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Abstract

This chapter presents an overview on the classes of methods available
for feature selection, paying special attention to the problems typical to mi-
croarray data processing, where the number of measured genes (factors) is
extremely large, in the order of thousands, and the number of relevant factors
is much smaller. The main ingredients needed in the selection of an optimal
feature set consist in: the search procedures, the underlying optimality crite-
ria, and the procedures for performance evaluation. We discuss here some of
the major classes of procedures which are apparently very different in nature
and goals: a typical Bayesian framework, several deterministic settings and fi-
nally information theoretic methods. Due to space constraints only the major
issues are followed, with the intent to clarify the basic principles and the main
options when choosing one of the many existing feature selection methods.

1 Introduction

There are two major distinct goals when performing gene feature selection: the first
is discovering the structure of the genetic network or of the genetic mechanisms
responsible for the onset and progress of a disease; the second is eliminating the
irrelevant genes from a classification (or prediction) model with the final end of
improving the accuracy of classification or prediction. While there are many cases
when both goals are equally relevant, there are others when only one of them is of
primary focus.

This possible distinction of goals is certainly reflected at the methodological
level, where the feature selection methods are usually split into two groups: filter
methods and wrapper methods [22]. With the filter methods [7][50], the genes
are ranked according to some general properties (correlation, mutual information,
discriminative power) that are relevant for the prediction or classification problem
at hand (e.g., correlation with a disease type), but without making it explicit at this
stage what is the particular prediction model that is going to be used subsequently.
After ranking of the single genes or of the various groups of genes, a suitable set
of genes is identified and proposed as the feature set to be used for all subsequent
analysis tasks. This hints that filter methods should have a more general goal
than simply improving a certain type of predictor (e.g., a neural network), but
rather should aim at finding the true structure of the interactions recorded by
the experimental data, and as such, they would provide a useful set of features



for very different classification tools. On the other hand, the wrapper methods
[10][20]]22][32] are more straightforward, since they intend to restrain the set of
factors so that the prediction ability of a certain given method is improved. With the
wrapper method the prediction capability of a particular method is investigated for
all possible groups of genes (or only for a chosen subset of them, if complete search
is computationally too demanding ), and the group offering the best performance is
declared an optimal set of feature genes, which certainly maximizes the prediction
abilities of the studied class of models, but may not be relevant for other classes of
models. The same dichotomy between filter and wrapper methods is relevant for
the evaluation stage, where the available set of data may be used in various ways
for assessing the performance of a given feature set. The above distinction, made in
terms of goals and methodology, appears clearly with most of the existing feature
selection techniques.

Although ideally feature selection is a main step in the attempt to discover true
biological relationships, rarely a feature set is claimed to have full biological rele-
vance without further validation. The apparent optimal or quasi-optimal behavior
observed over the studied experimental data is only the starting point for more
detailed biological experimentation and validation. In light of this, many times the
feature selection procedure ends up proposing several likely outstandingly perform-
ing feature sets, which can be used later in biological studies [20][21].

In pattern recognition tasks the information typically appears as vectors of a
large number of variables. We can view the recognition algorithm as operating di-
rectly on the variables and consider the variables as features whence feature selection
means selecting a useful subset of variables for further processing. In microarray
data analysis this is often the case and feature selection essentially means gene selec-
tion. Sometimes it is better to draw the line between pre-processing and recognition
closer to the end and assume that the actual recognition is done using perhaps quite
complicated functions of the original variables. In this situation feature selection
means both selection of the relevant variables and the process of forming suitable
informative expressions of groups of variables.

The necessity of feature selection is well documented in the machine learning
literature with examples where the performance of classification or prediction algo-
rithms degrades quickly if irrelevant features are added, and even if relevant features
are added, when they are correlated with the current features. This degradation is
even more drastic in the realistic scenarios, where the underlying distribution is not
known, and the classification algorithm must estimate the parameters from data; if
the number of features is high, the variance of the large number of corresponding
parameters is also high, and it becomes attractive to trade off the high number of
features (which may be required for a low bias) for a smaller number of param-
eters, and implicitly a smaller variance (but unfortunately a higher bias). Since
the achievable accuracy depends on the size of the available data sets, a somehow
surprising situation occurs: the estimated optimal feature set depends on the size of
the training set, being larger when the number of data points is large, but smaller
when the available data sets are small.

We start the discussions giving a working definition of the optimal feature set,
adapted here from [22], by which we attempt to clarify main issues to be tackled,
rather than trying to give a general definition valid across all approaches. The
dataset D = {(X1(t),..., Xn(t),Y(t))[t =1,...,n} has n instances of the features



and their corresponding class labels Y € {1,..., K}. The full set of features is
formed of all N available features, X;, ¢ = 1,..., N, and is denoted by the vector
X = [X1,..., Xn]T, where T denotes transposition. A subset of selected features
{Xi,,...,X;,} will be specified in two equivalent ways: either by the set of selecting
indices A = {i1,...,ix} or by a vector v of length N that has zeros everywhere,
except the positions 41, ..., i, i.e., v;, = ... =, = 1, and consequently the feature
set can be denoted as X~ = [X;,,..., X;,]%.

Definition Given a classifier g(x1,...,x,;0) (able to operate on a variable number r
of inputs, and depending on the tunable parameter vector 8) and a data set D with
features X1,...,Xn and target Y, sampled from a (unknown) joint distribution,
the optimal feature set {X;,,..., X;, } is a subset of k features that maximizes the
classification accuracy of the classifier g(X;,, ..., X;,; 0") having the best parameter
vector 6.

The most sensitive issues in the above definition are: the specification of the
family of parametric classifiers; the selection of a suitable measure of accuracy; and
the estimating accuracy when the underlying distribution is not known.

The organization of the chapter is as follows: in Section 2 we present several
instances of the feature selection problem under idealistic settings, stressing on the
importance of the proper definition of an optimal feature set, dependent on the
considered types of models and adopted performance measures. The two impor-
tant classes of feature selection methods, filter methods and wrapper methods, are
discussed in Sections 3 and 4, respectively. A distinct group of methods is treated
in 5, where the simultaneous search for the best feature set and the best model
parameters makes the methods particularly efficient. Finally, in Section 6 we dis-
cuss the minimum description length (MDL) based feature selection, which is an
information theoretic method grounded in the fundamental principle of choosing
the models according to their description length.

