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A Unified Design Method for Rank Order,
Stack, and Generalized Stack Filters Based
on Classical Bayes Decision
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Abstract —This paper presents a unified method for designing
optimal rank order filters (ROF’s), stack filters, and generalized
stack filters (GSF’s) under the mean absolute error (MAE)
criterion. The method is based on classical Bayes minimum-cost
decision. Both the a priori and the a posteriori approaches are
considered. It is shown that designing the minimum MAE stack
filters and GSF’s is equivalent to the a priori Bayes decision. To
solve the problem, linear programming (LP), whose complexity
increases faster than exponentially as a function of the filter
window width, is required. This renders the use of this approach
extremely impractical. In this paper, we shall develop subopti-
mal routines to avoid the huge complexity of the LP for design-
ing stack filters and GSF’s. It is shown that the only required
computations then reduce to data comparisons exclusively, and
the number of comparisons needed increases only exponentially
(for GSF’s) or even slower than exponentially (for stack filters)
as a function of the filter’s window width. The most important
feature of the design routines is perhaps the fact that, for most
practical cases, they yield optimal solutions under the MAE
criterion.

When the a posteriori approach is employed, it is shown that
the optimal solutions become ROF’s with appropriately chosen
orders that do not depend on the prior probability model of the
input process. Moreover, it is shown that the a posteriori Bayes
minimum-cost decision reduces to the median filter in frequent
practical applications.

The filters produced by the a priori and the a posteriori
approaches are subjected to a sensitivity analysis to quantify
their dependency upon the cost coefficients. Several design ex-
amples of ROF’s, stack filters, and GSF’s will be provided, and
an application of stack filters and GSF’s to image recovery from
impulsive noise will be considered.

1. INTRODUCTION

TACK filters are nonlinear digital filters that were

developed as an alternative to linear filters when the
latter failed to accomplish certain tasks in many applica-
tions in signal and image processing [1]-[6]. These filters
are based on two defining properties: the threshold de-
composition and the stacking property [7], [8]. The former
is a weak superposition property and the latter is an
ordering property. Since these are the defining properties
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of stack filters, they will be discussed in more detail in the
next section.

This large class of digital filters includes all rank order
filters (ROF’s); all compositions of ROF’s; all composi-
tions of morphological filters composed of opening and
closing operations [9], [10); E filters [11]; and, allowing
randomization of outputs and repetition of samples in the
window, FIR filters with non-negative weights and order
statistic filters in which the linear section has non-nega-
tive weights [12]. Generalized stack filters (GSF’s) are an
extension of stack filters and include all finite window
width digital operations [13].

Some techniques were needed to select one filter among
this large class of filters that is best suited for the applica-
tion at hand. The theory of minimum mean absolute error
(MAE) estimation over the class of stack filters and GSF’s
[2]-[5], [13] was developed for this purpose. Adaptive
stack filtering under the MAE criterion was later devel-
oped [6]. Another error criterion, the minimax, was used
for selecting the best filter [14]; however, the current
paper deals exclusively with the MAE criterion.

In [2], it was shown that it is possible to determine the
stack filter that minimizes the MAE between its output
and a desired signal, given noisy observations of this
desired signal. Specifically, it was shown that an optimal
window width b stack filter can be determined using a
linear program (LP) with O(b2%) variables and con-
straints. This algorithm was claimed to be efficient since
the number of different inputs to a window width b stack
filter is M? if the filter’s input signal is M-valued and
since the number of stack filters grows faster than 22"
[2]. In [13], it was shown that the optimal GSF under the
MAE criterion can be found via an LP with O(Q2T +3)?)
variables and constraints for the homogeneous case and
O(M(Q2I +3)*) for the inhomogeneous case (M is as
before and 27 + 1 threshold levels are fed into the Boolean
function at each level). Now, for a “small” window of
width seven, /=1, and eight-bit samples, the LP that
finds the best GSF in minimum MAE sense has 20
million variables! Therefore, finding an optimal GSF with
a 3x3 window size (considered to be a small mask size
for image processing) using this approach is quite impos-
sible at the present time. Now, the only alternative left is
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to use the adaptive algorithm [6] assuming that training
sequences exist. However, there are two problems associ-
ated with this approach: (1) training sequences may not
be available; and (2) even if such sequences were avail-
able, the algorithm in question may take an extremely
long time to produce an optimal filter.

