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A

omplishment
• Exer
ises are obligatory and probably the grades will be determined by the exer
ises.
• That will be de
ided during the �rst le
tures.
• The 
ourse is valid for post-graduate studies.

Exer
ises are given on the following way
• In the beginning of an exer
ise the instru
tor 
alls the names and asks who have donewhi
h problems, and sele
ts the presenter.
• The pre
eden
e is usually given to him who have least presentations, so far. But there
an be exe
ptions.
• If, while presentation, there reveals error(s) in the solution, then1. the presenter may try to �x it himself, with the instru
tors help if ne
essary,2. the problem is given to the presenter as a personal task for the next time, or3. another student 
an be asked to present his solution.
• Be prepared to present your answers. The grade is (or may be) given by the exer
ises. Itis better to solve fewer problems 
arefully than many �poorly�.
• Although the grade is not determined by the number of the problems you have solved,but it is not possible to show what you have learned if you solve only few problems.
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Exer
ise group 1Preparatory problemsThe idea is to show in whi
h kind of programming problems the program veri�
ation te
hniquesare useful. We are going to redo some of them after we have learned new means.1. The following implementation of qui
ksort algorithm is used as an example in a C++textbook:

1 void qsort (int *ia, int low, int high) {2 if (low < high ) {3 int lo = low;4 int hi = high + 1;5 int elem = ia [low℄; // pivot6 for (;;) {7 while (ia [++lo℄ < elem);8 while (ia [--hi℄ > elem);9 if (lo < hi)10 swap (ia, lo, hi);11 else break;12 }13 swap (ia, low, hi);14 qsort (ia, low, hi - 1);15 qsort (ia, hi + 1, high);16 } // end, if (low < high)17 }(a) The implementation has an error that the author seems not to have noti
ed. What?(b) Estimate verbally the possibility to �nd the error by testing. Estimate also thepossibility that the error never appears when the program is used.2. Before beginning of the following binary sear
h program for array A[1 . . . n] it holds that
A[1] ≤ A[2] ≤ · · · ≤ A[n]. The program tries to �nd the greatest a su
h that A[i] < keywhenever 1 ≤ i < a.
1 a := 1; y := n;2 while a < y do3 v := (a + y) div 2;4 if A[v] < key then a := v + 1;5 else y := v6 endif7 endwile(a) Find the error.(b) Estimate the probability that the error appears in m tests or prudu
tion runs, if

A[1], . . . , A[n] all are non-equal and key is one of them.
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(
) Like (b), but now all A[1], . . . , A[n], and key are non-equal.3. Does the following program �nd the longest proper as
ending sequen
e B[1 . . . k] that is
reated from A[1 . . . n] by removing elements? Reason or give a 
ounterexample.
1 k := 0;2 for i := 1 to n do3 h := 1; C[1] := A[i];4 for j := i + 1 to n do5 if A[j] > C[h] then h := h + 1; C[h] := A[j]6 endif7 endfor8 if h > k then9 k := h;10 for j := 1 to k do B[j] := C[j] endfor11 endif12 endfor

4. Is it possible to �nd out the height of vertex u (= the longest length of a path from it toa vertex without any 
hild-verti
es) by using the following algorithms for (a) a tree (b)a dire
ted loopless graph (
) a dire
ted graph? The starting egdes of the vertex are inlinked list outedges. In the beginning all verti
es have m = −1. Give a reasoning or a
ounterexample.
1 fun
tion Height1(u) is2 if u↑.m = −1 then3 u↑.m := 0; a := u↑. outedges;4 while a 6= Nil do5 x := Height1(a↑. head); a := a↑.next;6 if x ≥ u↑.m then u↑.m := x + 1 endif7 endwhile8 endif9 return u↑.m

