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Abstract

The problem of optimal Weighted Order Statistics (WOS) filters design is first related to the optimal
design in a larger class, called Variable Rank Order Statistics (VROS) filters, the results obtained pro-
viding guidelines for the approach to be used in WOS filtering. Since adaptive methods applied directly
to WOS filter models have to cope with a very ill conditioned problem, the adaptation will act on a
model which belongs to Neural Networks (NN) class. This particular neural model can be trained using
an algorithm very similar to the classical Backpropagation algorithm. In the final stage of training, the
neural model can be made arbitrarily close to a WOS filter.

1. WOS Filters and Optimal Design Problem
1.1 WOS and VROS filters

The archetype of WOS filter is the order statis-
tics (OS) filter, which processes at any time ¢ the
input values inside a window X(¢) of length N =
Ni + N3 + 1, including the current input z(t),

X()=[z(t—Ny)...z(t)...z(t+ N2)]
(1)

First, the values in the window are ordered de-
creasingly, resulting the ordered vector

OX(t) = [X(l) .. .){(N)](i) = [)(il .. .;\’,'N](t) (2)

where X(;) denotes the k’th value in the ordered
set. This operation can be thought of as being im-
plemented by the ordering operator O, using the

permutation
P() = (1 2 N)
11 2...1N

of the elements in the original window for arranging
them in decreasing order. The output of the filter
will be y(t) = X(r)(t) with r, the so called rank of
the order statistics, a fixed integer value less than
or equal to N.

More flexibility can be added to OS filters if
the rank r is allowed to be dependent on the actual
permutation P(t). This goal can be achieved by as-
signing to every permutation a rank, e.g. using a
look-up table .

Definition 1 A Variable Rank Order Statistics
(VROS) filter performs the ordering of the window
X(t) using the permutation P(t), then takes the

= [X1 X2... XN](2)

®3)

rank r assigned to P(t) and finally gives the output
y() = Xepay))-

A more refined way to achieve the permutation
dependence of the rank is provided by WOS filters.

Definition 2 A WOS filter has a real valued
weight W(X;) = W, assigned to every entry X; in
the window and a threshold weight, Wn41. The
filter will process the samples in the input window
in two steps:

e the window is decreasingly ordered ;

e for every r = 1,...,N, the inequality
S, W(Xi)(t)) > Why is tested and the least
value of r for which the inequality holds will select
the value y(t) = X(+)(?) as the filter output.

It is obvious that r is not anymore fixed as in
OS filters (rank order filters); the weights have the
effect of changing the rank value when the order in
the window changes and it follows that WOS filter
class is included in VROS filter class.

WOS filter class is a subclass of stack filters be-
cause any WOS filter possesses the stacking prop-
erty. However, since one can give examples of
VROS filters which do not possess the stacking
property[2], it results that there are VROS filters
which are not WOS filters. This proves that WOS
filter class is strictly included in VROS filter class.

1.2 The Approach to Optimality

This paper will deal with the adaptive approach
to optimality. The proposed adaptive methods min-
imize two types of criteria : Mean Absolute Er-
ror and Mean Squared Error, although extension to
other criteria is straightforward. If the arithmetic
mean is taken as an estimate of the statistical mean
(ergodicity hypothesis) the optimality criterion can
also be quoted as Minimum Sum of Absolute Errors
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and Minimum Sum of Squares Error respectively.
Problem of Optimal Filter Design Given
o the input set {X(t)}tTﬂ,
o the desired output set {cl(t)}thl,
e the filter class C,
find the filter parameters * which minimize the
criterion

T
J0) = 5ol - uX@,0F  (4)
=1

t=
with p = 1 for MAE criterion and p = 2 for MSE
criterion. The class C will be in turn VROS class
Vi, with parameter vector § € Vn and WOS class
Wh, with parameter vector § = W € Why.

1.3 Optimal OS and VROS Design

Since there are only N OS filters, the optimal
one can simply be obtained by comparing the N
values of the criterion (4).

The procedure {or finding the global optimum
in VROS filter class - under any performance cri-
terion which depends on the estimation error - can
easily be derived, mainly because the selection of a
certain rank for a permutation does not restrict the
rank selection for other permutations.