2 Feature selection under ideal settings

It will be useful to review various attempts to formally define an optimal feature
set under idealized and restricted scenarios. Incorporating all intuitive requirements
which are usually associated to the (common sense) denomination feature set will
show to be difficult even in the simple case of binary classification problems, indi-
cating that precise qualifications need to be added to make the concept of optimal
feature set well defined.

2.1 Bayes classification

In a typical Bayesian scenario, the set of all features contains N features (real
valued random variables) {X;|1 <4 < N}, which are related to the the target value
Y (or class label), which is a binary random variable. The full description of this
dependency is provided by the joint distribution, specified by the pair (u, ), where u
is a probability measure for X (i.e., for a set B C R™, we have u(B) = P(X € B))
and n(z) = P(Y = 1|X = ). Using the description (u,n) we can compute the
probability P((X,Y) € C), where for convenience we split the set C into the union



of two subsets corresponding to Y = 0 and Y = 1, as follows: C' = (Cyx{0}) U(C1 x
{1}). Then the joint probability can be evaluated as P((X,Y) € C) = fCO(l -
n(z))u(dz) + fCl n(x)p(dz), see [4]. In the most ideal case, the joint distribution
is known, for the purpose of evaluating the performance of a given classifier. The
goal is to find a binary classifier g(Xj,, ..., X;, ), which is a function of only k of the
N features, such that the probability of error P{g(X;,,...,X;,) # Y} is as small
as possible. The set of feature genes will be completely determined by the set of
indices Ax = {i1,...,i}. To not obscure the following discussion by the particular
form of the function g (which may be e.g., a perceptron, a logistic regression, etc.)
we consider here the best possible unrestricted classifier g* : R¥ — {0, 1}, which
achieves the infimum of the Bayes classification error [4]

e(Ag) = g:RkIEf{O,l} P{g(Xi,.... X;,) #Y} (1)
Thus, we can evaluate the performance of a feature set by its Bayesian error. Ob-
viously, e(Ax) > e(By+1) whenever Ay C By, which expresses the monotonicity
property under nesting, a property which is also found with many other performance
measures.

In the above setting, the usefulness of a feature set is considered in a plausible
way, but the monotonicity under nesting leads to a counter-intuitive solution: the
full X is one of the (many possible) best feature sets, because there is no gain in the
Bayesian error by restricting the feature set. The non-uniqueness of the best feature
set, and the fact that the full feature set X is already an optimal solution, make
the Bayesian error as such a non-attractive measure of optimality. Thus additional
requirements must be added, e.g., we may ask which is the smallest size k at which
the Bayes error is the best possible, i.e., ask for the smallest £* for which there is a
set Aj. such that

e(A5) =e(An) = g:RNiri»f{O,l} Plg(Xy,...,XN)#Y} (2)
Unfortunately, for a generic joint distribution of (X,Y) the best set Ap« will be
identical to Ay, since generically each feature will carry some non-zero information
regarding Y. So, the problem “what is the cardinality of the feature set” will receive
the trivial answer, “N”, for most distributions.

For that reason, further restrictions are needed for getting non-trivial answers,
e.g., fix the value of k and ask which is the best feature set of cardinality k. This
optimality problem is very difficult from a computational viewpoint, since one has
to test (JZ ) possible subsets of cardinality k£, which is a feasible task only for small
values of N and k. Thus, for a practical solution we should ask if there is a structural
property of the optimal Bayes solution which may help in restricting the search. An
answer in the negative is offered by the following result, due to Cover [3]: Choose an
arbitrary ordering of all possible subsets of X, and index them as B', B2, ..., BQN;
if the consistency constraint i < j for B® C B is satisfied (therefore B! = (), B?" =
X), then there exists a joint distribution of (X,Y") such that

e(BY) > e(B?) > ... >¢e(B*). (3)

According to this theorem, every possible subset of X with size k£ can be an optimal
feature set Aj., and therefore there is no straightforward way to restrict the search



for Aj.. In particular the following algorithm (dubbed here Best individual k genes)
in general is doomed to fail: evaluate each feature X; according to its Bayes error
£({4}) when used as a singleton feature set, and build the candidate set of k features
using the best ranking features according to £({i}). Even when exhaustive search
is computationally unfeasible, heuristical solutions are available and most notably
branch-and-bound algorithms based on dynamic programming exist, which exclude
from the search some subsets due to the monotonicity under nesting property [29].

The difficulties revealed in defining and finding an optimal feature set for the
ideal case of Bayes error using an unrestricted classifier are indicative of the problems
that will be faced with the realistic problem, that of finding the feature set for a
constrained class of classifiers, and under a finite data set.

2.2 Learning classifiers under finite data

We briefly review the problems encountered when looking for a proper feature set by
learning under finite data specification, especially under the ideal error free scenario.
To simplify notations, in this section the features are discrete valued. We explore
here various definitions of the intuitive notion of feature relevance, and analyze the
relevance of features contained in the optimal feature set (the one that has the
optimum accuracy).

Let S; = {X1,...,Xi-1, Xit1,- .., Xn} be the set of all features except X;. Let
S! be a subset of S;. Weak relevance [22] of the feature X; means that there exist
some S!, x;,y; and s, for which p(X; = z;, S} = s;) > 0 such that

p(Y =y|X; =23, 5] = s7) # p(Y = y|S; = 57), (4)

i.e., the probability of a feature given a partial set of features will change if the
information regarding feature X; is withdrawn. Thus, at least for the class label
y, the weakly relevant gene contains information which no other gene in S; can
substitute. The strong relevance [22] of a feature means that the feature has weak
relevance and in addition, the set S! satisfying condition (4) is the full feature set,

As an example let consider a space of five binary features, and the case of
observing a (target) random variable for which there is an error free representation
as Y = X; ® X5, and error free measurements are available from all the feature
values, which are connected as follows: X4 = Xo and X5 = X3 [22]. The input
space and the corresponding output value are represented as follows:

X, Xo X3 X4 X5 Y
0 0 0 I 1 0
0O 0 1 1 0 0
o 1 0 0 1 1
o 1 1 0 0 1
1 0 o0 1 1 1
1 0 1 1 0 1
1 1 0 0 1 0
1 1 1 0 0 0

We also suppose that all feature vectors compatible with the constraints (there
are 8 such vectors) are equiprobable. Thus p(Y = 0|X; = 0,X; = 0) = p(Y =



O‘Xl = 17X2 = 1) = p(Y = 1|X1 = O,Xg = 1) :p(Y = 1|X1 = 1,X2 = 0) = 1.
Feature X; is strongly relevant, because p(Y = 0|X; = 0,X2 = 0,X5 = 0, Xy =
1, Xs=1)=1whilep(Y =0|X2=0,X3=0,X4=1,X5=1) = % Further, X5 is
weakly relevant, because p(Y = 0/X; = 0, X, = 0) = 1 while p(Y = 0[X, =0) = 1.
Weakly relevant is also X4, but X5 and X5 are irrelevant (i.e. they are neither
strongly relevant nor weakly relevant).

