ )  - sj(Z(n)>l) 
subject to : the stacking constraints 

where T(n) denotes the received window process (sup- 
posed to be stationary), D(n)  is the desired signal, and 
Sf represents a window width b stack filter. 

Let us assume that D(n)  and all elements of z(n) 
take d u e s  in {0 ,1 , - . . ,M} .  Using the threshold de- 
composition technique, the above optimization can be 
reduced to (see [4]-[7]) 

Optimization 1: 

where 

M 
Ej(0) = C/(l,O,Gj)~/(lIGj)~(Gj) 

/=1 
and 

M 
Ej(1) = C/(O,l,Gj)‘./(O~Gj).(Gj). 

/=1 

Various notations used in the above optimization and 
equations are explained as follows. Gj denotes a binary 
state of length b. Pf(0lGj) or Pf(lIGj) is the output 
of the Boolean function f(.) for Gj. C/(l,O,Gj) and 
CI(O,l,Gj) are the cost coefficients associated with wrong 
decisions for Gj on level I whose values can be set by de- 
signers. (In this paper, we assume that the cost coeffi- 
cients for correct decisions are zero.) xl(Gj) is the limit- 
ing probability of the event that Gj is observed on level 
1 ,  and nl(0lGj) or q(l1Gj) = 1 - q(0IGj) is some con- 
ditional probability which has two different definitions, 
leading to the a priori and the a posteriori interpreta- 
tions, respectively. This will be discussed in the following 
section. 

3. BAYES DECISION INTERPRETATION OF OPTI- 
MAL STACK FILTERING 

Optimization 1 can be interpreted as a Bayes decision. 
This way, we see that C ( S f )  is the cost function of the 
decision where the cost coefficients for correct decision 
are zero and those for wrong decisions are C/(l,O,Gj) 
; ~ n d  CI(O,l,Gj) when Gj is observed on level I. Since a 
stack filter upholds the stacking property in its oltt8l>11ts, 

the equivalent Bayes decision must be consistent from 
one threshold level to another. For instance, the deci- 
sion cannot be such that the signal is 0 on level 1, while 
deciding the signal is 1 on level 2. 

Now, let us consider the definition of nl(0IGj). The U 
priori approach defines that ar(01Gj) is the probability of 
the event that the desired signal (i.e., D(n)) is less than 1 
when Gj is observed in the received window process (i.e., 
Z(n) )  threshold decomposed on level 1. This leads to 
the design of optimal stack filters and generalized stack 
filters under the MAE criterion first solved by Coyle et  
al. using linear program techniques [4], [5], and recently 
simplified by Zeng e t  a1. [6], [7]. In this paper, we in- 
troduce another definition of ?r/(OIGj) which provides a 
posterior interpretation. Specifically, we define 

q(0IGj) =Prob{filtered output d u e  on level 1 is 
0 I Gj is observed] 

N p  (Gj) _ _  - - 
(4) 

Nb 

where Nb is the total number of positive Boolean func- 
tions with b variables and N,(O)(Gj) is the number of pos- 
itive Boolean functions of b variables which produce a 
0 output for the binary state Gj on level 1. Similarly, 
q( 1 lGj) is defined as 

( 5 )  

It is easy to show that r/(OIGj)+q(llGj) = 1 for all Gj’s. 
It should be pointed out that the posterior meaning 

defined above is different from the standard one where the 
decision is based on the probability model of the outputs. 
However, the definition of (4) does give the a posteriori 
interpretation because it is based on the observations af- 
ter the filtering pass. With this definition, the previously 
formed Bayes decision thus becomes the a posteriori de- 
cision. 

4. SOLUTION OF THE A POSTERIORI BAYES DE- 

By Eq. (4), it is easy to see that xj(0lGj) is independent 
of level I, i.e., 

CISION 

7r/(OIGj) = 7r/+l(O&) VGj. (6) 
With Eqs. (4) and ( 5 ) ,  the optimization procedure is 
simplified greatly, as will be shown in the following. 