1 fun
tion Height2(u) is2 if u↑.m = −1 then3 k := 0; a := u↑. outedges;4 while a 6= Nil do5 x := Height2(a↑. head); a := a↑.next;6 if x ≥ k then k := x + 1 endif7 endwhile8 u↑.m := k;9 endif10 return u↑.m
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Repetition of propositional logi
s5. Building a binary operator ⋆ requires 
reating su
h an expression l(P,Q) that P ⋆ Q ⇔

l(P,Q) for all 
ombinations of truth values of P and Q. This de�nition generalises alsofor other operators than just for binary operators.In prin
iple ∨ and ¬ su�
e for the basi
 operators of propositional logi
, sin
e otheroperators False, True, ∧, →, and ↔ 
an be build using them if we have at least onepropositional symbol. E.g. P ∧ Q ⇔ ¬(¬P ∨ ¬Q), and True ⇔ P ∨ ¬P .(a) We have at least one propositional symbol, and operators ∧ and ¬. Show howoperators False, True, ∨, →, and ↔ 
an be 
reated using them.(b) Sometimes � with propositional symbols � just one operator su�
es to 
reate theother operators. Let us denote by ∇ the operator that is de�ned as:
∇ False TrueFalse True FalseTrue False FalseShow how by using ∇ the 
ommon operators False, True, ∧, ¬, ∨, →, and ↔ 
an be
reated.(Hint: think �rst how ∇ is 
reated using the 
ommon operators and �rst 
reate ¬.)6. Let us denote by △ the operator that is de�ned as:

△ False TrueFalse True TrueTrue True FalseHow 
an you build ∇ using △? And how △ using ∇?
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Some noti�
ations 
onsidering this 
ourse:
• Use of truth tables is usually not stri
tly denied (unless when it is expli
itely denied), butsin
e in pra
ti
al 
al
ulations they are quite useless or at least e�
ientless, it is stronglyre
ommended to avoid them. (Of 
ourse you 
an use them for verifying your answers.)
• For truth values we use symbols False and True, whi
h 
an be abbreviated as F and T ,
orrespondingly. It is not allowed to use values 0 and 1 to express logi
al values sin
e (1)even they are used in digital te
hniques, they denote bits not logi
al values, and (2) wedo have need to use both integers and logi
al expressions in same formulas and thereforeit is possible that values False and 0, and/or True and 1 exist in same formulas.
• Also, remember to write a su�
ient amount of intermediate phases so that your solutionis easy to follow.

Exer
ise group 27. Redu
e the followings. Do not use truth tables.(a) P → P → P → P(b) P → (P → P ) → P(
) P → ((P → P ) → P )(d) P → (P → (P → P ))(e) (P → P ) → (P → P )8. Do the following 
laims hold or not? Reason your answers. Do not use truth tables.(a) P → (P ∧ Q) ⇒ P → (P ∨ Q).(b) P → (Q ∧ R) ⇒ P → (Q ∨ R).(
) (P ∧ Q) → R ⇒ (P ∨ Q) → R.Prove the following absoption laws. That is, without using themselves (and neither their
orrespondings for two propositional symbols). Do not use truth tables.(d) P ∧ (P ∨ Q ∨ R) ⇔ P .(e) P ∨ (P ∧ Q ∧ R) ⇔ P .9. Prove the followings. Do not use truth tables.(a) Constru
tive Dilemma (P → Q) ∧ (R → S) ∧ (P ∨ R) ⇒ Q ∨ S.(b) Destru
tive Dilemma (P → Q) ∧ (R → S) ∧ (¬Q ∨ ¬S) ⇒ ¬P ∨ ¬R.(
) Bidire
tional Dilemma (P → Q) ∧ (R → S) ∧ (P ∨ ¬S) ⇒ Q ∨ ¬R.
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Introdu
tion to problems 10�12: In a 
ountry there are two kind of people, 
itizens whoalways speak truth and politi
ians who always lie. We assume that everyone in that 
ountryis either 
itizen or politi
ian, unless something else is told in the problem. Solve the followingproblems by (1) formalising the problem, (2) solving it using means of propositional logi
, and(3) interpret your solution.An example problem and its solution:The problem: someone asks from a person A (who is either 
itizen or politi
ian): �Are you
itizen?�. Where he answers: �If I am 
itizen, I'll eat my hat�. Prove that A must eat his hat.Solution: we introdu
e the following abbreviations:

X X is 
itizen (where X is A, B, C, . . . )
L The truth value of L, the senten
e spoken by X.
H A eats his hat.Now, if X is 
itizen then the senten
e spoken by him, L, is true, in other words, X → L.Correspondingly, if X is politi
ian, it holds that ¬X, and we know that L is not true, in otherwords, ¬X → ¬L. These are also the only alternatives. In other words, the premi
es of theproblem are X → L and ¬X → ¬L whi
h 
an be written in a shorter form X ↔ L. Thismeans that X is 
itizen if and only if the senten
e spoken by him is true.Person A's answer or senten
e 
an be written in form A → H, meaning if I am 
itizen (A),then I shall eat my hat (H). The problem 
an now be presented in a form where we start fromthe premi
e A ↔ (A → H) and we must derive H using means of logi
.
A ↔ (A → H) ⇔ (remove impli
ation)
A ↔ (¬A ∨ H) ⇔ (remove equivalen
e)
A ∧ (¬A ∨ H) ∨ ¬A ∧ ¬(¬A ∨ H) ⇔ (distributive law and DeMorgan)
A ∧ ¬A ∨ A ∧ H ∨ ¬A ∧ ¬¬A ∧ ¬H ⇔ (2 × mis
ellaneous law)False ∨ A ∧ H ∨ False ∧ ¬H ⇔ (
ommutativity) and �ϕ ∧ F ⇔ F�)False ∨ A ∧ H ∨ False ⇔ (
ommutativity and 2 × �ϕ ∨ F ⇔ ϕ�)
A ∧ H ⇒ (mis
ellaneous law)
HEspe
ially elimination of operator ↔ 
an easily lead to long expressions. Often a problem
an be solved easier by emiliminating some variable, that is, by setting its value to True andFalse, in turn. The previous problem 
an be solved by elimination e.g. in the following way:If A ⇔ True then A ↔ (A → H) ⇔ True ↔ (True → H) ⇔ True ↔ H ⇔ H.But, if A ⇔ False then A ↔ (A → H) ⇔ False ↔ (False → H) ⇔ False ↔ True ⇔ False.By setting True to A the value of H be
ame True, but setting False to A 
auses a 
ontra-di
tion. Therefore the only possible solution is that both A and H are true. That implies H,in other words, �A eats his hat� is true.
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10. We are now in the 
ountry of 
itizens and politi
ians. Formalize the following problemsand solve them using means of propositional logi
.(a) I met two people, A and B, of that 
ountry. B said that if A is politi
ian then alsohe is. What type A and B are?(b) X and Y are prose
uted for involvement of a robbery. A and B saw the 
ase. A saysthat if X is guilty then also Y is. B 
laims that either X is not guilty or Y is guilty(noti
e the ex
lusive or!). Are A and B same type? (Are they both either 
itizensor politi
ians.)(
) On
e again, there had been a robbery. A, B, and C were brought to poli
e stationfor interrogation. The poli
e found out that

• no one else than A, B, or C has been involved in the 
ase,
• A will never do a heist alone, and
• that C is not guiltyIs B guilty or not guilty?11. We move to the next 
ountry where half of its people are 
itizens and half are politi
ians.Also in this 
ountry the 
itizens tell always true and the politi
ians always lie. But inthis 
ountry half of the people are 
razy having delusions and therefore they believe thatthe true senten
es are untrue and the false senten
es are true. Instead of that half of the
itizens are sane and they know whi
h 
laims are true and whi
h are untrue.Therefore the people of this 
ountry are of four di�erent types:(1) sane 
itizens who speak always true be
ause they know what is true and what isnot,(2) 
razy 
itizens who always lie but be
ause they believe that lies are true,(3) sane politi
ians who always lie even they know what is true and what is untrue, and(4) 
razy politi
ians who speak always true but be
ause they believe that they are lying.Let us investigate a person X of that other 
ountry.(a) Let us denote that he (=X) is sane by S(X), and he (=X) is 
itizen by C(X) (if wehave only one person we 
an use only symbols S and C). Formalize the four typesof people of that 
ountry.(b) Let us denote (the truth value of) the senten
e that X says by L(X). Formalize theproblem: �Person X says senten
e L. What type he is?� (C.f the introdu
tion for
itizen/politi
ian-problems.)(
) Formalize the following problem and solve it using means of propositional logi
: Ion
e met a guy from that 
ountry and he said that he is sane or 
itizen. Whi
h typehe is? What about if he had said that he is either sane or 
itizen?12. We are now in the other 
ountry. Formalize the following problems and solve them usingmeans of propositional logi
.(a) A native 
laimed that he is not sane 
itizen. What type he is?(b) Another native told me that he is 
razy 
itizen. What type he is?