At this point it can be seen that the dependencies of the features affect their
relevance with respect to the target, and restraining the feature set can lead to
changes of status from weakly relevant to strongly relevant.

An unexpected fact is that the optimal feature set with respect to accuracy may
not contain all relevant features. An example of this behavior is in the following
scenario: there are two binary features, and all feature combinations are equiprob-
able. The “true” target is again supposed to be a deterministic function of the
features, ¥ = X; & X5. Both features are strongly relevant. Suppose now that
we want to find an optimal classifier in the family of threshold functions, e.g., the
classifier needs to be representable as g(X1, X2;0) = §(01 X1 + 02X > ) for some
positive numbers 6y, 61,62, where §(-) is the Kronecker symbol (equal to 1 if the
argument is true and 0 otherwise). There are two optimal threshold functions: one
has @ = [0.5 1 0] and it is equal to g* (X1, X2;0) = X1, the other has 8 = [0.5 0 1]
and it is equal to g* (X1, X2;0) = X5, and both have accuracy % (each makes two
mistakes), and all other threshold functions have lower accuracy. It is thus possi-
ble that some strongly relevant features are left out of the feature set optimal as
accuracy under a restricted class of classifiers. Despite of this, in practice, it is
necessary to restrict the class of classifiers but the above phenomenon shows that
it is important to do the restriction in a way that does not prevent the useful in-
formation entering the classification. The reasons why one may wish to restrict the
class of allowed classifiers are at least two-folded: with a restricted class the search
space can be considerably reduced, partly easing the computational burden; or even
better, under restricted classes closed form optimal solutions may exist, completely
eliminating the need for search.

2.3 Learning classifiers in realistic scenarios

The really important practical scenario: a finite experimental data set D = {(X1(¢),. ..

t < n} is given and a restricted family of classifiers is specified. One is interested
in finding the optimal feature set, which minimizes the estimated accuracy of the
classifier over the data set. Since now the underlying probability distribution of
the random variable (X,Y") is not known, the accuracy of the classifier has to be
estimated from the data themselves, and the estimate of an optimal feature set will
depend on the chosen estimation method. In particular, the estimated accuracy will
be subject to the common variance-bias trade-off: on one extreme the estimate will
be variant but unbiased, on the other less variant but biased. Not only the found
optimal feature set for a given classifier is affected by the estimation procedure, but
also the attempt to compare the accuracy reached by various classifiers becomes
difficult. A common recipe for lowering the variance of the estimate is to use the
available data in a circular fashion in turns as training and test set, however this
may lead to another, more subtle, form of over-fitting, making the estimated errors
overly optimistic.



There is a large body of literature focusing on the application of various clas-
sification methods for the analysis of microarray data, including discussion of the
feature selection step, many of which are briefly reviewed in the next sections. In
general, any classification method can be used, and will present specific issues, in
conjunction with a feature selection method. The support vector machines were
successfully used in [10][14][30][31][38][48][49][52]. Various tree classification meth-
ods have been used and compared for microarray data in [7][13]. The k-nearest
neighbor classification algorithms have been used in [8][27], and the Fisher linear
discrimination tested in [7][51]. Many other methods are briefly reviewed in the rest
of the chapter.

3 Filter methods

Several intuitive methods are used to assess the dependency between the features
and the targets, such as mutual information, or correlation coefficient. One of the
most often used measures for finding the discriminative power of a gene j is the
ratio

SSRGS () = k(X - X))
YL SRSV () = k)X () - X5)2

where §(-) is the Kronecker symbol; X = 1/nY", X;(t) is the sample mean of feature

BSS(j)/WSS(j) =

(5)

7, X; ) = ﬁ ZtlY(t):k X, (t) is the sample conditional mean of the feature j given

class k, (U§k))2 =5 iy =k (X5 (1) — Y;k)f is the sample variance of feature j
conditional to class k, and n*) is the number of data points from the training set D
falling in class k. The criterion (5) was used as a filter method to select the feature
space for an experimental comparison of a large number of different classifiers in
microarray gene expression data [7].

Simple manipulations show that

_ Dok ”k(yj - Yj)2

BSS(j)/WSS(j) Crra (6)

which explains the intuition behind the discriminative power of this measure: the
total sum of squares TSS(j) = >, (X;(t) — X;)? can be decomposed into two terms
TSS(j) = BSS(j)+WSS(j), where the first, BSS(j) shows the spread of the class
averages with respect to the joint average (and ideally we want this spread to be as
large as possible) while the second, WSS(j), shows the spread of the points inside
each class (and ideally this should be as low as possible).

For the case of only two classes (K = 2) and equal number of instances in each
class (n( = n(?), the measure (5) can be seen to be proportional to the Fisher
discriminant ratio

1) =#(2)
X" X

FDR(j) = (0;1))2 N (aﬁz))z'

(7)



The main disadvantage of filter methods is that they look at each feature inde-
pendently when considering its merit in discriminating the target. If one feature X;,
will be deemed to be highly discriminative for the target, so will be another feature,
Xj, if X;, and X are highly correlated. Thus, when the feature set is redundant,
a filter method will recommend the inclusion of all features which are individu-
ally highly discriminative, even though the information brought in by a redundant
feature is not improving at all the prediction accuracy of the classifier. Including
redundant features may degrade the accuracy of a predictor, and to avoid that, a
preprocessing stage of clustering for identifying the highly correlated genes may be
needed. Other preprocessing, like principal component analysis (PCA), which is
intensively used in signal processing for tasks as signal compression or signal anal-
ysis, may also reduce very efficiently the number of features to be considered, if the
features are highly correlated.

More elaborated filter techniques were tested in tandem with wrapper methods
on the microarray data, like the Markov Blanket filter [50].

In a more loose sense, all methods for finding feature sets can be used as filters
for other methods, e.g., for restraining the feature sets before resorting to methods
that are more computationally intensive.

