912 IEEE TRANSACTIONS ON IMAGE PROCESSING, VOL. 7, NO. 6, JUNE 1998

methods. The new approach based on the Lagrangian optimization
appears to be promising especially for very low bit rate coding
applications because it uses an efficient bit allocation strategy between
motion vector and residual error coding.
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characteristics of the data. However, most spline approximatiGg
algorithms developed for image processing assume the Gaussian n|
model. Real sensor data and digital images transmitted over nc
Gaussian channels, to cite only a few, do not fulfill this assumptic
used in classical statistical procedures. In many image process
applications, such as the ones just mentioned, the presence of outl
(e.g., a heavy tailed noise density) is unavoidable. Such outlig
may result from particular atmospheric phenomena or transmissi
errors in a faulty channel [11], [13]. Unfortunately, least square
or maximum likelihood estimators developed under the Gaussii
model are very sensitive to minor deviations from the Gaussian (@) (b)
noise assumption. Even a small portion of outliers in the form of

impulsive noise can drastically deteriorate the quality of the estimal
The main purpose of this work is to extend the recent results in spli|
signal approximation in the presence of a mixture of Gaussian a
impulsive noise. A two-stage algorithm for discontinuity preservin
surface reconstruction was proposed by Sinha and Schunk [1
The first stage, which is based on robust regression (the lei
median of squares (LMedS) estimator), removes outliers; whereas
second stage, based on approximation using weighted bicubic splir
reduces normal noise. This approximation technique attenuates nc .
efficiently; however it tends to remove important image details su
as lines. This is the inherent problem of using LMedS estimator. () (d)

The proposed method is based on the iteratMeestimation g 1. (a) Original image. (b) Noisy image. (c)—(d) Restored image by the
algorithm with modified residuals. At each stage, the contributigstoposed spline approximation algorithm with and without additional weights,
of each data sample to the model depends on the residual (differerasgectively.
between the data and the model) of that sample and the influence
function. Two well-known influence functions are tiseft-limiter £, is defined as the spline functigh which minimizes

and theredescendindunction [6]. The currently used{-estimators Ny N

have severe drawbacks when applied in image approximation. In Zzwq’[yq' — flag.y)) + )\// <8 f)

the case of an estimator based on a soft limiter, even a small a=1r—1

fraction of impulsive noise may have a large effect on the estimate 0% f 2 0% f

(they have a small breakdown point)/-estimators based on the + <64L’6y> + <W> dx dy 2

redescending function can reach a much higher breakdown point,
especially, when the initial fit is very robust. At the same time theyhe first term is the residual error in the fit of the surface to the data.
can remove important image details, e.g., lines, since they are unab¢ Second term is the second-order Laplacian smoothing functional,
to distinguished them from outliers. which is a measure of smoothness. The smoothing parameter
The changes introduced in the proposed method are empiricald@verns the trade-off between smoothness and goodness-of-fit.
nature. However, they allow the achievement of good approximationThe B-spline coefficients);; are calculated as the solution of the
of the image in the presence of Gaussian and impulsive noise. Tigar system of equations
proposed algorithm takes into consideration spatial relations between [(WP)T(WP) + 2] = (WP)TWZ 3
picture elements. The contribution of a sample to the model depends
not only on the current residual of that sample, but also on t

neighboring residuals. The interaction between the picture elements S
has been previously used in modeling of spatial discontinuities for 6 =cs : :
problems such as surface recovery [3], [16] or outlier detection [2]. O pr o By
-21‘1 ZNq,1 ]
Il. SPLINE APPROXIMATION 7z = cs : : (4)
Surfaces are represented usiBgsplines [4]. Lett = {f_y, -, e
) . <1,Ng “N1,N2 |
tyrrt1) ands = {s_x, -, siyrr1} be two knot vectors defined in d )
the z andy directions, respectively. Th8-spline surface of degree an
k in the » andy directions is defined as W = diag[wi,1, "+, WNy, Ny 5)
‘ cs(A) denotes the column vector obtained by putting the columns
fle,y) = Z Z 0i i Bi k1 6(x)Bjri1,s(y) (1) of matrix A underneath each other in their natural order. MatrRes
i=—k j=—k andX are conveniently expressed using Kronecker product notation.

where B, 141+ and B, ;.1 are B-spline elements defined on theLet A © B be the Kronecker product of matricés and B, then

knot sequences ands, respectively. P =Pi1®P2, (6)
Spline approximations can be obtained by imposing some smoo\t’mi

ness constraints on the function—smoothing splines [5]. Let us

assume that a set of data valugs. and a set of weights, » > 0

corresponding to data locations:,,y-), ¢ = 1,---, Ny, r = P, = : :

1,---, N, are given. The two-dimensional (2-D) smoothing spline B_jrt14(zny) - Bgisis(an,)

