Lecture 9: Linear Least Squares Filtering
Overview

e Linear LS estimation problem:;
e Normal equations and LS filters;
e Properties of Least-Squares estimates;

e Singular value decomposition; Pseudoinverse

Reference : Chapter 8 from S. Haykin- Adaptive Filtering Theory - Prentice Hall, 2002.
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Linear LS estimation problem

Problem statement

e Given the set of input samples {u(1), u(2),...,u(N)} and the set of desired response {d(1),d(2), ...

e In the family of linear filters computing their output according to

M—1
yn)= > wpuin—k), n=0,1,2,...
k=0
e Find the parameters {wy, w1, ..., wy 1} such as to minimize the sum of error squares
io io M—1

E(wo,wy, ..., wyr 1) = Y [e(i)}] = Y [d(@) — X wpu(i — k)]?

1=11 1=11 k=0

where the error signal is
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Data windows

Using the vector notations:

u(n) = [u(n) un—1) un—2) ... uln—M+1) |
]T

T

w = [wo wy ... WpM-1

we can write the filter output at time instant ¢

wo
M—1
y(i) = 3 wpu(i—k) = [u(@) uw(i—1) uwi-2) ... wi-M+1)]| " | =un)Tw
k=0 .
Whr—1
The criterion € (wq, w1, ..., wy—1) will make use of the following errors:
(i) d(ir) y(iy) d(ir) w(in)  ulin—1) ulis—2) ... w(in— M+ 1)
e (i) d(is) (i) d(i») u(is)  ulis—1) wlis—2) ... ulin— M+1)

Making use of available data in LS criterion: Selecting the limits i1 and 19

There are four ways of selecting the limits ¢; and i and making use of simplifying assumptions:
e Covariance method: Uses only available data: i1 = M and 1o = N
u(M) uwM—-1) u(M—-2) ... u(1)

e uM+1) wM) uM-1) ... u(2)

u(N) u(N.— 1) u(N.—2) u(N—.M-I—l)
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e Autocorrelation (Pre— and Post—windowing) method: Uses unavailable data: i; = 1 and iy =
N + M — 1. Assumes input data prior to u(1) and after u(N) are zero

u(1) 0 0 0
u(2) u(1) 0 0
u(M) uw(M—-1) u(M —2) u(1)
. u(M+1) w(M) wM-1) u(2)
w(N)  w(N—1) u(N—2) ... w(N—M+1)
0 u(N)  u(N-1) ... u(N—-M +2)
0 0 0 W(N)

e Prewindowing method: Uses unavailable data: 7; = 1 and i = N. Assumes input data prior to u(1)

u(1) 0 0 0
u(2) u(1) 0 0
A=| M) u(M=1) u(M—2) u(1)
uM+1) wM) ulM-—-1) u(2)
W(N)  u(N=1) u(N—2) ... w(N—M+1)
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e Post—windowing method: Uses unavailable data: i1 = M and io = N + M — 1. Assumes input data

after u(INV) are zero

u(M)  u(M—-1) u(M-2) ... u(1)
uM+1) wM) uM-1) ... u(2)
A=| wN) w(N—-1) w(N=2) ... w(N—M+1)
0 u(N) u(N—-1) ... u(N—-M +2)
0 0 0 .. uN)

Principle of orthogonality for LS filters When the minimum value of the criterion will be attained, the
gradient of criterion with respect to parameter vector will be zero:

Vub(w) = Vi S [ei)?] = 2 3 e(i)Vaeli) = 0

1=11 1=11

which can be written for each component of the gradient vector

Vi€(w) =2 f: e(i)Vie(i) =2 i e(i)azk[d(i) — Ajz_; wu(i —1)] =2 §: e(iu(i —k) =0

=11 1=13

g: e(iu(i — k) =
}T

=le(t1) e(ir+1) et +2) ... e(ia) |[u(ii—k) u(iz—k+1) uli—k+2) ... u(ia—k)| =0
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Principle of orthogonality for LS filters

1o

Y oe(u(i—k)=0 k=0,1,...,M—1

i=i
The minimum error time series is orthogonal to the input time series shifted
backward with &k units, for k=0,1,2,..., M — 1