4 Wrapper methods

If the final goal is to improve the classification accuracy, the method for feature
selection should consider the particular method for classification, with its biases
and trade-offs regarding the evaluation of performance. For this reason, the most
natural procedure is to cascade the feature selection process with the classifier
design, and to iterate both in a loop until the best performance is achieved, the
feature selection process being comparable with a wrapper over the classifier design
and evaluation.

4.1 A generic wrapper method

The classifier design enters the wrapper algorithm as a black box, so the wrap-
per approach can be applied to a wide family of classifications algorithms. The
algorithm for a generic wrapper is presented in Figure 2, while one of the blocks
from Figure 2, namely the block Find best feature set and parameters, is detailed in
Figure 1.

As presented, any wrapper method must consist of two nested cross-validation
loops. In the most outer loop, the available data is split into training and test data
(in Figure 2 the split is in 4 equal parts). There are many ways to make the split,
and for each of them the algorithm in Figure 2 is run once, resulting in an estimate
of the performance offered by the block Find best feature set and parameters, with
a given classification method. The overall performance will be evaluated by the
average of all errors € over a large number of different 4-fold splits of the available
data.

The blocks Find best feature set and parameters are the inner cross-validation
loops, and one such block is illustrated in Figure 1 for a 3-fold split of the training
data (remark that the available data here, is Da, Dg, D¢, i.e., only the training data



from the outer cross-validation loop). The selected feature set and the classifier
parameters should perform well not only with the data used for design, they have
also to generalize well over unseen data. To achieve this, at the stage of search of
the feature set, trust should be given only to the performance over a set which was
not seen when optimizing the parameters of the classifier. Thus, the search for a
feature set is directed by a cross-validation error, as illustrated in Figure 1 with a
three-fold error evaluation.

An important over-fitting situation was signaled repeatedly from the early at-
tempts of finding feature sets (see the discussions in [10],[22]): the cross-validation
error that was used for guiding the search process for the best feature should not
be used as final performance measure of the chosen feature set for comparisons
with other methods, since it is overly optimistic, in other words it is not fair to use
the full data set D for selecting the optimal features X; ,... ,X;k*, and then use
the same data for the computation of the cross-validation error. Thus, the error &
represented in Figure 2 should be used for reporting performance results.

4.2 The search of best feature set

The search process can be performed according to several heuristics, since in general
exhaustive search is not computationally feasible. The greedy methods are usually
based either on growing the optimal feature set starting from the empty set (in the
forward selection methods), or on iteratively removing features starting from the
full feature set (in the backward methods). The simplest search engine working in a
forward selection mode is the hill climbing, where new candidate sets are obtained
by combining the current feature set with each of the remaining features, and the
performance is evaluated for each of the new candidates, the best performing be-
ing selected as new current feature set and the process continues until none of the
candidates has performance better than the current set. A more laborious forward
selection process is the best first search engine, where at each iteration all previously
tested sets are checked for the best performer which was not already expanded, the
best performer is then combined with the remaining features, and the process con-
tinues as long as needed (a fair stopping criterion is to check whether in the last k
steps no improvement was obtained). In return for the increased complexity, the
best first search algorithm sometimes reaches better accuracies than hill climbing,
but there are also reports of no improvement situations. The mentioned forward
selection searches have the disadvantage known as nesting property, namely that a
feature, once entered into a feature set, it can not be excluded latter. To eliminate
the nesting drawback, in the sequential forward floating selection (SFFS) after each
inclusion of a new feature a backtracking process is started to check for possible
improvements by removal of an existing feature, and when all paying-off removals
have been executed, the algorithm resumes to adding a new feature. With this new
search policy one checks more subsets, but it takes a longer time to run. It was
widely believed that this computational expense is compensated by better results.
However, a recent paper, [32], pointed out that the comparisons in some publications
reporting better results were obtained using the wrong cross-validation methodol-
ogy; when performed in the correct cross-validation framework, the results of the
simple forward selection search are as good or better than SFFS in many cases.
The results of [32] are of even more general interest, they show that selecting the



wrong cross-validation evaluation environment is not benign, it does not lead only
to too optimistic reported errors uniformly for all methods, but it may also lead to
(involuntarily) dishonest inversions of ranking of the tested methods.

4.3 Optimization criteria and regularization

The search for the best set of genes {X;,, ..., X;, } and for the parameter vector 6
of the best classifier g(X;,, ..., X;,;0) should be directed by an as relevant criterion
as possible. The sample variance

J(0,7) ==Y (Y(t) = 9(Xi, (1), ..., X;, (1):0))° (8)

t=1

is relevant in itself and has the obvious merit of simplicity and ease of evaluation,
though usually requires additional constraints for making the solution unique.

The particular case of the perceptron, which can be defined as a linear combiner
followed by a threshold, i.e., g(X;,, ..., X;, ;0) = T(X°)L, Xi,0;) with T'(x) = 0 for
2z < 0and T(x) =1 for x > 0, was successfully considered in several gene features
methods [20][21]. In order to obtain a closed form solution of (8) the classifier is
further approximated by the simpler linear combiner (or linear regression) during
the optimization stage, as follows: denoting the vector of observations X, (t) =
(X, (1),...,X;, ()]T, the least square solution minimizing (8) for the linear model
9(X~(1),0) = "X~ (t) is

6= (Z X»Y(t)X»y(t)T) > Xy ()Y (t) (9)

t=1

and it is unique if R = Y X, ()X, (6)7T is non-singular (otherwise R~ should
be taken as a notation for the pseudo-inverse of R) Unfortunately, for large values
of k (and in particular for all k > n) which are of interest in gene feature selection
problems, the matrix R is singular, signaling that many optimal vectors 6 exist
that reach the lowest possible value of the criterion (8), J(8,~) = 0. Avoiding these
degenerate situations can be achieved by standard methods, known as regularization
techniques, the most used being ridge regression and cross-validation .

4.3.1 Ridge regression

With ridge regression a penalty term o2||0||? is added to J(@) to prevent solutions
with too large parameters, and o2 is a weighting on how strong this penalty should
be. The minimum value of the new criterion

1 n
J(0,7) +o*6]]” = — D (Y () - 07Xy (1)* + 07|60 (10)
t=1
is reached by

t=1

n -1 n
6= <n021+ Zxﬂy(t)xfy(t)ﬂ > Xy (Y (1), (11)



which also reminds of a well known regularization method for solving ill-conditioned
system of equations.