B_jp+rp(x1) -+ Bgrgre(r)
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B_k kt+1,5(y1) By it+1,s(y1)
P, = : : )
B_i kt1,s(yns) By it1,s(yns)
and
»=BPoc® +2BMW oc +BPwc®.  (8)

The elements of matriceB™ and C™ for m = 0.1,2, are,
respectively,

B(m) /B(nz) 1k+1t( )B(nz) 1k+lt(r)d7

and
C(nz)

tJ

= /B(m) 1,k+1, s(y)B(‘n) 1,k+1, (y)dy,

,j=1,---, 1+ k+1. (10)

The vectorz containing the approximated values is given by
z=P0=P[(WP) (WP)+\Z]" (WP) Wz. (11) (
m
of
A. Choosing the Smoothing Parameter

A variety of methods can be used to choose the smoothing 2

parameter\ [17]. We will use the method calleelquivalent degrees
of freedom choice foh [17]. The parameteh = Agpr is estimated
as the solution to

PP

wi jf(winy) = wijzij)°
—df(n)

X .

Fepr(A) =

(12)

where df()\) denotes the number of degrees of freedom, which is:
equal to the trace of the hat mate(\), i.e.,df(\) = trace{A(X)}.
The hat matrixA.(\) is the matrix which maps data into predictions
z = A(\)z. To compute the value ofrpr, it is more efficient to
use Fepr () in the form obtained with the help of eigenanalysis of
the underlying matrices

Zj\r‘ A2p242

i1 (T .

Fupr(\) = = l(\;+Adzi — ;2 (13)
N - Zi:l T+Xd;

The valueswv, are the elements of the vecter = Uz, where

matrlx U is the result of the Schur decomposition of the matrlf
I(PT) IEP 1W 1.

WP TISPTIWT = of

u'DU

,dy are the eigenvalues of the same matrix
'SP~'W™! (diagonal elements db).

and dq,---
wHPT)~

Ill. I TERATIVE ALGORITHM FOR ROBUST SPLINE FITTING

The proposed method of robust spline image approximation is
based on thel/-estimator algorithm with modified residuals (Huber
[7]). Given the data values, - at location§z4,y,), ¢ = 1,---, Ny;

r = 1,---, Ny, inside the processing window, the goal of robust
spline fitting is to determine the estimaig, of the ideal image.

Algorithm:

1) Consider themth iteration (m > 0). Let 2\ be the trial

values for the estimate,.,. Denote byr{"” and #\? the
residuals and modified residuals, respectively, as follows:

()
a

q,7
where the functiony is the classical minimax function [7]:

(m) _ Eé?;_]), 7:!(1,,7’7) _ 1/,) <7
¥(u) = min{c, max{u, —c}}.

Tgr = Zqr —

(14)

PSNR {dB]

PSNR [dB]
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Fig. 2. PSNR obtained for three images Lenna (marked as ‘0’), home

arked as +'), and harbor (marked as ‘x’), as a function of the length
the side of the processing window.

100

variance

ig. 3. Average PSNR obtained for three images, Lenna, home, and harbor,

s a function of the variance of the Gaussian noise used by the proposed

method The images are corrupted by adding zero mean i.i.d. Gaussian noise

variance 64 and 5% of impulsive noise.

2) Set the modified residua”’’ to 0 if »"> > kyo (respectively,
™ < —kyo) and the (x4, y-)th pixel does not create,
with the neighboring pixels, a structure from the given set of
detail preserving requirements, i.egf{) > k1o (respectively,
"™ < —kyo) for all neighboring(z., y.)th pixels forming
such a structurek{ and k., are fixeda priori). In our ex-
periments, such structures are just a cluster of five or more
connected pixels or four pixels creating vertical, horizontal or
diagonal lines. In addition, assign a weighting facmif’r to
each observation. If the sample has a modified residual equal
to zero, its corresponding weight is equal #Q.nst, Where

0 < weonst € 1; and 1, otherwise.

The spline is fitted to the auxiliary variablé§™’ which are
created by adding the modified residuals to the estimates from

the previous iteration

3)

5{m) = Z{m=D 4 plm)

“q,r

(15)
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First, the weighted planar least square solution (correspondiogtliers. Outliers, however, will still contribute to the final model.

to the smoothing spline foA — oc) is found. If the value This can cause some artifacts especially near the boundaries of

of the criterion functionFypr(A) for the resulting residuals regions with different gray-level values [note the edge of the dress

is smaller than the variance of the nois&, this solution is collar in Fig. 1(d)]. Such artifacts can be eliminated by introducing

retained. Otherwise the smoothed data is computed using (1d9iditional weights. Recall that if a sample has a zero modified

in which the vector of observationsis replaced by the vector residual, it gets a small nonzero weightonst, 0 < Weonst K 1;

of auxiliary variablesz(™ otherwise, it gets a weight df. Samples with zero weights are not
used to avoid singularities in matrices in (3). Although the weighs

