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1 Introduction

Modeling is a prerequisite for the most fundamental signal processing tasks of signal analysis,
detection, classification, denoising, and compression. While linear models are widely used, and
they allow elegant theoretical and algorithmic developments, their nonlinear alternatives offer
advantages in terms of modeling power and improved performance, which often eclipse the extra
cost due to increased complexity. In this chapter we discuss nonlinear signal modeling with
two main goals. The first is to present several examples of nonlinear models arising naturally
in processing genomic data. The second is to discuss methods for evaluating the complexity of
these nonlinear models with information theoretic methods.

Several signal processing methods are useful for processing genomic data. Microarray data
come originally in the form of microarray images, which need to be preprocessed (denoised and
segmented) before the quantities of interest, the gene expression ratios, are estimated from the
image. All these stages benefit greatly from nonlinear techniques. The stages involving statistical
inference on the gene expression values, can also be formulated as optimal design problems for

the structure and the parameters of certain nonlinear predictors. In this chapter we investigate



mainly the gene prediction problem, and we propose nonlinear predictors in which the structure
is selected by the minimum description length (MDL) principle.

We present first the Boolean, ternary, and perceptron predictors. We resort to the earliest
form of the MDL principle, the two part code, as a tool for selecting the proper size of the
prediction window, because the selection is done on an immediate and intuitive description of
the data and the model parameters. When comparing predictors of different complexities we
show that the best description is achieved by the Boolean and the ternary predictors, for they
give a better fit to the data with a lower model complexity. To illustrate the results both
synthetic and experimental data are used.

We then introduce a more advanced way to evaluate the overall cost of describing the data
by Boolean regression models. These models are useful tools for various applications in non-
linear filtering, nonlinear prediction, classification and clustering, and data compression. We
discuss the normalized maximum likelihood (NML) universal model for these classes of models.
Examples of the problem of the discrimination of cancer types with the universal NML model
for Boolean regression demonstrate the ability of the NML model to select sets of the feature
genes that are capable of discrimination at error rates significantly smaller than what achievable

with other discrimination methods.

2 Preliminaries: modeling and predicting gene expressions

2.1 An introduction to gene expression data

One of the most important experimental advances in biology in the last decade is the develop-
ment of high throughput measurement methods for simultaneously probing thousands of gene
expressions in the biological probes of interest. This permits probing deep into the functioning
of the cell since at any moment the fundamental processes of life deal with the production of
proteins, based directly on the information contained in the genes. The abundance (also called
expression) of a certain gene in a biological sample is an indication of how intense the produc-
tion of the corresponding protein or proteins is (in some cases the same gene can be used to
generate several different proteins). However, the mere abundance of a certain gene in the cell
at a certain time is not a guarantee that the corresponding proteins are produced, because the
translation from gene to protein is mediated by a number of factors, like the availability of en-

abling enzymes in the cell, or the absence of certain inhibiting enzymes. The enzymes involved



are proteins, produced on the information existing in other genes. This (overly) simplified image
of the complex metabolic processes shows that the functioning of the cell at a certain time is
related to a large extent to the amount or abundance of a number of genes that are connected
functionally to enable biological processes.

The concept of the gene expression was introduced four decades ago with the discovery of
messenger RNA when the theory of genetic regulation of protein synthesis was described [5]. The
availability of cDNA microarrays makes it possible to measure simultaneously the expressions
level for thousands of genes. Gene expression data obtained in microarray experiments may
often be discretized as binary or ternary data, the values 1,0,-1 carrying the meaning of over
expressed, normal, and repressed, respectively, which are the descriptors needed when defining
regulatory pathways.

For quite some time the interactions of the genes, either directly or through the means
of their corresponding proteins, were studied for specific biological processes, and the rules of
each interaction, called a biological pathway, are usually specified in terms of enabling/inhibiting
factors, sometimes represented graphically in the form of logical circuits. Studying the pathways
is of fundamental importance in biology and medicine since understanding the mechanisms of a
biological process allows one to influence the process by modifying some of the enabling factors.

The new microarray technologies are able to provide measurements of thousands of gene
expressions, sometimes by a differential method, where the expression of a gene in a sample
of interest is measured against the expression in a reference sample. This is because the re-
sulting gene expression ratio is less subject to the variation of the experimental and processing
conditions. There are several alternative technologies for obtaining the gene expressions. Most
of them are automated involving a robot arm which deposits the substances on the allocated
spots on a microarray slide. The microarray slides are rectangular of dimensions in the order of
centimeters having a large number of spots or wells arranged in a regular grid, each spot being
the place where the abundance of a certain gene in a certain biological sample is measured.
During the technology phases the genetic material from the probe at each spot is hybridized to
the substance deposited on the spot, and by means of some color markings a high abundance
of a gene in the probe is transformed into a high intensity color component. In the case of a
differential measuring system the probe and the reference are marked with red and green colors,
respectively, resulting in a composite color of the spot image. What is called a gene expression

results finally from processing the image of the spot with the goal of integrating the contribu-



tion of the hybridization process in the area of the spot, while taking into account the particular
features of the technological process.

After the creation and processing a microarray slide the net result is in the form of one
value of the expression for each of the thousands of genes represented in the array (or in case of
differential measurements, two values, one in the probe of interest and the other in the reference
probe). In a complete experiment many microarray slides are produced and measured, for

example, one slide for each patient.

2.2 Prediction of the gene expression values

In the present chapter we concentrate on processing the outcomes of such complete experiments,
where we have a number of N patients, and for each we have the measurement of p gene
expressions. In the following we denote by x; ; the expression of gene 7 for patient j.