The same solution (11) is optimal solution for a very interesting related problem:
consider new feature X/, obtained by adding white noise with variance o2 to all
features, i.e., X/(t) = X;(t) + e;(t), where e;(t) is white and independent of X (t)
and Y (t), and consider the problem of minimizing the expected value

EJ(0,y)=E> (Y(t) - 0"X4(t)” (12)

where E denotes the expectation operator. The optimal solution minimizing (12)
is long known to be exactly (11) (see, e.g., [11],[40]). The attractive interpretation
of the newly generated features X/ is that of an additional training set (of infinite
size), which transforms the set of points of coordinates X~ into a set of spheres
centered at X-, the common radius of the spheres being controlled by o%. With
original training sets of small size too many “perfect” solutions exist, if there is a
perfect solution, then there are an infinity of hyperplanes separating perfectly the
points, and they may be considered artifacts due to the degeneracy of the criterion
at the current sample size. The additional training set helps in removing those
degenerate solutions. This principle is applied and further developed in [21] where
learning of the parameter vector @ of the perceptron classifier, is approximated by
learning of the parameter vector 0 of the associated linear classifier, in order to
accelerate the training process.

4.3.2  Cross-validation as a regularization technique

cross-validation is intuitively a proper method for evaluating the performance of a
classifier in more objective way than the sample variance of the classification errors
over the training set [18][41][42]. But apart of that, cross-validation is also a tool
for regularizing the solution of the criterion (8). In the case of linear regression,
the cross-validation criterion can be computed in closed form, making it attractive
e.g., for evaluating the performance of the closed form solutions offered by the ridge
regression methods, for various values of the parameter 2.

4.3.3 Coefficient of determination (COD)

The coefficient of determination is a normalized version of the classification error
variance, in which the performance of the tested classifier is normalized with respect
to the performance of a classifier that uses no features [6], i.e.,
o — 03(60~)
2
Ty

COD = , (13)

where 05 in the case of linear classifiers is the variance of the class label Y (i.e., the
cost of predicting the class by the average over the full dataset). Different types of
COD can be defined for each different type of variance: a true COD corresponds
to true variances, estimated in a Bayesian setting where the true joint distribution
is known; a re-substitution COD corresponds to the variance of the re-substitution
errors, obtained over the full data set for the best predictor Of), designed over the



full data set; and a cross-validation COD corresponding to the cross-validation
errors. The COD is more advantageous than the variance itself when discussing the
performance of a predictor, since it is normalized to have the maximum value of
1. This normalization does not affect otherwise the ranking of performance of two
predictors as compared to the ranking performed by the variance itself, but proves
useful in presenting comparatively the results for different data-sets [17][19][20].

4.3.4 Information theoretic criteria

Apart of the criteria based on the variance of the errors, there are many information
theoretic methods to define the amount of information about the target contained
in a set of genes. Any of these criteria can be used when performing the search
for the best set of genes in the context of Figure 2. However, a true wrapper
method will need to use the inner cross-validation loops depicted in Figure 1 for
avoiding the over-fitting of the model, while the information theoretic criteria [1]
such as minimum description length, or Akaike information criterion (AIC), or Bayes
information criterion (BIC) are in themselves protected against over-fitting, and
therefore it is no need to iterate over the expensive cross-validation loops presented
in Figure 1.

Information theoretic measures are used in different forms by various procedures
for feature selections and predictor design [5][9][15][43][44][45][46][47][54]. In Sec-
tion 6 we review the minimum description length principle and its use for feature
selection.

4.4 Methodology for practical evaluation

The evaluation of feature extraction procedure is often confused with the evaluation
of a classification procedure, and for that reason it is carried on with the wrong
methodology.

In all gene selection experiments a data set D is available, containing measure-
ments of the N gene expressions {X;(¢),..., Xy (t)|]1 < ¢ < n} for each of the n
patients and the class labels {Xi(t),..., Xn(t)|1 <t < n} for each patient. Two
important problems can be distinguished:

L. Predictor evaluation A set of selected gene features X = {X;,,..., X, } has
been specified apriori, through the selection vector «y,, (but it was not inferred
from a gene selection from the data D!) and the goal is to compare different
predictors classes, g(XfyO,O), e.g., compare perceptrons against multilayer
perceptrons. A methodology which avoids over-fitting is the one presented
in Figure 1, and the quantity é")’o is a good measure of accuracy achieved
by different predictors classes (the number of folds in cross-validation can
certainly be chosen other than three, but kept the same if several predictors
are compared).

2. Ewvaluation of a procedure for feature selection If a certain procedure for fea-
ture selection needs to be compared with another one, the cross-validation
scenario should be the one presented in Figure 2 (with a number of folds con-
veniently chosen, four was used only for illustration) and the quantity € is a
good measure of accuracy. With the leave-one-out cross-validation the data is



folded in n, such that each data point is left-out during the training and used
as a test point. If the number of errors in a leave-one-out cross-validation
experiment is zero for all tested feature selection methods, one needs to re-
duce the number of folds, in order to test the generalization power of different
schemes in a more stringent experiment. By reducing the number of folds,
the number of possible splits of the data into training and test also increases,
thus a larger number of tests can be carried on.

5 Simultaneously searching the best feature set
and best model parameters

5.1 Bayesian approaches

In the Bayesian setting, a model of the conditional probability p(Y; = 1|6,7) is
specified and some prior distributions are suitably chosen, such that the posterior
probability P(8,~|D) can be either computed by integration, or can be sampled,
and then the optimal feature set is taken to be the maximum aposteriori estimation
~* that reaches the maximum of P(0,~|D).

There are several possible models to be considered for the conditional probability
p(Y: = 1|0,~): logistic regression [25][28] and probit regression [24][26][37][53].

The probit regression model of the conditional probability is p(Y; = 1|0,~) =
®(XT0), where the so called probit link function ®(-) is the normal cumulative
distribution, ®(z) = (1/v2r) [°__ exp(—2*/2)dz. Due to the computationally de-
manding integrations required, the use of this model was quite limited until the
introduction of Gibbs sampling algorithms based on data augmentation (for a re-
cent account see [12]). In addition to 6,4, a set of latent (unobserved) variables
Z(1),...,Z(n) is introduced, with Z(t) ~ N(XT(t)8,1), i.e., the link to the re-
gressors is provided by Z(t) = XT(t)8 + e; where e; ~ N(0,1). Prior distributions
are selected such that they are easily interpretable and the resulting Markov chain
Monte Carlo (MCMC) simulations have a good computational speed and reliable
model fitting. The unknowns (Z, 8,~) will be obtained by Gibbs sampling from the
posterior distribution.