S eo(ioli) = 3 eoli) S i — 1) = f[z iy 3> en(iuli — 1) = 0

1=11 1=11 =0 1=11

Corollary of principle of orthogonality

12

Z eo(i)yo(i) =0

1=11
The minimum error time series is orthogonal to the optimal LS filter output
time series
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Normal equations and Linear Least Squares filters

Rearranging the orthogonality equations we have for all k =0,1,..., M — 1

:z eo(i)uli — k) = 0
S — 3 i — Dlu(i - k) =0

1=1 (=0

:z d(iYu(i — k) = :z Ag i — Dui — k)
M-1 12

S d(yuli— k) = 3 i S uli — Duli — k)

i=iy =0  i=i
and denoting

SLE) = 3 uli — i — k) = Bk, 1)

(k) = > d(@)uli — k)
we obtain the system of equations

M-—1
S w®(Lk) =w(k), k=01,...,M—1
(=0
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(I)(O, O)’lf)() + (I)(l, 0)”&)1 + ...+ (I)(M —1, O)ZZ)M_l =
(I)(O, 1)12)0 + (I)(l, 1)1?)1 + ...+ CI)(M —1, 1)ZDM*1 =

®(0, M — )iy + (1, M — Dy + ...+ &(M — 1, M — )by, =

and using the vector notation

= [(0) w(1) ¥(2) ... $(M 1)

we may rewrite the normal equations:

or in compact notations

®(0,0)
®(0,1)
®(0,2)

B0, M —1) S(1,M—1) B2, M—1) ...

Y
®(1,0) ®(2,0)
®(1,1) ®(2,1)
®(1,2) ®(2,2)

}T

d(M —1,0) || g
d(M —1,1) Wy
d(M —1,2) Wy

(M —1,M —1) | | dary |

¥(0)
o()
w(M —1)
0(0)
o(1)
e
w(M = 1)
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Minimum sum of Error Squares

12 19 12 19 19

E@) = Y leo(i)] = X eoli)(d(i) = yoli)) = 3 eo(i)d(i) = 3= eoli)yo(i) = - (d(i) — yo(d))d(i

= S0 - BT - Dd6) = SO - X 5 i 0d() = X () -
= ()~ = () e = 3 () - w8

Compact forms using data matrices

u(is)  ulis—1) wlis—2) ... wulin—M+1) uliy)T
u(iq) u(ip + 1) u(iy +2) e u(ia) w(iy)  w(ip—1) w(ii—2) ... wu(ip—M+1)
ATA _ u(i1 — 1) u(zl) u(il + 1) . u(iz — 1) u(il + 1) u(zl) (’il — 1) . u(i1 - M + 2)
w(i - M+1) ui—M+2) u(i— M43) ... ulis— M+ 1) u(ia) (22'_1) i —2) . ulis— M+1)
o, uli)? S, uld)u(i— 1) S, uli)u(i —2) o e u(iu(i — M+ 1)
_ 212:“ w(i — 1)u(i) 222:“ u(i — 1)? 222:“ u(i — u(i — 2) . Z? b u(i — 1)u(21 — M +2) _ 3
| S ui— M Du() S uli— M+ Dui—1) 2 ui— M4+ Dul—2) ... N2, u(i— M+ 1)
il
@ = ATA=[u(i) win+1) ... u@) ]| 4T = > uliu(i)*
Q(iz)T =11




Lecture 9

u(zl) u(il -+ 1) u(il -+ 2)
ATd _ u(il — 1) U(Zl)

d(iy)
u(lg) d(Zl + 1)
u(z’l + 1) ... u(ig — 1) d(il + 2) _
wis = M41) ulis— M+2) uis—M+3) ... ulis—M+1) :
d(i2) Y
d(iq)
d(gl +1) A
b= AT = [ u(i) win+1) .. uG) ]| DD | =SS wia)
(i)
Normal equations:
(AT A)w = (A" d)
@ _ (ATA)_lATd
Minimum sum of error squares
E() = Y (@)’ —¢'[@]"¢

[Nag¥

= [9(i) 9(i+1) §(ir +2)

—d'd— d"A(AT AT AT

Projection operator Denote the time series provided by the output of LS filter

- 9(i2)

}T

ASS

10



Lecture 9

= Aw = A(ATA) 1 ATq

[Nt

The matrix
P = A(ATA)*lAT

is the projector operator onto the linear space spanned by the columns of the data matrix A.