One of the main research avenues opened by the existence of various microarray technologies
is a generalization of the biological pathways. These are used to describe the activation of
certain biological functions in terms of the interaction between the genes and the proteins from
the explanations based only on a handful of genes or on virtually all the known genes. In recent
years a main research goal turned out to be uncovering the network of interactions between
the genes. Analogously to the measurement of gene expressions, new technologies begin to
be introduced for the measurement of protein expressions, see e.g. [10]. It will soon become
possible to study experimentally the interaction of the gene network in connection with the
protein network. Since it is still believed that the interactions in the network are sparse; i.e.
each gene interacts only with a small number of other genes, the methodologies for uncovering
the network still rely mostly on local modeling, where individual functions are established for the
regulation of every gene. However, a number of approaches exist for modeling the full network
or large parts of it, when enough information exists about the temporal behavior of the genes
3)(22][23].

The methods described in this chapter aim at identifying the nonlinear relationships that
are able to predict the expression of one gene, given the expressions of other genes and possibly

the values of environmental factors measured. We define a nonlinear gene predictor as

Tij = [(Tirj> Tigjs - -+ s Tigg)s (1)

where f is a nonlinear function, k the order of the predictor, and {i1,1s,...,i;} the structural



indices of the predictor. The task of determining a predictor refers to an ensemble of problems:
first, select the model structure (find the order k£ and the structural indices), and then specify
the nonlinear function f(-).

A good prediction model is desired to make the predictions themselves, but it also should be
able to uncover the biological relationships between genes. For the former goal the parameters
in the model will necessarily have to be tuned to their optimal values, and the structure of the

model will also have to be selected optimally to prevent overfitting.

2.3 Classification based on gene expression values

A second large class of applications, where the methods presented in this chapter are relevant, is
the classification of diseases based on the transcriptome information [11][21]. Since the gene ex-
pression information may play an essential role in the characterization of the metabolic processes
in cells and tissues, it is tempting to attempt at profiling the type of a disease based on the
gene expressions of the biological sample studied. Most work has been done in this respect for
identifying the types of the various forms of cancer disease. Again, apart from the interest in the
performance of such a classifier, which soon promises to complement the traditional methods of
diagnosis, there is also a separate interest of its own in the structure of the optimal classifier
for the genes involved in separating the types of disease. This is because knowing the genes re-
sponsible for each type may be of help in designing specific treatments for each type of disease.
Associating a class label y with each type of a disease, and having available a training sample
formed of the expressions x;; for each patient j and gene 7, the design problem for the classifier

consists of determining the structure and the parameters of the nonlinear function

Ui = f(Tirj, Tiggs - -+ s Tigj) (2)

to be found to minimize a criterion based on the classification error.

3 Several classes of nonlinear functions and associated design
methods
When selecting classes of nonlinear methods for modeling the gene interactions two important

features of gene expression data need to be taken into account. On the one hand, the number

of measured gene expressions in each slide is extremely high, even tens of thousands of genes.



Therefore selecting the sparse structure of the predictor; i.e. selecting a small number of genes
out of all the existing genes raises the issue of having to compare a combinatorially very large
number of candidates. On the other hand, the amount of microarray slides in almost all biolog-
ical experiments is not particularly large, rarely exceeding 100 slides, which makes fitting the
parameters in very complex models difficult due to the lack of enough observed cases. As a con-
sequence, the models employed in gene expression predictors and classifiers are usually simple
like the perceptron models, the Boolean models, and some simple neural networks. As hinted in
the previous section, the selection of the structure of the predictor is of main interest in many
applications; i.e. one wants to find the genes that are involved in a certain biological process or
in profiling a certain disease, while the detailed functional form of the predictor/classifier is of

lesser importance.

3.1 The Boolean model with binary inputs

The simplest model that biologists found appealing [6] from the earliest times is the Boolean
model. Such a model operates on binary inputs, which creates the need to quantize the gene
expressions before they can be used in the model. An advantage of the model is its one-to-one
compatibility with the existing pathway representations based on Boolean schemes. As an exam-
ple, Figure 1 illustrates the FAS signaling pathway, (obtained from http://www.biocarta.com/)
which is involved in immune surveillance to remove transformed cells and virus infected cells.
One of the interactions shows that Caspase8 is produced when Pro-caspase8 is on and inhibited
when both FAP and I-FLICFE are on. These models have the additional advantage of being
simple to understand and manipulate by biologists with an easy integration of various local
functions into an overall function.

Denoting the quantized binary expressions of Pro-caspase8, FAP, I-FLICE and Caspase8 as

xr1,x2,x3 and x4, respectively, the Boolean model can be expressed as
Ty = T1X2T3, (3)

where by over bar we denote the negation of a binary variable and by the product the logical
‘and’ function.

In the following we use z;; for the expression value and sometimes the quantized expression
value, and we specify in each context the number of the quantization levels and the centers of

the Voronoi cells (hence x;; may be binary, ternary or even continuous valued, depending on the
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Figure 1: A biological pathway where gene and protein interactions interactions are represented

by logical operators. (reproduced from Biocarta, http://www.biocarta.com/)

context).