A prior distributions « should reflect the need to select small sets of features,
and a simple way to enforce a small number of units in - is to take a small value
for P(y; = 1) = m;, and consider that the elements of 4 are independent one of
another, so P(y) = Hfil 7} 77 (1 —m;)". Given 7, the prior on the regressor vector
is @~ ~ N(0, c(X%Xfy)_l) where X~ is the matrix having as column ¢ the vector
X~ (t) and c is a constant to be chosen by the user.

By applying Bayesian linear model theory, the following conditional distribu-
tions can be computed after evaluating several integrals: p(v|Z), p(Z|0~,~) and
p(0]Z,v) [26]. By iteratively drawing <, Z and 0 from these distributions one ob-
tains a MCMC, which will allow to make inference even in this case, in which there
is no explicit expression for the posterior distribution. After an initial burn-in pe-
riod it is assumed that the samples are taken from the posterior distribution, and
one can compute the relative number of times each gene was selected for making
a decision about including it in the feature set [26]. An extension to the multi-
class classification problems can be obtained by generalizing the probit model to



multinomial probit models [53]. After finding the average frequency 7, by which
each gene was selected during the MCMC simulation, the most important genes
for a (sub)optimal feature set are chosen, e.g., those for which 7, exceeds a cer-
tain threshold. With the selected genes, either the probit model is used to make
classifications, or other models may be used, if they give better accuracy [53].

A different optimization approach is the expectation-maximization (EM) method
in which Laplacian priors for v and 6 are chosen to reflect our need of a sparse so-
lution. The hyperparameters 7, p of these distributions, and the latent variables
Z(1),...,Z(n) are used in an EM optimization algorithm, where in the first step

N
(E-step) the expected value Q(0,~]0 ,4°) of the posterior log P(6,~|D, Z, 1, p)

is computed conditioned on the current estimates 6’@ and 6, and in the sec-

. : =
ond step (M-step) new estimates are obtained by the maximization 6 ,'7“'1 =

AR
arg maxg ~ Q(6,~]6 ,4") [24].

5.2 Deterministic criteria allowing one-step solutions

We consider here the binary classification problem and the task is to find a percep-
tron which optimally separates the classes. If the problem has a perfect solution, 8%,
the hyperplane z = 0*7 X +b, will be such that the available data points (X(t), Y (¢))
satisfy Y (t) = sign(z(t)) and Y (t)(8*7 X(t) + b) > 1. To encourage a sparse solu-
tion 6%, i.e., most of the elements of 8™ to be zero, the following criterion should
be minimized: ||0]|o = 3609 =", 7i, subject to the constraint that all points are
classified correctly (with the convention 0 = 0).

min 1101]o

)

st YOOTX(@t)+b)>1, 1<t<n. (14)

The problem has to be relaxed in several ways, to make it tractable and to account
for more realistic, noisy, situations.

The foremost modification is the substitution of £° norm with the ¢! norm in the
criterion, to transform the problem into a convex optimization problem, for which
efficient numerical solutions exist. As shown in [16], for a large number of problems
the transformation of an ¢° optimization problem into a ¢! optimization problem
leads to a solution for the later identical to the solution of the former, provided
that the solution is sufficiently sparse. Even though in our general scenario the
sufficient conditions established in [16] may not hold, and so the solutions of the
two problems may be different, the resulting solution of the ¢! problem has a high
degree of sparsity. The situation is completely different with the ¢2 norm, where a
lot of small (nonzero) values for the 6,’s are encouraged by their down-weighting in
the criterion through taking the square.

A second major modification accounts for possible classification errors, and in
order to minimize their effect, the non-negative slack variables £(¢) are introduced
to relax each constraint, Y (¢)(87 X (t)+b) > 1—£(t) and the penalty term Y7 &(t)
is added to the criterion, weighted by a constant C[2]:

min [|0][i+C ) &(t)
0. P

s



st Y()(OTX(t) +b) > 1 —&(t),
£t)>0, 1<t<n. (15)

The similarity between (10) and (15) is obvious when no? = 1/C: one considers
the sum of squared errors regularized by the ¢2 norm of the parameter vector, the
other considers the sum of absolute values of the errors regularized by the ¢! norm
of the parameter vector.

The differences come from the fact that by directly optimizing (10) the solu-
tion is in general non-sparse, so one has to optimize for the huge number of 2V
combinatorial choices of v in order to find the best sparse solution, while solving
(15) can be realized in a single optimization step, as described next. To allow both
positive and negative elements in # the positive variables u; and v; are introduced
such that 0; = u; — v; and |6;] = u; + v; and thus (15) is transformed into the new
optimization problem [2]:

(u; + v;) i

i
M

st Y(t)((uw—v)" () b) > 1-£(1),
£t)>0, 1<t<n
w; > 0,v; >0, 1§1§N, (16)

which is a standard linear programming (LP) problem with inequality constraints.

Therefore, once the regularization constant C'is chosen, solving the optimization
problem (16) for the sparse vector of parameters 8 (and hence for the optimum ~
which has the same pattern of zeros as ) can be done in a very fast way, using
standard numerical optimization tools.

5.3 Joint feature clustering and classification

The feature selection problem refers to extracting an informative and non-redundant
set from the existing features. The somehow related problem of forming new features
(e.g., by linear combination of some existing genes) is traditionally considered a
distinct problem and it was well studied in the past. However, there are many
methods having as a preliminary stage (before proceeding to classification) the
formation of new features, notable examples being principle component analysis
and clustering. The SimClust algorithm described in [15] is one such approach and
is mentioned here because it is well related to the method described in Section
6. SimClust solves a combined problem: simultaneously find clusters (groups of
related genes) and classify the samples using as classification features the “average”
genes which are the centers of the obtained clusters. To this goal, a MDL cost is
associated to describing the clusters, and another MDL cost is associated to the
regression model for optimal scoring. Relative weights are set such the two MDL
costs have the same importance when the sample size is increased. We remark
that the method is an involved mixture of techniques, e.g., prior to starting the
computational demanding part algorithm, a filter approach is used to restrain the
set of genes to only T' genes, those having the largest values of between-to-within-
class sum of squares (5).