Step 1. For all windows X (¢) find the associ-
ated permutation P(t);

Step 2. Group the identical permutations to
obtain the set of distinct permutations P =
{Pip};)-, and the sets Tip of time instants t
for which X(t) associates with Pjp;

Step 3. For every distinct permutation Pjp
find the total error resulting if decision is

r(Pip)=1, i=1...N
J(ip,i) = Y ld(t) - [OX @)Ll
teT,p

Step 4. Find for the optimal VROS the rank
associated with the permutation P,

r(Pyp) =1i* = argm‘in J(ip, 1)

Step 5. Find the rank r of the optimal OS
filter

np
r=1" = argmin Z J(ip, 1)

ip=1

Step 6. For every permutation Py ¢ P,
associate the rank r(Py) found in step 4.
These complete the specification of the opti-
mal VROS filter.

Table 1: Optimal OS and VROS Design Procedure

The solution provided by the optimal VROS
procedure in Table 1 gives a lower bound on the
J criterion values for WOS filter class. Some cases

offering guidelines for WOS filter design are listed
below:

a) If r(Pip) = (N + 1)/2 for all ip, the optimal
WOS filter is the median filter and further adaptive
search is not necessary;

b) If #(P;p) = k for all ip, the optimal WOS fil-
ter will be the k-rank OS filter and further adaptive
search is not necessary;

¢) If the relative improvement obtained for J
criterion in optimal VROS design over optimal OS
filter is not significant, further adaptive search for
WOS filter is not justified.

2. Neural Network Approximation :
Solution for Adaptive WOS Filter Design

2.1 Criterion Surface for WOS Filter Design

As is well known [4], there is a finite number
of distinct WOS filters of a given length ( since the
number of stack filters of fixed length is also finite).
The enumeration of all WOS filters of a given length
is a difficult task and their number is very big, even
for moderate size windows (greater than 9). This
makes direct search over the WOS filter finite set a
problem yet impossible to solve in general case.

We consider here the search for the parame-
ters W = [W;...Wn] in a continuous space, which
can be taken [2] as the N-dimensional hypercube
[0, Wnygi]V, with the threshold fixed at the value
Wns1 = N +0.5.

The success of any optimum search method ap-
plied to minimization problem (4) will be strongly
affected by the shape of the hypersurface obtained
by evaluating the criterion J in the parameter space.

Some relevant facts about the surface shape are
addressed below:

1) It may be easily seen that modifying every
weight value with a small enough quantity, the in-
equalities which are implied in WOS definition will
not change their signs and consequently the WOS

s
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N
S

S

Figure 1: MAE criterion in (W7, W3) coordinates
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Figure 2: WOS filter parallel implementation

filter with modified weights will be identical to the
initial one. This implies that any criterion of the
form (4) is a locally constant function almost ev-
erywhere, excepting a zero measure set (for which
at least one inequality becomes equality) where
discontinuities appear. This aspect is illustrated
in Figure 1 for a 5-length WOS filter, where the
weights were initially assigned to median filter and
then the weights W; and W, were varied in the ad-
missibility region described above.

2) Gradient search methods for this problem
will fail, since almost everywhere the gradient is
Z€ro.

In order to cope with such an ill conditioned op-
timization problem, it is obvious that something in
the structure of the WOS filter must be controlled,
to eliminate the roughness of decision making for
a while until significant steps in optimization are
made. Smoothing the criterion surface with respect
to the parameters will make possible the use of gra-
dient based methods.

We depicted in Figure 2 the structure of the
WOS filter in order to show the points where hard
decisions occur.

There are N similar processing channels, the
’th channel testing if the final decision will be the
selection of X; as output of the filter, only one of
the channel outputs being different from 0, the pro-
cessing flow is described by the set of equations in
Table 2.

for k=1 to N
for j=1 to N
i = RO(X; = Xa)
1, if X;j—Xe>0;
)1 i X - xe=0 (WOST)
- and j < k;
0, else.
1] N ©
uE = ZW;y;k - Wni (WOS 2)
l:lk
0 ey = {1 >0 (wos )
Yi k 0, else.
w? =l 4w (WOS 4)
u? =y 04y -0 (WOS 5)
2
= 2 () . )
=1L i g =04y =0T (wos 6)
0, else.
N -
v = S Xuyl (W05 7)
k=1

Table 2: WOS Filter Algorithm
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2.2 Adaptive WOS Filter Design using Neural Net-
work Training

The WOS filter class will be replaced in our
minimization problem with another class which
contains the former and for which the minimization
is feasible. The optimization will be carried in such
a way that at the final search stage, the optimum
will be a WOS filter. In order to use a gradient
based minimization method, the gradient direction

must be defined in almost every point in the pa-
rameter space. This can be obtained if in all cases
when a weight changes, the criterion value changes
too. If the step nonlinearities will be replaced with
smooth nonlinearities in the third and forth level
in Figure 2 ( h! and A? cells ), any change in the
weights value will produce a variation in the output,
which will affect the criterion value.