An optimal design of a Boolean predictor is straightforward, and we describe it here just
for the sake of completeness and ease of comparison with the design of more complex models.
We illustrate the design for a given structure, say &4 = f(z1,22,23), from a training set of
quadruples {(x1j, 25, z35; 45),j = 1,..., N}. In general the prediction given by the model Z4;

and the measured value x4; are different, and we refer to their difference as modeling error
€j = L4j © a5 = [f(215, w25, X35) © Taj, (4)

where @ denotes the ‘exclusive or’ operator. We get that #4; = e; © x4 and x4; = €; © I4;. The
Boolean function minimizing the error criterion

N

> (f(@1j, maj, w35) ® 245) (5)

j=1
can easily be found by counting. For each triplet of binary values (b1, bo,b3) € B3 we have

the count ng(b1,be,bs) of the number of times x4; is 0 when the input variables have values

T1j = by, x9; = b, x3; = b3, and similarly the count ny (b1, ba, b3) of the number of times T4j is



1. Then the optimal Boolean function minimizing the criterion (5) is given by

0 if no(b1, b2, bg) > nq (b1, ba, b3)
f(bh b27 b3) = (6)
1 otherwise.

If not enough cases are observed it is clear that for some combinations (b1, b2,b3) € B3 both
counts ng(b1, b, b3) and nj(by, by, bg) may be zero (or equal), and no clear cut decision can be
made. For the criterion (5) the undefined values do not matter, but when the model is applied
to data outside the training set the non-definiteness of the model for some input combinations
should be solved in a principled way. These issues will be discussed later in Section 4.3.1.

The solution to the prediction problem presented is immediately applicable to the classifica-
tion problem, where the training set is of the form {(z1;,x2j,...,2kj;¥;j),J = 1,..., N} and the

class predictor is g; = f(z15, x2j, . .., Tkj)-

3.2 Three predictors for ternary data

We consider next three predictor classes for ternary valued gene expressions: a hard Boolean
predictor, a hard ternary predictor, and finally, a perceptron predictor. We discuss the parameter
estimation for all of them, and we present later the selection of the predictor order based on the
MDL principle. The ternary valued data are written as {0,1,2}. For z € {—1,0, 1} use first the

mapping = < x + 1 to transform x to the set {0, 1,2}.

3.2.1 The specification and design of the Hard Boolean predictor

Denote by z = [z1,...,x] the prediction window of dimension k, where x; € {0,1,2}. Define
the thresholded vectors z% = [mlfl, ... ,:czl] and zb2 = [xliz, . ,3:22}, where
0 if a;=
b K3
Tyt = (7)
1 if x>1
0 of =; <1
b 1T =
Tt = ‘ (8)
1 if ;=2

The predictor is defined as

g=f(™) + f(z"), (9)

where f(-) is a Boolean function with k& variables.



The design of the Boolean predictor proceed as described in Section 3.1, where the training
set is given by {[x%, .. ,lej, 5l [xlﬁ-, .. ,x%, yj] : g =1,..., N}, and the corresponding optimal

Boolean function results from the counts as in (6).

3.2.2 The specification and design of the Ternary predictor

The optimal Ternary predictor is found by quantization of the conditional expectation to three

intervals:

0 if E(ylz) <05
g=h"(z) =9 1 if 05<E(ylz)<15 (10)
2 if 1.5 < E(ylz).

3.2.3 The specification and design of the Perceptron predictor

The perceptron is found by quantization the best linear combination of samples in the predictor

window to three intervals :

0 if w!+wyz<05
g=41 if 05<wlz+w <15 (11)

2 if 1.5 < wlz + wp.

The parameters w and wy can be obtained by the Perceptron algorithm [7],[8].

3.3 DModel selection based on a two part code length

Our approach to prediction aims at finding flexible classes of models with good predictive prop-
erties, but we also consider the complexity of the models, the balance being set by the minimum

description length (MDL) principle, as described in the next section.

3.3.1 Modeling and data compression

Does a model capture the data generation mechanism? If yes, we can describe the data more
concisely by describing the model and listing the errors than by copying the data in ‘raw’ point
by point; i.e. encoding without a model or, perhaps, with the trivial identity model.

A well established fact is that both the complexity of models and the data can be measured by
the universal yardstick of code length. The MDL principle [1]{12][13][14] considers the following

axiom as a basis for a theory of modeling: given the data and a model class, select the model in



the class with which both the data and the model can be encoded with the shortest code length.
This means that the code length needed results from a two-part encoding process: Encode
first the model parameters and then the residuals, given the model defined by the parameters.
When the parameters range over the reals they must be optimally quantized. In reality we only
need the code length rather than the actually encoded strings for the data and the quantized
parameters, by a deeper theory of coding the shortest code length can be computed from a
special parameter-free model that is universal for the model class. The same approach can be
applied to different model classes, which may be compared by calculating the shortest code
length for each and selecting the class with the shortest overall code length.

To apply the technique to our data we postulate a parametric model for the dependency
¢ = f(z1,...,2,0), fit its parameters 0 to the available data, and find the code length for
the parameters and the residuals. If we get an important reduction in the code length with a
model class we claim that the dependency modeled is significant. If different model classes are

consistently capturing dependencies, they are very likely to be rules of the nature.

Encoding without a model

We take as an example the case of N = 30 patients, which we use in our experiments. Encoding
the expressions for the gene g, without a model requires L = log,(33%) = 47.55 bits. Other codes
for the target gene alone may be used, but we find it convenient to make no assumption about

the distribution of —1,0,1 at this point.

Encoding the residuals

When we select a predictive model we have to decide on a code for the residuals. At a first glance
the residuals may be more difficult to encode than the original sequence since the dynamic range
is now expanded to {—2,—1,0,1,2}. However, there is a reason why the residuals may be easier
to encode: a good predictor will cause the sequence of the residuals to contain the symbol 0 many
times. With arithmetic coding, or simply with run length coding, this can be taken advantage
of, and we get a smaller code length than that of the original sequence. A less optimal result
can be obtained with an even simpler code as described next.