What is lacking here is an “acceptable” suboptimal
approach that would considerably reduce the complexity
of the required LP and thus allow larger optimization
problems to be solved. Furthermore, it would be quite an
improvement if such a suboptimal approach would yield
optimal solutions under some “reasonable” conditions.

This paper is an attempt in this direction. First, we
shall develop a suboptimal routine which requires no LP
for finding “reasonably good” filters. Secondly, we shall
determine sufficient conditions (not too restrictive, hope-
fully) under which the suboptimal routine produces opti-
mal solutions. The above procedure is developed sepa-
rately for ROF’s, stack filters, and GSF’s.

This paper is organized as follows. In Section 1I, we
briefly review ROF’s, stack filters, and GSF’s based on
the two fundamental properties: the threshold decompo-
sition and the stacking property. The optimal theory de-
veloped earlier for stack filters is reviewed in Section III,
where it is given an equivalent interpretation in the con-
text of the classical a priori Bayes minimum-cost decision.
Based on this interpretation, we shall develop, in Sections
IV and V, suboptimal algorithms for designing stack fil-
ters and GSF’s, respectively. Conditions under which these
suboptimal algorithms result in optimal filters are also
discussed in these sections. We will show that these
conditions are natural conditions that hold in many prac-
tical applications.

Section VI gives the optimality theory a new meaning
in terms of the a posteriori Bayes minimum-cost decision.
It will be shown that this always leads to an ROF as the
optimal filter.

Variations of the solutions, produced by the above
algorithms, upon the associated cost coefficients are in-
vestigated in Section VII. This analysis shows, among
other things, the robustness of the solutions produced by
these algorithms.

In Section VIII, some design examples for stack filters,
GSF’s, and ROF’s will be presented, and the application
of stack filters and GSF’s to image recovery from impul-
sive noise will be considered. Section IX gives some
conclusions.

Finally, the major result in this paper shows how the
complexity of finding optimal stack filters and GSF’s can
be reduced, thus allowing larger, i.e., more interesting,
optimization problems to be solved.

II. ROF’s, Stack FiLTERS, AND GSF’s

Suppose that we have a discrete-time input space
whose elements X(n) (n is a time index) take values in
the set {0,1,---, M}. Based on (), we construct another
space called the input window space Q,, (b is the window
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width) by concatenating b successive samples in the input
space (1. The elements in Q, are called (input) window
process states and denoted by X(n)={X(n —
n), -, X)), -, X(n+n,)} where ny+n, +1=>b.

With this notation, the rth window width » ROF [15],
R, ,(): Q, > Q, can be defined as

Y(n)= Rb,,(f(n)) = the rth largest sample in )?(n)
2.1)

for r =1,2,---,b. The following are several special cases:
r =1 corresponds to the max filter, r = b is the min filter,
and r =(b +1)/2 (for odd b) is the median filter.

Next, we shall invoke the weak superposition property,
the threshold decomposition [7], [8], in order to define
stack filters and GSF’s.

Definition 2.1: Threshold decomposing a window pro-
cess X(n) produces a set of M binary sequences, called
threshold signals, xy(n), X,(n),- - -, X),(n) whose elements
are defined by

xr(k)=7}(X(k));{(1)’ if X(k)>1

2.2
, otherwise (22)

for [=1,2,---, M.

Consider two sequences (of the same length) i and 7.
A property called the stacking property holds between i
and 7 if and only if wu(k)> v(k) (v(k)>u(k)) for all
k; (&) is said to stack on top of 7)), denoted as V< &
(i < V). Otherwise, we say that i and U are incomparable.
In the following, we will first define what it means for a
Boolean function to possess the stacking property and
then give the formal definition of stack filters.