Table 3: Neural Network model and

gradient computation

Forward Pass The structure in Fig.2 will be
for k=1 to N modified such that the hard
for j=1 to N decision elements with non-
O — pox. — linearities k! and h? will be
Yik RO(X; — X&)
1, if X;—Xi>0; replaced with sigmoidal type
1, if X;—Xy=0 (FORI) nonlinearities
- and j < k; e
0. clae. s(e,2) = 1/(1+¢7°%). (5)
N
Ell =3 W.-yl? - Was (FOR 2) Increasing the value of a,
=) ' the sigmoidal function can be
) ‘1 )y _ 1 - made as close as needed to a
oo =sHau) = 14 c”‘a“k[l 1 (FOR 3) hard nonlinearity, in the late
n2 1) - v stages of the search.
y}[‘z] B 3[1(;]’ Uk +‘[/K]) (I:OR 4 For the MAE criterion, the
u‘a 0.4 10'7 (FOR 5) gradient computation is not
yI[c] (’Ya “L]) = 7 (FOR 6) well defined when the error is
N 1+e T zero due to nondifferentiabil-
_ 12 FOR 7 ity at origin of the absolute
vt ;Akyk ( ) value function. To overcome
e =d;,—y (FOR 8) this, the absolute value func-
1 — ¢ Bet R tion will be smoothed also us-
Ji = es-11(fie) = &1 1 e—Be, (FOR 9) ing one sigmoidal-type non-
J =J+J (FOR 10) linearity, but with different
Backward Pass asymptotic levels, - 1 and 1,
_dJ, instead of those asymptotic
8 - = ~(s-1a(B,e1) levels used in (5) which are 0
+0.5¢,(1 — s_1,1(B,€))(1 + 5-1,1(B, €4))) (BAK 1) and 1:
for k=1 to N
52 —ﬁ‘“ = sz:pyP( — ¥ (BAK 2) .
dj o ) [11 lz] = azsign(z)
6,[:1] = Eﬁ =& (—er)ayg (1 - )i (BAK3) ~ z5-11(0,2)
{12] 4y, (2 021 — o012 1—e b=
b = &Jki‘ﬂ = b, (I—yi™) (BAK 4) e pF (6)
dJ [dWy = 2(5!“1 syl (BAK 5) The MAE criterion will be-
:;’l‘ come
dJ,
(dJ/dWy), = (dJ[/dWi)e-1 + E’W;' (BAK 6) T
k J(W9ayﬂ)7):Z‘]t
Weights Update r t=1
(Wa)* = Prygeen[(We)" = ni(fig)r), for k=1to N (WU 1) S Jde -
t=1

"yt(Wya)ﬂ) 7)]1 (7)
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where J; denote the "smoothed” mean valued of the
error at time ¢.

We are now able to compute the gradient for
the criterion (7) as an application of the general
Forward Backward Training Algorithm [3] to the
structure in Figure 2.

The usual problem in Neural Network mod-
elling is to approximate, with a NN model, a given
input-output pattern distribution. Our problem is
different in the major aspect that the input-output
pattern distribution must be obtained for a specific
structure model (with known parameters in most of
the layers, and with hard nonlinearities).This fact
determines the specific structure of the Search strat-
egy in Fig.4.

The innermost loop (Loop 2 in Fig. 4) updates
the vector W using the gradient of criterion (7) with
respect to the parameters in vector W. It tries to
override the traps represented by the local minima
in the following way: after the gradient direction is
computed, a search on this direction is performed,
looking for an "optimal” step. If the criterion does
not improve in any of the points tested along the
negative gradient direction, the iteration of Loop 2
will be stopped; otherwise the parameter updating
will be continued, using the optimal step.