The residuals will be encoded in a way to penalize the nonzero errors. For each error we
send the actual (correct) value encoded as ”70” = 01,”71” = 10,” — 17 = 11, the codeword 00

signaling the end of the residual sequence. After the actual value we also transmit the location

10



of the error with [logy N| = [logy30] = 5 bits. An error will therefore be transmitted with 7
bits.

3.3.2 The hard Boolean predictor: the description length

We consider the two-part code: first we encode the model “parameters” needed to specify the
function f*(-), and then the residuals (prediction errors).

The model cost for encoding the function f*(-) is
Car (k) = 2 bits (12)

if we assume a uniform apriori distribution for all the Boolean functions. Other selections are
also possible; i.e. to favor the more active Boolean functions (e.g. according to the absolute
difference between the number of ones and zeros in f). Therefore, if there are N, nonzero

prediction errors, the overall code length is the model length plus the prediction error length:
L(k) = 284 7N, + 2 bits. (13)

Starting from a data set of several possible gene factors we can select the best combination by
designing sequentially the predictors with the window size k = 2,3,4,5 and computing L(k)
for each predictor. The MDL principle selects as the optimal window size k for which L(k) is

minimum.

3.3.3 The Ternary predictor: the description length

To encode the model we have two possibilities.

1. The values of the prediction window z can be ordered lexically as [0 0 0],[0 0 1],[002],....
We may specify the optimal ternary predictor by the string of values A*([0 0 0]), A*([0 0 1]),
R*([0 0 2]),..., which needs 2 - 3% bits. Therefore the cost of encoding the ternary model is
Cyr = 2 - 3 bits, which is the same for all models, irrespective of the data. However, note that
we do not know the optimal values h*(z) for the prediction windows z which have not been
seen.

2. Therefore, in the second alternative the cost of the model depends on the actual data
and we have to specify the optimal predictions only for the seen prediction windows. Denoting
by n, (k) the number of different prediction windows found in the data set the cost of encoding

the model becomes Cy; = 2n, (k) bits, which is upper bounded by 2N, where N is the number

11



of measurements. This variant is used in our experimental determinations. Note that a similar
variant can be used also for the Boolean predictor.

The prediction errors will be encoded the same way as in the case of the Boolean prediction.
Therefore, if N, nonzero prediction errors are obtained with the Ternary predictor, the code
length for the prediction residuals is 7N, + 2.

The overall code length is then the model length plus the prediction error length, or

L(k) = 2ng(k) + TN, + 2 bits. (14)

Apparently the ternary predictor is defined only for the prediction windows seen in the
experiment. There is an obvious way to use the observed data to define h*(x) for the unseen
prediction windows z. A simple way is to take h*(x) = h*(2’), where 2’ is a seen prediction
window of size smaller than z. However, in the current gene expression problem the goal is to
identify outstanding gene dependencies, given the observed data, and it is unnecessary to specify

the predictor for the unseen windows.

3.3.4 The Perceptron predictor: the description length

For ternary valued data the number of all distinct perceptrons with two or three inputs are
known, [24]. A perceptron model with two input genes requires Cj; = logy 471 = 8.88 bits,
while a perceptron model with three input genes requires C; = logy 85629 = 16.38 bits.

3.4 An artificial example

We take first an artificial example, where, knowing the true state of nature, we will be able to
check the success of our procedure.

We assume N = 30 measurements (patients), at a patient ¢ 40 variables (genes) 1, ..., %40
and one target, denoted y(i). Suppose the measurements are quantized to three levels: 0,1, 2.
The number of the sequences of 30 symbols with ternary values is 33 = 2- 104, which exceeds
hugely the 40 sequences we have in the experiment. Suppose that there is a function f* :
{0,1,2}* — {0,1,2}, y(i) = f*(xt, 4, Tty Tts i, Tty i), Which describes the target exactly.

The data were generated by choosing randomly 40 sequences of 30 measurements from all
the possible 2 - 10 ternary sequences, with a uniform prior on them. The target function
f*:{0,1,2}* — {0,1,2} is selected in the following way: for any input window (j, j2, j3, j4) the

value f*(ji1,j2,73,J4) is obtained by sampling a random variable over the values 0,1,2 with
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the probability distribution p = [z, %,%] The target gene is then constructed as the ex-
act function y(i) = f*(x1(i),x2(2), z3(i), x4(7)). Therefore, the true window for the target is
[£1(7), x2(i), x3(i), z4(7)], referred [1,2, 3, 4] for short. We show in the following that the Boolean
and the Ternary predictors can be used in conjunction with the MDL principle to select the

prediction window candidates.

The Target alone: The complexity of the target without conditioning on other genes is eval-
uated by three methods: (a) A prior uniform distribution for all sequences, which gives
L(yN) = —[log, 337 = 48 bits; (b) An adaptive arithmetic coding, which gives the value
L(y™) = 47 bits; (c) Move-to-Front coding (which favors correlated sequence), giving the
length L(y") = 52 bits.

Since the target was generated as an uncorrelated sequence of ternary values, the Move-
to-Front procedure gives rather different results from the first two methods, but we can

safely assume that the complexity of the target alone is in the range of 47-52 bits.

The window size=2: No predictor with only two genes can achieve a description length lower
than the complexity of the target. In the left of Table 1 we list the best models of order
two, which give a description length less than 72, the total of 17 windows. The ”correct”
window, which is of order four containing genep, geneo, genes, and geney4, has a ”trace” in

the list of the best models, which occupies the second position with the window (geney,

genes).