Definition 2.2: A Boolean function f(-) operating on
binary sequences is said to possess the stacking property if

f(?) < f(&) whenever U< @. (2.3)

It has been shown [16], [17] that a necessary and suffi-
cient condition for a Boolean function to satisfy the
stacking property is that the Boolean function be positive,
i.e., no complementation on any of the input variables in
the minimum-sum-of-products (MSP) form of the func-
tion.

Definition 2.3: A window width b stack filter S.(-):
Q,— Q is based on a b-variable positive Boolean func-
tion f(-):{0,1}® >{0,1} operating on the binary threshold
signals. The output of the stack filter is obtained by
adding all the binary outputs:

5,(£(m) =sf( ¥ T,(f(n))) - 35, (n(xm))

=1 =1

M M
= LAn(X(m)) = T A(F(m).  (24)
I=1 1=1

Fig. 1 illustrates how the threshold decomposition and
the stacking property can be used to filter a 4-valued
signal by a window width three asymmetric median filter
(which is also a stack filter).
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220113222 221113222
Threshold at 1,2, and 3 Add binary outputs
000001000 —{f }|—> 000001000
110001111 ——f —> 110001111
110111111 ——={f }—> 111111111

Fig. 1. An example showing how threshold decomposition and stack
filtering are performed on a 4-valued signal by a window width three
asymmetric median filter (which is also a stack filter). The operations
performed by the stack filter and the Boolean filter shown above are
S, = max(min(X, X3), X,) and f = x, + x,x3, respectively, in which X,
(x,), i=1,2,3 are the samples (bits) appearing in the filter’s window.

In [13], a generalized form of stack filters, called gener-
alized stack filters (GSF’s) was defined. GSF’s operate on
some binary threshold arrays involving several threshold
signals. The following notation is used to express these
arrays (with dimensions (21 +1)X b):

T (X(m)| (%, ()
Fl(n)=| T(X(n)) | =| %(n) (2.5)
T (X(n))]  \%_(n)

where [ is an integer and /=1,2,---, M. To define the
above expression at the boundary levels, we have to
define

- 0, ifi>M
xX(n)y=1¢_
1, ifi<l1
where 0 and 1 are row vectors of length b in which every
entry is 0 and 1, respectively. From (2.5) it is easy to show

that the rows of any binary threshold array obey the
internal stacking property, i.e.,

(2.6)

Frln) < (2.7)

Now, let us denote by B/ the set of all QI+1)Xb
binary arrays possessing the internal stacking property
and, for each /, by f,(+): B/ —{0,1} the Boolean function
on level /. In the following, we first define a stacking set
of Boolean functions and then give the definition of
GSF’s [13].

Definition 2.4: A set of M Boolean functions
£, £(),- -+, fu(), each operating on B/, is said to
possess the stacking property if

fro(Fla(m) < f(F(m),  1=1.2, - M~1. (28)
Definition 2.5: A window width b GSF F, ,(-): ©, > Q
is based on a stacking set of M Boolean functions f,(-):

Bl —{0,1}, 1=1,2,---, M. The output of the GSF is ex-
pressed as

<E(n)< - <X (n).

M

F (X (n))= T f(xl(n)).

=1

(2.9)
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INPUT OUTPUT
..01:132‘22_,‘ ...0112222...
- 1
T —sfmol—
Threshold at Add binary outputs
01,234
000

010
011
111
111

Fig. 2. A GSF F; ,(-) with window width b=3 and with 2/ +1=3
binary threshold signals fed into each Boolean filter in the threshold
decomposition architecture.

An example of a GSF with b=3 and /=1 is shown in
Fig. 2. It is worth noting that, in GSF’s, Boolean functions
are allowed to be different at different threshold levels
and each Boolean function operates on possibly more
than one threshold signal. Therefore, the Boolean func-
tions in a GSF are not necessarily positive; see [13] for a
detailed discussion.