The Loop 1 in Fig. 4 is used to modify the
steepness of the nonlinearities, using the parameters
a, B,7. These parameters determine the closeness

. .oop O
Initialize Weights
Loop 1
Perform for nonlineartiy=(smooth,steep hard)
Loop 2
Fort=1toT

Forward Pass
1 Backward Pass
Find optimal step

Update weights

If gradient==0 or weights on boundary
then Exit Loop 2

Select the best local minimum

Figure 4: Search Strategy
of the NN model to a WOS filter but also affect
criterion (7). We allow only the increasing of steep-
ness, even if this will increase the value of crite-

rion (7); this is similar to a “deterministic simu-
lated annealing” procedure since the «, f and v pa-
rameters can be seen as inverse proportional to the
“temperature” in the corresponding NN layers.

The outermost loop, Loop 0 in Fig. 4 will be
used for restarting the algorithm after a local op-
timum NN model (very close to a WOS filter) was
found. The starting parameter point will be ran-
domly generated uniformly in the admissible space
described in 2.1. In the final stage of the algorithm,
the best local minimum point will be selected from
the local minimum points obtained during training.

3. Simulation results

In this section some results relevant for a 5-
length window filter design will be presented, for
an artificial training set in which :

e The desired input is a 10-sample period
square wave of levels -20 and 20.

e The input signal z(¢) is the sum of the de-
sired signal and an independent and identically dis-
tributed noise with Gaussian-contaminated pdf

€~ (1-6N(0,3) +EN(0,3/¢)
with contamination £ = 0.1.

3.1 Optimal OS and VROS filters

The running of the optimal OS and VROS de-
sign procedure from Table 1, produced the follow-
ing results : the optimal OS filter is the median
filter, for which the value of the MAE criterion is
Jmedian = 2.61. In the data set there were 108
different permutations, for which we associated the
optimal ranks as in Table 1. To the 12 permutations
which were not found in the data set it was asso-
ciated the rank 3, as in the optimal OS (median);
the value of the MAE criterion for this filter was
J=1.29. Since optimal criterion value obtained in
VROS filter class shows a significant improvement
over the optimal OS filter class, one can expect that
the optimal WOS filter also will constitute a signif-
icant improvement over OS class.

3.2 Optimal WOS filter

An exhaustive search procedure was applied in
order to evaluate all different WOS filters for cri-
terion (4), with p = 1 and p = 2. From Fig-
ure 5 one can see that the MAE and MSE crite-
ria give similar results in ranking the various WOS
filters. The optimal MAE criterion, J=2.008, is ob-
tained for W =[124 2 1]. The Figure 5 reveals
that in this example there are more than 180 filters
which behaves better than optimal OS filter, but
also there are more than 1100 filters which behaves
much worse.
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Figure 5: MAE and MSE criteria for all different
5-length WOS filters
3.3 Adaptive WOS Design

We have applied the procedure described in sec-
tion 2, using 23 different initial starting points, se-
lected uniformly in the admissible parameter space
and using a policy of steepening the nonlineari-
ties in three steps: (a3 = 1;71 = 50;6; = 50) ,
(a2 = 10; 2 = 100; B2 = 100) and (a3 = 100;7;3 =
200; B3 = 200). The results, plotted in Figure 6,
show the efficient way in which the parameters are
modified in order to improve the criterion values.

4. Conclusions

Optimal WOS filter design was shown to be a
difficult problem. This paper reveals some aspects
which were not considered in the previous attempts
to solving this problem.

In many situations there are a many WOS fil-
ters which perform better than optimal OS filters,
but there also exist a large number of filters with
worse behavior. Consequently, the effectiveness of
the procedure used for WOS filter design seems to
be a crucial criterion for using WOS filters.

Our procedure was shown to cope successfully
with the ill conditioned problem of adaptive WOS
filter design, providing effective solutions.

A practical approach to use the procedures de-
scribed in this paper may be the following:

a)Preprocessing level : Use the procedure in
Table 1 to find the Optimal OS filter and optimal
VROS filter and decide, according to 1.3 whether
or not the WOS filter design is needed.

b) Use the adaptive WOS filter design proce-
dure to obtain a sequence of suboptimal WOS fil-
ters, until a filter is found which improves signifi-
cantly the value of the MAE criterion obtained in
optimal OS filter.

MAE criterion vs. iteration
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Figure 6: MAE during training
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