6 Minimum description length based feature se-
lection

Minimum description length was used as a basis for statistical inference in a large
number of problems dealing with finding the structure of models. Its bases were laid
down about 25 years ago in [33] inspired by the work on complexity in [23][39], and
further refined in a number of papers [34][35][36]. As a fundamental principle, it
states that given a model class, the best model should be chosen based on its ability
to represent the data in the most compact form, i.e., with the minimum description
length. Evaluating the description codelength is closely related to probabilistic
modelling, since if one knows the probability P(z") of a string ™ , the optimal
description length can be shown to be —log, P(2™). For making inference, the
value itself of the description length is sufficient, but it is worth noting that this
value can really be achieved in practice when using arithmetic coding (within a
very good precision), so the description length of sequences or parameters in this
section really refer to short descriptions of the data or parameters, descriptions that
can be decoded into the original sequences. The overall MDL is based on efficient
lossless codes, and we can show at anytime a real message encoding the data with
the claimed description length, since MDL takes care of all the costs involved by
a real description. In contrast, many other methods of feature selection based on
entropy or mutual information systematically neglect parts of the costs of encoding
the data, i.e., when the empirical entropy of a sequence is used for inference, the
cost of encoding the probability model is not included, and thus comparisons across
models of different complexities may be unfair.

6.1 MDL using two part codes

In order to apply MDL to feature selection, first a model class should be chosen
and then the total description length needs to be computed. If a two part code
is used, as in [33], the total description length can be defined as the sum of the
description of the model parameters and the description of the data given the model
parameters. This instance of MDL was applied to genomic data for the first time in
[43] in the following way. Given a class of predictors, e.g., perceptrons, the optimal
predictor of the target {Y(¢)|1 < t < n} given the input data {X(¢)|1 < t < n}
is first found and its optimal parameters are denoted ny. The prediction errors
{e(t) = Y(t) - T(XT()63)]1 < t < n} obtained with the optimal predictor 05
are then encoded by a simple code e.g., by encoding the locations of the nonzero
errors, using L. bits. For encoding the optimum perceptron parameters ny the
most simple code will be constructed by assuming that all distinct perceptrons
having k = ).~ inputs (there are 0. of them) are equally likely, and it will

require LO'y = 10g2(n97) bits. The total description length of the two part code,
Liot(y) = Le + L97 can be used as a criterion for discriminating between different

structures 7. The penalty introduced by encoding the parameters of the model,
Le'y’ is clearly increasing with the perceptron size, k, and therefore it constitutes

a penalty on the complexity of the model. If the order k of a model is too large,
the optimal predictions obtained with the model will be very good, thus the cost



of encoding the errors, L., may be very small or even zero, but such a model is
discouraged by the complexity penalty. On the other hand, a too simple model will
be unable to predict well the target, given the input, so the cost of the errors will be
high, even though the cost of the model (its complexity LO»Y) will be small. So the

proper balance between modelling power and model complexity is established by the
MDL principle, to guide the selection of the right structure . The nice theoretical
properties of MDL for selecting the structure of models have been established for
a wide class of models, and the simplicity of its use makes it an attractive tool for
feature selection.

6.2 MDL using normalized maximum likelihood models

Although the pioneering work on MDL with two part codes proved to be practical
and well justified theoretically, the later developments in universal data compression
have introduced more efficient codes to be used for the evaluation of description
lengths [1][36]. In the rest of this section we present the approach introduced in
[44], to which we refer for more details and proofs.

The target, or class label, is a string Y™ = Y (1),...,Y(n) of n realizations
of the random variable Y, taking values in the set {0,...,M — 1}. Each Y (¢) is
observed together with the k-tuple (a column vector) X (t) = [X;, (t)... X;, (t)]7,
where the features are discrete valued X;(t) € {0,...,n, — 1} , being quantized
to ng levels. The sequence of regressors X™ = X(1),..., X (n) contains vectors
which may occur repeatedly, and let K denote the number of distinct vectors,
K < n, which means that the various vectors X (¢) belong to a finite set denoted
{b1,...,bk}. In the end we need to collect counts of the symbols conditioned on
a specific value of the regression vector in order to estimate model parameters, so
we introduce the following notations: let Z; denote the set of indices at which b;
is found in the sequence X(1),...,X(n); i.e., Z; = {t : X(t) = b;}, which has
cardinality M; = |Z;]. The count m} = [{i : y; = ¢,i € Z;}| is the number of
observations Y (t) = ¢ € {0,..., M —1} at which the regressor vector was X(t) = b,
and the counts should obey m% +...+ mgw_l = M;.

The probability distributions P(Y™|X";n,v) of the class labels Y™ conditioned
on a given value of the regressor X" are parameterized by the sets of parameters
71 and v. We call the model a discrete regression model, since y takes values from
a discrete set, and the joint observations X take values also in a discrete set.

The number K of different vectors by, . .., b appearing in the regressor sequence
X(1),...,X(n) can be large, and if it is close to n it will be difficult to use at each
of the regressors b; a conditional multinomial model with distinct parameters, since
not enough observations will be available to estimate the probabilities of the symbols
Y (t) conditional on X (t) = b;. Because of this dilution phenomenon, pooling of
the frequencies of occurrence of Y'(¢) at different context together will be beneficial,
but pooling should be performed after re-ordering the counts at a given b; in a
decreasing sequence.

The permutations v;(-) € Ty (where T denotes the set of M! permutations
of the set ) = {0,1,..., M —1}) can be used to reorder the class labels j € Y such
that the frequencies of occurrence of the class labels (observed at the time moments
t with X (¢t) = b) are arranged in decreasing order.



To make clear the reordering, we introduce a new string Z", obtained from the

class labels Y™ by use of the set of permutations v = (v1(-),...,vk(+)) as follows:
Z2@t) = v (Y1)
Y(t) = w(Z(), (17)

where £ is the index for which X (t) = b, and v(-), v; '(-) are a permutation,
and its inverse, respectively. Since v;(-) is a permutation of 0,...,M — 1, the
transformation is reversible, i.e., one can recover Y (¢) from Z(t). The re-aligned
string {Z™} is further modelled as a multinomial trial process with parameters
P(Z=0)=mng,...,P(Z =M —1) =np—1. The symbol 7 is observed in the string
Z" exactly Zle mfe ) times, and thus the probability of the class label string is
given by

DTN AT
P(Y"|X";n,v) = P(Z"(v);n,v) = ni== " YAk eM-1) (18)
where the sequence of new data Z™ is determined by the set of permutations
v={y(:):i=1,...,K} as parameters, and the multinomial parameters of the
sequence Z"(v) are grouped in the vector . = (ng,...,Nar—1)-
To make the set of pairs (n,r) non-redundant, the vector n = (ng,...,npm—1)

needs to be restricted such that ng > 1 > ... > ny—1 and it can be shown that
with this constraint there is no reduction in the flexibility of the model. Finally,
based on the above consideration the model class named here discrete regression is
formalized as:

M-1

M(n,k,v) = {PY™X™Mnv):nel0,1Mm>m > ... >0y 1 Z ni =1;
i=0

ve (Tu)k}, (19)

where k is the dimensionality of the regression vectors X (¢) and K is the number of
distinct vectors in the sequence X ™. The key parameter to be determined during the
feature selection process is the number of features k. In the following the optimal
codes for the specified class of models will be obtained, and by computing the
optimal description length for various values of k£ the minimum description length
principle will be used to determine the optimal k*.