2" = P[(WP)" (WP) + A"z 'P w2 (16) of outlying observations are nonzero, they are much smaller than the
weights of the remaining observations; and since the spline is fitted to

where the auxiliary variables which are already bounded, these observations
will be ignored almost completely. The “smoothest” solution at these
Eﬂ’f) 5((?)1 points will be preferred. An example is given in Fig. 1(c).
720" = cs : :
:1(N> EI(N:AJN A. Local Processing of the Image
o v The proposed algorithm is applied locally over ax55 sliding
and window. The knot sequence for the tensor-product bicubisplines
(m) 2(m) is (—2,—-2,-2,-2,0,2,2,2,2) in both thex andy directions. A
o CLio T AN sliding window is passed over the input observations. The sample
z ' =c¢s : : . (17)  at the center of the window is replaced by its estimate obtained by
ﬁv)z ;(wnf)wz robust spline fitting. The main reason behind using local processing

window is the smoothing parameter. The smoothing paramkgter

The smoothing parametaf™ for which the value of:pr()\) IS inversely related to the signal-to-noise ratio (SNR). Generally,
and the variance? are equal is obtained by solving (13). Alsoimages contain projection of objects with different sizes and at
in the definition ofv; andd; used in this equation, the vector ofdifferent distances from the camera. Even when the noise level is
observation is replaced by the vector of auxiliary variablesstationary through the image, the local SNR will vary. Thus, it
z(m) is very difficult to identify one value of the smoothing parameter

4) Steps 1-3 are repeated for successive values of integerfor the whole image that gives the best noise suppression without
until the norm||z(m+1) — z(m>|| becomes smaller than somesmoothing out significant features. Therefore, unlike in [1] and [17],

predefined threshold, or a maximum number of iterations Where one smoothing parameter is estimated and used for the whole
reached. image, the smoothing parameter in the proposed approach is estimated
locally, separately for each processing window. The space-varying
regularization parameter allows us to impose different degrees of
smoothness in different image areas. In homogeneous regions, large
values of the smoothing parameter are used in order to smooth out
forg=1,--- Nizr=1.---.N2 (18) noise; while small values are used at discontinuities in order to
preserve details.
is a convenient choice. The following ranges ferandk: are found |, this experiment, we investigate the dependency of the quality of
empirically: 1 < k1 < 2 and4.86 < k» < 5.86. The valuec used the restored image on the size of the processing window. The size of
in the definition of the minimax-function regulates the degree ofthe processing window influence the results implicitly, through the
robustness; good choices are betwéamd2 (Huber [8]) form > 1 ¢hoice of the smoothing parameter. The noisy images are generated
and between 3.5 and 4 fon = 1. At the first iterationm = 1, the  py adding zero mean i.i.d. Gaussian noise of variance 64 and 5% of
planar surface is fitted to the auxiliary variables which are created pypulsive noise. The images are restored using the proposed method.
adding to the median of the samples in the processing window thge measure of the quality of the reconstructed image is the peak
{*). The modified residuala’’) corresponding to SNR (PSNR). The PSNR obtained for three images—Lenna, home,

The starting values}(,?,? should be very robust, thus

0 .
Zz(j,vz = medlarli21 B R ZNLNZ)

modified residualg,
the samples creating the detail usually have vatties. Thus, large and harbor—as a function of used size of the processing window is
enoughc can help avoid selecting the planar surface if there is @ven in Fig. 2. It can be seen the best results are obtained when the
certain detail in the processing window (e.g., line) that one wishgge of the window is equal to 1% 17 for the image Lenna, and to 7
to preserve. If the planar fit is chosen, the approximating spline will 7 for the images harbor and home. The computational complexity
not start Changing its Shape into the direction of this feature and tbﬁthe proposed method is approximate|y proportiona| to the square
iterations will stop. of the window size. Thus, we decided to use window of size 5

In the proposed algorithm, a modified residual can be set to ze&jipce, it gives good trade-off between the computational complexity
as in algorithms using the redescendipgfunction; however, the and the reconstruction quality.
decision does not depend only on the distance of the corresponding
sample from the current model estimate. Furthermore, the probabilgy
that this sample belongs to the given set of structures, which onée
wishes to preserve, is taken into consideration. In our experimentsThe presented method requires knowledge of the variance of the
such structures are clusters of five or more connected pixels or setGafussian noise. Thus the source of the noise has to be known so the
four pixels, creating a vertical, horizontal or diagonal line (windowariance can be measured directly or calculated using the received
5 x 5 is used). This provides a good trade-off between removirg@rrupted image. In the latter case, the method presented in [14] can
clusters of impulses and the minimum size of objects or details whible used. In both cases one will not obtain the exact value of the noise
are of interest to the observer. Setting modified residuals to zeroviariance, just some approximation. Thus we tested the performance
enough to improve detail preservation and to bound the influenceadfthe proposed method when the variance used by the algorithm is