The window size=3: The predictors with three genes are more successful in describing the
target. In the middle of Table 1 we list the best models of order three, which give a

description length less than 55, making the total of 28 windows.

The window size=4: We list the best models of order four (the ones having length less than
49, making the total of 23 windows). We show in bold the ”true” model, which was ranked
the 19’th out of 91390 possible prediction windows. Observe that the variations of the true

window have been selected frequently as winners in the final list.

3.5 A comparison of the three classes of models in a small scale experiment

We consider here a comparison of the three ternary predictors by the MDL criterion on the

experimental data from [8] having N = 30 and p = 13, presented in Table 7 of the appendix.
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Descr.Length | g1 g2 g3 g4
46.00 1 2 3 12
46.00 1 3 12 38

Descr.Length | g1 ¢o || Descr.Length | g1 g2 g3
46.00 12 30 32 38

60.00 15 40 44.00 1 3 12
46.00 30 32 34 38

65.00 1 3 47.00 10 32 36
46.00 8§ 10 31 34

67.00 4 13 48.00 16 20 31
46.00 1 12 32 38

67.00 9 40 48.00 30 32 38
46.00 12 30 32 38

67.00 10 11 49.00 12 15 40
48.00 1 3 12 18

67.00 10 34 49.00 14 19 23
48.00 10 27 32 36

67.00 14 20 50.00 2 10 32
48.00 4 16 20 31

67.00 20 31 50.00 10 31 34
48.00 2 10 25 32

67.00 20 32 50.00 15 20 32
48.00 2 10 29 32

67.00 20 40 50.00 22 33 34
48.00 10 25 31 34

67.00 26 34 52.00 6 20 25
48.00 15 20 25 32

67.00 27 40 52.00 8 10 12
48.00 15 20 32 40

67.00 38 40 52.00 8 20 32
48.00 6 20 25 40

72.00 3 34 52.00 13 18 19
48.00 8 20 32 34

72.00 11 34 53.00 1 2 3
48.00 1 2 3 4

72.00 27 32 53.00 10 11 34
48.00 10 11 13 34

72.00 32 36 53.00 10 15 40
48.00 15 20 32 40
49.00 1 3 12 34
49.00 12 16 20 31

Table 1: Artificial data. The prediction windows of the best predictors of lengths two, three

and four (the framed one of length four was used to generate the data)
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The target gene is AHA.

In Table 2 we present the values of the description length and also the number of the errors,
obtained with the best predictors in each of the three classes for various sizes of the prediction
window, when the genes are restricted only to the set (RCH1,p53,PC-1). With the Boolean
predictor the best description length is obtained with the model H B(RCH1,p53). Appending
PC-1 to the prediction window does not improve the descriptive power of the model. The
same conclusion can be drawn for the hard ternary predictors, and the perceptrons. The MDL
criterion makes therefore a clear and consistent selection of the best prediction window, while
the coefficient of the determination ¢y [8] simply shows a better fit of the model to the data
with an increasing window size. The problem with ¢4 is that it expresses only the fit to the
training data. To avoid overtraining one needs another (validation) data set. The MDL principle
is a method, which implicitly penalizes too large models, and which can be shown to provide
consistent order estimations unlike the several cross-validation methods.

We extend now the experiment to predicting the values of the target AH A based on the
combinations of two, three, or four of the genes in the first 12 columns of Table 7. In Tables 3,
4, 5 we show the best predictors for each window size. The best overall predictor is seen to be
AHA = HB(p53, ATF3, RCH1), which has the Boolean function f(x1,x2,x3) = x129 + T273,
and the description length L = 10. This is much lower than what can be obtained by any
other window size or a combination of genes. By comparing the description length of the
predictors of different sizes, we can now conclude that most of the "good” predictors of order
3 or 4 are worse than the corresponding predictors of lower order; that is, all predictors of
size three with the description length 24 are actually worse than the predictor of order two
AHA = HB(p53, RCH1), which has the description length 20.

We are therefore capable of organizing the huge number of ”good predictors” in Tables 3, 4,
5 and discarding all the overly complex ones, to conclude that the relevant predictors in light of

the data are only: HB(p53, RCH1), HB(p53, ATF3, RCH1), and HT (p53, ATF3, BCL3).
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Hard Boolean Predictor

AHA=HBP(RCH1,p53,PC-1) | AHA=HBP(RCH1,p53) | AHA=HBP(p53)
N. 2 2 12

Length 24 88

Hard Ternary Predictor

AHA=HT(RCH1,p53,PC-1) | AHA=HT(RCH1,p53) | AHA=HT(p53)
N 1 2

7

Length 25 55

Perceptron Predictor

AHA=Per(RCH1,p53,PC-1) AHA=Per(RCH1,p53) AHA=Per(p53)

N, 2 2 7
Length 30.38 22.87 53.24
ca (MSE)[8] 0.946 0.785 0.624

Table 2: “3 Gene” Experiment. The description length for three predictors : Hard Boolean
Predictors (HBP), Hard Ternary Predictor(HT) and the Perceptron Predictor (Per)

Length 20 38 45

Gene; p53 p53 ph3
Genes | RCH1 | BCL3 | ATF3

Method HB HT HT

Table 3: “12 Gene” Experiment. The description length of the best predictors with window

size 2.