Lemma 1: Probabilities q(0ltZj)’s possess the stack- 
ing property, i.e., 

q(O1Gi) 5 al(01Gj) whenever Gj 5 Gi. (7) 

Proof: Let us show that rI(1lGi) 2 rI(1lGj) which 
is equivalent to Inequality (7). Suppose that we find 
a positive Boolean function f(.) such that f(Gj) = 1. 
Since 17;i 2 G j ,  f(Gi) = 1. This implies that Njl’(Gj) 5 
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Nj’)(Gi). Using Eq. (5), we thus proved that a,(llGi) 2 
rI(1lGj)- 

Lemma 2: Let Gi and Gj denote two binary states on 
threshold level 1. If Gi - l’t = Gj it, then 

X,(llGi) = 7r,(llGj). ( 8 )  
Proof: Since Gi . it = Gj if, both states contain 

the same number of 1’s. Assume, without loss of gen- 
erality, that t& contains K 1’s located at bit positions 
nl,n2,-*- ,nK and Gj contains K 1’s located at bit posi- 
tions ml, m2, - - - ,mK.  We must show that the number 
of positive Boolean functions which produce a 1 for Gi is 
equal to the number of positive Boolean functions which 
produce a 1 for 6,. Define the following one-to-one map- 
ping @ : @(nk) = mk Vk = 1,2,  - - .  , K. Now, any positive 
Boolean function (in its MSP form) that produces a 1 for 
Gi must contain at least one term whose literals are some 
or all of the bits nk’s. Using the one-to-one mapping Q, 
we obtain another positive Boolean function which pro- 
duces a 1 for Gj. Therefore, for each positive Boolean 
function that produces a 1 for Gi, there exists a positive 
Boolean function that produces a 1 for Gj. 

Lemma 3: Given two binary states Gi and Gj. If they 
meet the condition Gi it + Gj . it = b, then 

7r,(OlGi) = ?r,(lIGj). (9) 
Proof: First, let us show that ?rl(OlGi) = ?r,(lIGf) 

where Gf = 1‘- Gi (i.e., the 0 bits of Gj become 1’s and 
vice versa). This is equivalent to showing that q( 1 IGi) + 
7r,(llGf) = 1. Using the definition given by (5), this 
equation becomes 

(10) Nb (1) (Gi) + Nb(’)(GZ) = Nb. 

However, from the definition of Nb(’)(G;), it is easy to 
show that (10) is true for any Gi. Therefore, we proved 
that q(0lGi) = ?r,(llGf). Next, it is easy to see that Gj 
and G: have the same number of ones, so we can apply 
the result of Lemma 2. This completes the proof. 

Combining Lemma 1 and Lemma 3, we can easily 
show the following lemma. 

Lemma 4: Given a binary states Gj. (1) For odd 
b, if Gj contains no more (no less) than ( b  - 1)/2 ((b + 
1)/2) ones, then 7r(llGj) < (>)0.5. (2) For even b, if Gj 
contains less (more) than b / 2  ones, then ~(11Gj) < (> 
)0.5. Moreover, ?r(llGj) = 7r(OlGj) = 0.5 if Gj contains 
exactly b/2 ones. 

With these lemmas and assuming that the same cost 
coefficients C(1,O) and C(0, l )  are used for all binary 
states on all threshold levels, we present an important 
theorem concerning the solution of the a posteriori Bayes 
minimum-cost decision as follows. 

Theorem 1: The solution of the a posteriori Bayes 
minimum-cost decision is a ROF which can be obtained 
without solving an LP. 

Proof: As the conditional probabilities.q(OlGj)’s and 
ri(liGj)’s are independent of 1, the expected costs Ej(0)  
and Ej(1) for binary state 7Zj reduce to 

M 

Ej(0) = C(l,O)?r(l lUfj)~?r,(Gj) (11) 
,=I 

and 

M 

~ j ( 1 )  = C(o,1)~(olGj) Ca,(Gj). (12) 
,=I 

It is easy to check that these costs satisfy the stacking 
property defined in [6] (i.e., if Ej(0) < Ej(1) for Gj, then 
the same inequality must hold for any binary state stack- 
ing on top of Gj). Therefore, the optimal solution yield- 
ing the minimum MAE can be obtained by using the 
suboptimal routine proposed in [6] which does not re- 
quire an LP and whose computational requirements are 
merely comparisons between the costs. If Ej(0) < Ej(l) ,  
we decide that Pf(0lGjj) = 1; otherwise Pf(llGj) = 1. 
On the other hand, according to Lemma 2, we know that 
all ?r(OlGj)’s or a(1lGj)’s are equal for the binary states 
having an equal number of ones. Therefore, the decision 
outputs for these binary states must also be the same. 
Obviously, such a solution is a ROF. 