11
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Properties of Least-Squares estimates

Property 1 The least squares estimate w is unbiased, provided that the measurement error process £, has zero
mean.

Proof When discussing about unbiasedness, we assume the data was generated by a "true” parameter vector
w,, and corrupted by the error vector ¢,, therefore the model of the data is

d = Aw,+¢g,
and the LS estimate can be written
@ = (ATA)Y(ATd) = (ATA)Y AT (Aw, + 29)
= w,+ (ATA) A g
Since by hypothesis Fe, = 0,
B = wy+ E(ATA) T ATey = w, + (ATA) T ATEey = w,

Property 2 When the measurement error process &,(i) is white with zero mean and variance o2, the covariance
matrix of the LS estimate w equals o?( AT A)~1.

Proof Under the mentioned hypothesis on ¢,(7), the vector g, has zero mean and covariance matrix
T 2
Eleog,) =071
Now the covariance matrix of w is

cov() = B —w,)(d —w,)" = E(A"A)" Al gpeg A(ATA) ™
— (ATA) AT Bl el A(AT A) L = (AT AT AT 62 A(AT A) L = 02(AT A)~!
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Property 3 When the measurement error process &,(4) is white with zero mean and variance o2, the LS estimate
w is the best linear unbiased estimate (BLUE).

Proof Consider any unbiased estimator w

w = Bd
where B is an M x (N —m + 1) matrix, such that Ew = w,, i.e.

Fw = EBd= EB(Aw, +¢,) = BAw, + EBg, = w,

therefore for the unbiasedness of w it is necessary that

BA =1
The covariance matrix of w = BAw, + Beg, is

cov() = E(i —w,) (i —w,)" = EBe,e, B = 0*BB"
We show now that cov(w) > cov(iv). Consider the matrix ¥ = B — (AT A)~1 AT and the product
YUT = (B— (ATA)TATY(B — (ATA) AT =
= BB" — (ATA)'A"BT — BA(ATA) ' 4 (ATA)TATA(ATA) ' = BBT — (ATA)!

But U7 is a semi-definite positive matrix (because 27 W W7y = ||UTz||? > 0, therefore BBT — (ATA)~! >0,
or cov(w) > cov(w), which finishes the proof of the property 3.

One can also show that:

Property 4 When the measurement error process ¢,(4) is white and Gaussian, with zero mean, the LS estimate
w achieves the Cramer-Rao lower bound for unbiased estimators. Equivalently, it is said that for white
Gaussian noise process the least squares is a minimum variance unbiased estimate (MVUE).
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Least squares estimation using SVD (singular value decompsition)

There are mainly two forms of the normal equations:

w = &'

which involves ®, the time averaged correlation matrix of the input vector, and ¢ which is the time averaged
cross-correlation vector.

@ — (ATA)—lATd
which preserves the expression of ® and v as functions of the data matrices.

The second form shows also that one can use the pseudoinverse (or Moore-Penrose generalized inverse)
AT = (ATA)7TAT of the matrix A to express the LS estimate @ = A*d.

In the following we discuss numerical stable ways to compute the estimate w = A*d.
We start from the system of linear equations
Aw =d

in which A is a K x M matrix, d is a K x 1 vector, and w is a M x 1 vector.
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The SVD Theorem

Given the data matrix A there are two unitary matrices V and U such that

> 0
T _
gray [0
where ¥ = diag(o1,09,...,0w) and o1 > 09 > ..., o >0 and W < M is the rank of A.

Pseudoinverse

The pseudoinverse of the matrix A is
>0
- T
A=V [ Y ] U

1

where ¥7! = diag(o;',05",...,05'). The expanded form is

W 1
A+ — Zﬂi T
i=1

u: —
Zo-i

where v; are the columns of V' and u; are the columns of U.

1. Overdetermined system If K > M we assume that the rank W = M, and the inverse (AT A)~! exists.
Then, the pseudoinverse is given by

AT = (ATA) AT
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2. Underdetermined system If K < M we assume that the rank W = K, and the inverse (AAT)™!
exists. Then, the pseudoinverse is given by

AT = AT(AAT)!

Minimum norm LS solution

When null(A) # 0, (i.e. there is a nonzero vector y such that Ay = 0) the solution of Aw = d is
nonunique. The pseudoinverse

—1
A+:V[Eo 8]UT

provides the solution @ = A*d of minimum norm.