l Length [ 10 [ 24 [ 24 [ 24 [ 24 [ 24 [ 24 [ 24 [ 24 [ 24 [ 30 [ 39 [ 42 ‘

Genej p53 p53 p53 p53 p53 p53 p53 p53 p53 p53 p53 p53 p53
Geneyp ATF3 BCL3 FRA1 RELB IAP1 PC-1 MBP1 SSAT MDM2 p21 ATF3 ATF3 RELB
Geneg RCH1 RCH1 RCH1 RCH1 RCH1 RCH1 RCH1 RCH1 RCH1 RCH1 BCL3 RELB BCL3

l Method [ HB [ HB [ HB [ HB [ HB [ HB [ HB [ HB [ HB [ HB [ HT [ HT [ HT ‘

Table 4: “12 Gene” Experiment. The description length of the best predictors with window

size 3.
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Length | 18 [ 18 [ 18 | 18 [ 18 [ 18 | 18 [ 18 [ 18 [ 2r | 27 | 20 | 20 |
Geneq p53 p53 p53 p53 p53 p53 p53 p53 p53 p53 p53 p53 p53
Genes ATF3 ATF3 ATF3 IAP1 PC-1 MBP1 SSAT MDM2 p21 PC-1 MBP1 PC-1 MBP1
Genes BCL3 FRA1 RELB ATF3 ATF3 ATF3 ATF3 ATF3 ATF3 BCL3 PC-1 IAP1 FRA1
Geney RCH1 RCH1 RCH1 RCH1 RCH1 RCH1 RCH1 RCH1 RCH1 RCH1 RCH1 RCH1 RCH1

l Method [ HB [ HB [ HB [ HB [ HB [ HB [ HB [ HB [ HB [ HT [ HT [ HT [ HT ‘

l Length [ 29 [ 29 [ 29 [ 30 [ 30 [ 30 [ 30 [ 31 [ 31 [ 31 [ 32 [ 32 [ 32 ‘
Genej p53 p53 p53 p53 p53 p53 p53 p53 p53 p53 p53 p53 p53
Genes SSAT SSAT MDM2 MBP1 SSAT MDM2 p21 FRA1 PC-1 p21 RELB RELB IAP1
Genes FRA1 PC-1 PC-1 IAP1 MBP1 MBP1 MBP1 BCL3 RELB PC-1 BCL3 FRA1 BCL3
Geney RCH1 RCH1 RCH1 RCH1 RCH1 RCH1 RCH1 RCH1 RCH1 RCH1 RCH1 RCH1 RCH1

l Method [ HT [ HT [ HT [ HT [ HT [ HT [ HT [ HT [ HT [ HT [ HB [ HB [ HB ‘

Table 5: “12 Gene” Experiment. The description length of the best predictors with window
size 4.
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4 Normalized maximum likelihood models for a class of Boolean

regressor models

The selection of the model order based on the two-part code discussed in the previous sections
is widespread for a number of reasons. First, it is easily interpretable and intuitive in that
it separates nicely the costs of the model and the remaining non-modeled part of the string
(erroneous according to the model). Secondly, one of the asymptotic forms of the two-part
code has been shown in many applications to be quite successful, and it was further shown to be
equivalent with the Bayesian information criterion. However, in the recent years further advances
in the MDL principle have been made, and a specific code, induced by the so-called normalized
maximum likelihood (NML) model, was shown to possess important optimality properties. We
illustrate in the rest of the chapter the derivation of the NML model and its application to a
class of nonlinear models, first introduced by us in [19]. We follow it closely in this presentation.

The NML model for the linear regression problem was introduced and analyzed recently,
[15]. We restate classification as a modeling problem in terms of a class of parametric models,
for which the maximum likelihood parameter estimates can be easily computed. We review first
the NML model for Bernoulli strings as the solution to a minmax optimization problem. We
then introduce a model class for the case where the binary strings to be modeled are observed
jointly with several other binary strings (regression variables). We derive the NML model for
this model class. We further provide a fast evaluation procedure and apply it to a classification

problem.

4.1 The NML model for Bernoulli strings

In this section we assume that a Bernoulli variable Y with P(Y = 0) = 6 is observed repeatedly

n times, generating the string y™ = yi,...y,. We look for a distribution ¢(y") over all strings

of length n such that the ideal code length log ﬁ assigned to a particular string y” by this

distribution, is as close as possible to the ideal code length log m,
Bernoulli models. The words ‘ideal code length’ are used because they need not be integer

obtainable with the

valued as real code lengths must be. For long strings they differ from the real code lengths by at
most unity. In the coding scenario the decoder is allowed to use a predefined distribution, ¢(-),
but he cannot use P(y"|A(y™)) because it is not a distribution. The latter, however, will be a

target which no model in the class can beat since it maximizes P(y"|f) and therefore minimizes
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the ideal code length log W. The distribution ¢(y™) is selected such that the "regret” of

using ¢(y") instead of P(y"|0(y™)), namely,

P(y"0(y™)) (15)

log — log

1
a(y") P(y"10(y™))
is minimized for the worst case y; i.e.

P(y"0(y")

minmax lo 16
D) (19)

Theorem 1 (Shtarkov[17]) The minimizing distribution is given by
a(y )=7( 15 )), (17)

where

C, = f: " (:’Z)m (1 - Z)n_m (18)

m=0 m

A strong optimality property of the NML models was recently proven in [16], where the
following minmax problem was formulated: find the (universal) distribution which minimizes

the average regret

P(Y™O(Y™
mqin max E4log W, (19)
where g(-), the generating distribution of the data, and ¢(-) run through any sets that include

the NML model.

Theorem 2 ([16]) The minimizing distribution q(-) in the minmaz problem (19) is given by
(17) and (18).

If we replace ‘minmax’ by ‘maxmin’ the worst case distribution is unique and also given by

(17) and (18).