It should be pointed out that from the above proof, 
one can see that the solution actually does not depend 
on the priori probability models. This is because C(O,l), 
C(1,0), and ?r,(OlGj) are all independent of the probabil- 
ity models. 

Finally, an important consequence of Theorem 1 is 
presented for the case when C(0, l )  and C(1,O) are equal. 
Obviously, such a case is very practical. 

Consequence 1: Suppose that b is odd. If the cost 
coefficients C(0,l)  and C(1,O) are equal, then the solu- 
tion of the a posteriori Bayes minimum-cost decision is 
the median filter. 

Proof: When C(1,O) and C(0, l )  are equal, we need 
only check if ?r(llGj) < ?r(OlGj) in order to decide the out- 
put value for Gj. This, however, is equivalent to checking 
if r(1lGj) < 0.5. If this is true, then the decision output 
for Gj is 0; otherwise the output is 1. But, based on 
Lemma 4, i+t is easy to see that the decision output is 
zero if Gj . I t  < ( b  + 1)/2 and will become one as long as 
GJ . it 2 (b + 1)/2. Therefore, the solution is the median 
filter. 

, 

5. SENSITIVITY ANALYSIS 

In the optimization procedure discussed earlier, it is pos- 
sible that a small, and sometimes, even a large variation 
in the cost coefficients does not change the solution. In 
this section we attempt to quantify these variations. It 
is obvious that the larger these acceptable variations are, 
the more robust the solution of the optimization proce- 
dure is. The following theorem gives the range in which 
the cost coefficients C(0,l)  and C(1,O) are allowed to 
vary while the optimal ROF remains unchanged. 

ThenrPm 2: The rth ROF is optimal under the MAE 
criterion iff 

226 



for any Gj E rr-l and Gj E rr where rq = {Gm : Gm-? = 

Proof: To prove necessity, suppose that, for some cost 
coefficients C(0,l)  and C(l,O), the optimal ROF is the 
rth ROF. Then, for any w’; E rr-l, according to the 
optimization procedure, we have 

q } .  

C(l,O)n(11G;) < C(O,l)n(01G;) 

which is equivalent to 

Similarly, we can show that for any Gj E rr, we have 

These two results imply that (13) holds. 
To prove sufficiency, assume that C(0,l)  and C(1,O) 

vary, but (13) still holds. According to the optimiza- 
tion procedure, (13) implies that the Boolean function 
representing the ROF will produce a 0 output for any 
w’; E rr-l and a 1 output for any Gj E rr. Extending 
this result to the multi-level case, one can see that the 
solution is still the r th  ROF. 

6. DESIGN EXAMPLES 

From Definitions (4) and ( 5 ) ,  we can easily see that in 
order to design optimal ROFs, one must first find the 
number of positive Boolean functions for a given window 
width and also the numbers of subsets of these functions 
which produce a 1 output for some specific binary states. 
This task is, however, not such an easy one for relatively 
large window widths [9]. Here, we only consider cases 
b = 3 and b = 4. Tables 1 and 2 present the designed 
ROFs which yield minimum MAE for b = 3 and b = 4, 
respectively. Note that all filters given in these tables are 
independent of the prior probability model of the signal 
and noise processes and therefore might be used directly 
in certain practical cases. 

Table 1: Window Width Three Optimal ROFs 
(C(0,l)  = 1.0) 

C( 1 , O )  Filters ~1 
7. CONCLUSION 

In the present paper, optimal rank-order filtering under 
the MAE criterion WBB shown to be equivalent to the a 

‘I’able 2: Window Width Four Optimal HOFs 
(C(0,l)  = 1.0) 

1 C(1,O) I Filters I 

posteriori Bayes decision. It was also shown that find- 
ing the minimum MAE ROF does not require an LP, 
thus dramatically reducing the complexity of the algo- 
rithm presented in [3]. Furthermore, the median filter 
was shown to be the optimal solution (in the minimum 
MAE and the a posteriori sense) for a very practical case. 
The robustness of the designed ROFs w.r.t. the cost co- 
efficients was analyzed, which, supported by the inde- 
pendence of optimal solution on the prior statistics of 
the signal and noise processes, suggests the potential of 
ROFs in practical applications. 
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