III. DEesioN oF MintMmUM MAE STAck FILTERS AND
CrassicaL Bayes Decision

The theory of optimal stack and generalized stack fil-
tering under the MAE criterion [2]-[5], [13] allows us to
find the best filter in the class of stack filters or GSF’s.
This is of great importance, since the number of stack
filters increases double-exponentially in the filter’s win-
dow width, while the number of GSF’s is even much
larger than that of stack filters. In this section, we review
this optimality theory in a new equivalent context of
Bayes minimum-cost decision.

Bayes decision [18], [19], which is a classical minimum-
cost decision method, has a long history. It has found
applications in radar and sonar signal processing; a modi-
fied Bayes decision, called the Neyman-Pearson crite-
rion, led to the widely employed constant false alarm rate
(CFAR) processors. Applications of Bayes decisions in
communications include detection of signals embedded in
Gaussian or non-Gaussian white noise, using, for exam-
ple, the maximum likelihood rate criterion. Bayes deci-
sions were also applied in pattern recognition, etc. In this
section, we first review the design of optimal stack filters
under the MAE criterion and then we shall show that
such a design procedure is completely equivalent to the a
priori Bayes minimum-cost decision with some consistency
constraints. Modifications to GSF’'s and ROF’s will be
discussed in Section V and VI, respectively.

Given a window width b stack filter §,(-) operating on
Q,, the MAE at time n between a desired signal D(n)
and the output produced by the stack filter on a multi-
level window process X(n) € (1, can be expressed as

C(8,) = E{ID(m) = 5,(X(m)I}. (3.1)

Lo=10 um

Authorized licensed use limited to: Tampereen Teknillinen Korkeakoulu. Downloaded on February 14, 2009 at 04:41 from IEEE Xplore. Restrictions apply.



1006

IEEE TRANSACTIONS ON CIRCUITS AND SYSTEMS, VOL. 38, NO. 9, SEPTEMBER 1991

Fig. 3. Original image of bridge over stream.

Generally, the samples in the window process are com-
posed of a signal component and a noise component. The
type of interaction between the signal and the noise can
be additive or multiplicative, or can have other character-
istics. However, in this paper we shall always assume that
the signal and the noise processes are jointly stationary.
Therefore, the MAE is the same all the time.

Next, let us further assume that both the signal space
and the input space are discrete and take on values in the
set {0,1,- - -, M}. This assumption makes possible the use
of the threshold decomposition technique. With this tech-
nique, we can derive the following formulas as a basis for
the design of optimal stack filters under the MAE crite-
rion [2]-[5]:

C(57) = E{ID(n) = ,( X(m))1}

M
= li‘f,lE{\dl(n) = f(Z(m))}} (32)

where d/(n) is the thresholded value of D(n) on level /;
see (2.2).

Knowing the probability models of the signal, the noise,
and the input window processes and considering the fact
that there are only 2% different states in the binary
domain for window width b stack filters, we can further
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modify (3.2) (see [2]) to

2b M

C(8;)= X |P(01w) X m(1,%)

j=1 I=1

M

(1) & (0.5

(3.3)

The notation used in the above equation is explained as
follows. w; denotes a length b binary state observed by
the filter. PA0|w;} and P.(1w)) are the filter decision
probabilities corresponding to the outputs of the Boolean
function f(-) when W, is observed in the filter’s window.
They take on values in {0,1} and are complementary to
each other about 1, i.e.,

P(0w)+ P(1lw,) =1 V. (34)
m(0,w,) and m,(1,%;) are some joint probabilities that
depend on the given probability models mentioned above
and, by Bayes rule, each can be factored into two terms as

m(0.#;) = m (01 ), (%)
m(1.5) = m (11%)m(%)

where (%)) is the limiting probability of the event that
the binary state w; is observed on level /, and the condi-

(3.5)
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