4.2 The NML model for a Boolean class

We consider a binary random variable Y, which is observed jointly with a binary regressor vector
X € B*. In a useful model class a carefully selected Boolean function f : B¥ — {0,1} should
provide a reasonable prediction f(X) of Y in the sense that the absolute error £ = Y — f(X)|
has a large probability of being 0. Since &£,V f(X) are binary-valued we have £ = |Y — f(X)| =
Y & f(X), which also implies Y = f(X) & &, where & is modulo 2 sum.
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We therefore consider a corruption model defined as follows:

F) if €=0
Y= f(X)o€= (20)

fX) if £€=1,

where f(-) is a Boolean function and the error £ is independently drawn from a Bernoulli source

with parameter 0; i.e., P(€ =1) =1—6 and P(€ = 0) = 0, or for short
P(E=1b) =01 —0)° for be {0,1}. (21)

Denote by b; € {0, 1}* the vector having as entries the bits in the binary representation of integer
i, i.e.,, bg =[0,...,0,0], b; = [0,...,0,1], etc. Further, define by (20) and (21) the conditional
probability for code b; € {0, 1}¥,

P(Y = y’& = bz) = Qlfy@f@i)(l _ Q)y@f@i). (22)

The Boolean regression problem will be stated as finding the optimal universal model (in a

minmax sense to be specified shortly) for the following class of models:
MOk, f) = {P(lf.b;,0) = o1& D (1 — )&l (23)

where y € {0,1},0 € [0,1],b; € {0,1}*.

When the sequence y™ = ¥ ...y, and the sequence of binary regressor vectors b" = b; ,...,b;

are observed, a member of the class M(0, k, f) assigns to the sequence y" the following proba-

bility
P10,k £,07) = T[0T (1 - g Gy
7=1
= 9710(1 _ 9)7177107 (24)

where ng is the number of zeros in the sequence {¢; = y; & f(b;;)}7—;. The ML estimate of the

model parameters,

Oy"), fyn) = arg n(}z}x Py"0,k, f,b"), (25)
can be obtained in two stages, first by maximizing with respect to f,

max P(y"(0, k, f,b"), (26)
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and observing that the optimal f(-) does not depend on 6. For a fixed § > 0.5, the function
P(y"|0,k, f,0") = 6™ (1 — 0)"~" decreases monotonically with ng, and (26) is maximized by

maximizing ng, or, equivalently, by minimizing n — ng

n

mfin(n —ng) = mj}DZ lyj — f(bs,)]

j=1
on
= m}nzmeof(be) +me, (1 — f(be)), (27)
£=0

where my, and my, denote the number of times y; = 0 and y; = 1, respectively, have been seen
at the regressor vector b;. = by.
Equation (27) shows that f is optimal for the mean absolute error (MAE) criterion. It can

also be seen that the assignment of f(b,) depends only on my,, my,, and the solution is

R 0 if my, > my
Sy (be) = ’ b (28)
1 ’lf my, < My,

which can be readily computed from the data set. Denote by n§(y™) the number of zeros in the
sequence {¢; = y; ® fyn (bi;)}j=1. To completely solve the ML estimation problem we have to

find

max P(y" 10, k, fym. b"), (29)

for which the maximizing parameter is 6(y") = %. Therefore

P(ynlé(y”),k,fyj,%”) -
_ (né(y”))”o(y ) <1 B nf‘)(y”))""o(y ). (30)

n n

We need to define a distribution ¢(y™) over all possible sequences y™ which is the best in the

minmax sense

P(yn|é(yn)7 ka fy”7bn)

min max 31
@y a(y™) (31)
This is clearly given by the NML model,
P(yn| A(yn)’ kv fy"a bn)
ny _ 2

where

= Z (ng(yn))na(y") (1 - ng(yn)>n—”6(y”). (33)



Note that nj depends on y" through fyn in a complicated manner. When k& = 0, the normaliza-
tion factor is Cy,(0,0") = C,, given in (18).

Alternative expressions for the coefficient Cy, (k, b") provide faster evaluation. Let {b,,,...,b;, }
be the set of the distinct elements in the set {b,|b, € b"}, and let K = K(b") be the number of
the distinct regressor vectors. Denote by z9 the subsequence of y" observed when the regressor
vector is b; . Let ng be the length of the subsequence 27 having myg zeros.

We observe that (33) can be alternatively expressed as

ety =3 (") (1) S ),
nt=0
where Sk . ,...ngx(n}) is the number of sequences y"™ having nj = Zle min(mg, ng — mgq) ones
in the residual sequence. The numbers Sk ;.. ng (n§) can be easily computed recursively in K.

Denote first

0 if  m>%
n
¢ if  m=7%
hl(m) = m ) (34)
n
2 ¢ else
m

which is the number of sequences of length ny having either m bits set to 1 or ny—m bits set to 1,
for 0 < m < %, By combining each of the Sk _1n,....nx_, (P} — M) sequences having n} —mg
ones in the residual sequence with each of the hx(my) sequences having either mg bits set to
1 or nxg — mg bits set to 1, we get sequences having (nj — mg) + min(mg,ng — mg) = nj
occurrences of 1 in their residual sequence. Therefore the following recurrence relation holds:

SKonyeni (NT) =
ng

> hk(mi)Sk—1n1,np_y (] — mK), (35)

mi=0
where by convention Sk_1 ;... nx_,(n] —mg) = 0 for negative arguments, nj — mg < 0.
We note that the recurrence is simply a convolution sum, Sk n,,..nx = Pk @ SK—1,n1,...n5_15

and we conclude that

Skni,ng =h1 @h2® ... Q hg. (36)
. . . ZKl Ng .
We can easily see that SK17n17,,,7nK1 (i) = 0 for i > =4— due to the fact that the optimal
Ky
residual sequence cannot have more than =% ™ ones. Also, from (34) we note that only

2%{ Hé{zl ng terms have to be added when all the convolution sums in (36) are evaluated.
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Table 6: The best 18 triplets of genes for predicting the class label according to the NML model
for the class M (6,3, f).