Sensitivity to the Accuracy of the Noise Variance Measurement



916 IEEE TRANSACTIONS ON IMAGE PROCESSING, VOL. 7, NO. 6, JUNE 1998

@) (b)

© (d)

Fig. 4. (a) Original image harbor; (b) noisy image harbor; image filtered with (c) the proposed algorithm and (d) bidirectional multistage median.

different from the true variance of the noise. The noisy images aaee used: preserving horizontal and vertical lines (WM1), preserving
generated by adding zero mean i.i.d. Gaussian noise of varianceh®izontal, vertical and diagonal lines (WM2) and preserving corners
and 5% of impulsive noise. The proposed method uses the followifM3). Table | summarizes the filtering results. The values of PSNR
variance values: 32, 40, 48, 56, 64, 72, 80, 88, and 96. The averagticate that the proposed method attenuates noise significantly better
PSNR obtained for three images, Lenna, home, and harbor, athan the other filters we compared against. The visual result of image
function of the variance is given in Fig. 3. As it can be seen fromestoration by spline fitting is presented in Fig. 4. The original image
this figure, the proposed method is not very sensitive to the accurgeg0 x 180 part of image harbor) is shown in Fig. 4(a). The noisy
with which the estimated variance of the Gaussian noise is givenifiage was generated by adding zero mean Gaussian noise of variance
also can be observed that the best results are obtained when the vgiuand 5% of impulses to the original image [Fig. 4(b)]. The output
of the variance of the Gaussian noise is slightly overestimated. image of the spline filter is shown in Fig. 4(c), and that of the
bidirectional multistage filter in Fig. 4(d).
IV. IMAGE RECONSTRUCTION The main disadvantage of the proposed method is its computa-
The noisy images are generated by adding zero mean i.i.d. Gaussianal complexity. Currently, on a HP9000 series computer, the C
noise of variance 64 and 5% of impulsive noise. The proposéuplementation of the proposed algorithm runs at approximately 20
method is compared against the median, the bidirectional multistagy@er image for easy images such as Lenna and up to about 1 min
median [12] and the 2-D optimal weighted median (WM) under giveper frame for difficult images such as harbor. The approximate time
structural constraints [19]. Three different33 optimal WM filters required by the methods that we compared against varies from 1 to 5
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TABLE | [12]

PSNR (dB) RsuLTs FORIMAGE CORRUPTED BY GAUSSIAN AND IMPULSE NOISE

Filter Type fmage [13]
Lenna | Home | Harbor
Median (3x3) 31.36 | 26.67 | 24.65 [14]
Bidirectional multistage | 31.58 | 28.73 | 28.02
median (5x5)
WM 31.58 | 28.87 | 27.84 [15]
WM2 29.85 | 27.92 | 27.71
WM3 32.00 | 28.08 | 26.29 [16]
Spline filter 32.96 | 31.89 | 31.51

[17]

s. It should be noted, however, that the code of the proposed method
and the other methods has not been optimized. 18

The convergence of the proposed method has been studied ex£e|]-
imentally. The algorithm converged for each block of data in thgg]
sliding window during the image restoration.

V. CONCLUSION

A new image approximation scheme is proposed. The structural
constraints are incorporated in an iteratideestimator algorithm. As
a result, an image modeling method is obtained that is not influenced
by outliers and reduces Gaussian and heavy-tailed noise efficiently;
and, at the same time it retains important details. The images
are modeled as tensor product biculdesplines. The smoothing
parameten is estimated separately for each processing window, thus
allowing it to adapt to local structures of the image. As a result, one
can expect excellent Gaussian noise removal in smooth and slowly
varying areas where\ is large and at the same time very good
preservation of important details (small values\pf Results obtained
by applying the filter based on the presented approximation algorithm
to real scenes indicate that this method is robust with respect tdn
variations in the statistics of both the noise and the image.
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On “The Convergence of Mean
Field Procedures for MRF'’s”

Jeffrey A. Fessler

[1], Zhang attempts to establish convergence of a mean-field

iteration for an Ising Markov random field (MRF) for large values of

the hyperparamete?. Unfortunately, (16b), which states
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is not correct for the functios(«) defined in (15) and Fig. 2. In

any function that satisfies (16b) for all andw is necessarily

a continuous function, unlike the particul&s(«) defined in (15).
Thus, the convergence of the mean field iteration remains an
important open question for large.
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