Codelength | Classification Triplet of Genes Gene accession numbers
error [%]

6.9 0.912 1834 2288 5714 | M23197  M84526 HG1496-HT1496
7.9 0.010 1834 3631 6277 | M23197 U70063 M30703

7.9 0.891 758 4250 4342 | D88270  X53586 X59871

8.0 0.652 2288 4847 6376 | MS84526  X95735 M83652

8.7 0.008 1834 3631 5373 | M23197 UT70063 S76638

8.7 0.007 1834 3631 6279 | M23197 U70063 X97748

8.7 0.910 1144 1217 1882 | J05243 L06132 M27891

8.8 0.649 302 2288 6376 | D25328  MS&4526 M83652

8.8 0.055 1144 1834 1882 | J05243 M23197 M27891

8.8 0.063 1834 1882 6049 | M23197  M27891 U89922

8.8 0.004 1144 1882 5808 | J05243 M27891 HG2981-HT3127
8.8 0.584 2288 3932 6376 | MS84526  U90549 M83652

8.9 0.558 2288 5518 6376 | MS84526  X95808 M83652

8.9 0.560 1399 2288 6376 | L21936  MS84526 M83652

8.9 0.620 1241 2288 6376 | LO7758  MB84526 M83652

8.9 0.605 2288 3660 6376 | MS84526  U72342 M83652

8.9 0.582 2288 4399 6376 | MS84526  X63753 M83652

8.9 0.556 2288 4424 6376 | MB84526  X65867 M83652
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4.3 An experiment from cancer genomics

We illustrate the classification procedure based on the NML model for classes of Boolean regres-
sion models for the microarray DNA data Leukemia (ALL/AML) of [4], publicly available at
http://www-genome.wi.mit.edu/MPR/. The microarray contains 6817 human genes, sampled
from 72 cases of cancer, of which 47 are of ALL type and 25 of AML type. The data is pre-
processed as recommended in [4] and [2]. The resulting data matrix X has 3571 rows and 72
columns.

We design a two level quantizer by the LBG algorithm [9], and the decision threshold results
at 2.6455. All the entries in the matrix X are used as a training set but we note that no
information about the true classes is used during the quantization stage. The entries in the

matrix X are quantized to binary values, which results in the binary matrix X.

4.3.1 Extending the classification for unseen cases of the Boolean regressors

The Boolean regressors observed in the training set may not span all the 2¥ possible binary
vectors. If the binary vector b, is not observed in the training set, the classification decision
f*(b,) remains undecided during the training stage. We select the value of f*(b,) by use of the
nearest neighbor voting, which amounts to the decision by the majority vote of the neighbors
by situated at Hamming distance 1, for which f*(b,) was decided during the training stage. If
after voting there still is a tie we take the majority vote of the neighbors at Hamming distance

2, and continue if necessary until a clear decision is reached.

4.3.2 Estimation of classification errors achieved with Boolean regression models

with k£ =3

The Leukemia data set was considered recently in a study for comparing several classification
methods [2]. The evaluation of the performance is there based on the classification error as
estimated in a crossvalidation 2:1 experiment. In order to compare our classification results
with the results in [2], we estimate the classification error in the same way, namely, by dividing
at random the 72 patient set into a training set of ny = 48 patients and a test set of ny = 24
patients, finding the optimal predictor f*(-) over the training set, classifying the test set by
use of the predictor f*(-) (the extension for the unseen cases in the training set is done as in
Section 4.3.1), and counting the number of classification errors produced in the test set. The

random split is repeated n, = 10000 times, and the estimated classification error is computed
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as the percentage of the total number of errors observed in the (n, - ns) test classifications.
For comparison, we mention that the best classification methods tested in [2] have classification
errors higher than 1%. As we can observe in Table 6 there are several predictors with three
genes, achieving classification rates as low as 0.004%. We note a remarkable consensus in ranking
of the gene triplets, according to the NML code length and the estimated classification error
rates.

As to the genes involved in the optimal predictors in Table 6, we note that five genes belong to

the set of 50 “informative” genes selected in [4], namely M 23197, M 84526, M 27891, M 83652, X95735.

5 Summary

The Boolean regression classes of models are powerful modeling tools with the associated NML
models, which can be easily computed and used in MDL inference, in particular for factor
selection.

The MDL principle for classification with the class of Boolean models provides an effective
classification method, as seen in the important application of cancer classification based on
gene expression data. The NML model for the class M (6, k, f) was used for the selection of
informative feature genes. With the sets of feature genes selected by the NML model we achieved

classification error rates significantly lower than those reported recently for the same data set.

Appendix

In the Table 7 we present the data of a toy experiment from [8]. Note that the table is transposed

according to the convention used in text for x;;.

References

[1] A. Barron, J. Rissanen, Y. Bin. The minimum description length principle in coding and

modeling. IEEE Trans. on Information Theory, vol.44, no. 6, 2743-2760, Oct. 1998.

[2] S.Dudoit, J. Fridlyand, T. P. Speed. Comparison of Discrimination Methods for the Classi-
fication of Tumors Using Gene Expression Data. Dept. of Statistics University of California,

Berkeley, Technical Report 576, 2000.

25
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