The optimal description length for a strings y™ using the class M(n, k,v) can be
computed by constructing first the normalized maximum likelihood model ¢(y™|z™)
for the class and then taking the description length to be L(y"|2™) = — log, q(y™|x™).
The normalized maximum likelihood (NML) model for a class of probability models
can be obtained by first computing the maximized likelihood P(y™|x™; n(y™), v (y™))
using the ML parameters 7(y™), ¥(y™) and then normalizing it to a probability dis-
tribution ¢(y™|x™). The optimality properties of the NML model for universal data
compression have been established in [36].

To compute the ML parameters, the maximization problem is split into two
subproblems, first optimize v for a given 1, then optimize 7 for the optimum v*(n):

mﬁx mgxP(y |z ;n,u)]. (20)



The first stage

K mt e
max P(y"|x™;m,v) = max n ve@) n u—g(lw—l) 91
v "] ) ul(-)...VK(.)g 0 M-1 (21)

can be immediately seen to decouple into K independent subproblems, one for
each permutation v4(-), and the optimal permutation is the permutation ,(-) for
which ml;g(o) > mgz(l) > ...mﬁz(M_l). The permutations 7;(-) are the ML set of
permutations £, no matter what the values of n are [44]. _

By ordering decreasingly the sequence of numbers mj, ..., mJ, ; a new sequence
can be defined: fzé = mngl), cee ﬁgwq = mgo), where the standard notation for
the order statistics is used. The number of occurrences of the dominant symbol in
each of the sets {y; : i € Iy },...,{y; : i € Ik} is collected and the final pooled
counts are obtained as nf = A +...+ Al . Similarly denote by n; = ﬁjl +...+ fo,
the total number of occurrences of the j’th dominant symbol in each of the sets
{yi:iEIl},...7{yZ-:ieIK}.

By performing the outer maximization in (20) the optimal parameters 7) results
to be 17; = " which is consistent with the assumed ranking, 7o > m > ... Qpm—1-

n’
The counts n}(Y™) depend on Y™ in a complicated manner through the order
statistics of the counts mé(Y™).
Since the ML values of the parameters are now available, the NML model in the

model class M(n, k,v) can be defined as follows:
Ply"|z";n(y"), 2(y"))
Cp(My,...,Mg)

Cp(My,...,Mg) = Z Pw"|x™; n(w™), o(w"))
wnre{0,...,M—1}m

> I (’ﬁ(ﬁm)":(wn)- (22)

wre{0,...,M—1}n i=0

q(y"lz") =

The computation of the normalizing constant directly from (22) is almost impossible
for most gene expression data, since it requires the summation of M™ terms, but a
more practical approach can be found, as described next.

The computations needed in (22) can be rearranged as a single sum as follows

M—1 ny
ny\ ¢
Culbtise i) = 5 Suanelgntcni) T (%) 23)

n
ng+ni+..4ny, _,=n £=0

where Sar, .. (ng,ni ..., nh,_1) denotes the number of strings w™ having the
same n§(w™),...,n5;(w™) . The summation needs to be done over the set of
numbers obeying ng > ny > ... > n},_;, which can be enforced by defining
Suy,. v (NG, 17 .., ny,_q) = 0 for all the strings n,nf,...,n},_; which are not
decreasing strings. The numbers S, .., n (0§, 1 - .., 3, _1) can be computed re-
cursively in K, according to the recurrence formula:

* ok *
SJ\/Ila-u)MK (nOa ny... 7nM—l) =



= ) Suty M1 (NG =G0, 0y — i1 ..,y — iv—1) X
io+i1+...Fin—1=Mx

Xh(io,...JM,l) (24)

where h(ig,...,ip—1) denotes the number of ways in which a string having n’ =
My + ...+ Mg _4 letters and K — 1 distinct regressor vectors can be extended to a
string having n = M7 + ...+ M letters and K distinct regressor vectors, such that
in the set {y; : i € Zx } the counts of symbols are ig, ..., ip—1, regardless of order;
it is also required that ig > 47 > ... > ip;—1. The newly introduced convolving
sequences h() are defined as

. . G0+ ... +in_ ko+ ... 4 ke
h(io’-~-71M—1):< OZ'O iMA:[ll )( Oko kr11> (25)

in the case of a decreasing sequence of arguments 47 > ... > ip;_1, while for all other
arguments (ig,...,ip—1 not being decreasing) the sequence is h(ig,...,ip—1) = 0.
In (25) r is the number of distinct values in the string g, ...,ip—1 and ko, ..., k.—1
is the number of repetitions of the distinct values in the string ig, ..., 1, respec-
tively. For example with the arguments ig = 6,4, = 4,i2 = 4,i3 = 3,14 = 3 the
values occurring in (25) are r = 3, kg = 2, k1 = 2, ky = 1.

The computation of £(y™|x™) can be accomplished very fast, the computation
of the normalization constant is most demanding, but its evaluation with (23), by
means of the convolution sums (24), is very fast, its implementation in Matlab is
run in less than 1 second.

The search for the best features set, the one that minimizes the description length
L(y™|x™) can be performed in any of the traditional ways for wrapper methods, as
described in Section 4.2.

The classification model § = g(z;,,...,x;, ), discovered during the feature se-
lection process can be extended to cases which were absent in the training set, to
obtain a well defined classifier. For unseen cases the decision is taken according to
the class labels (votes) of the nearest neighbors at Hamming distance d, where d is
the smallest value at which a class label is a definite winner, for examples see [46].

The presented MDL method can be considered to be a wrapper method where
the optimization criterion is not the classification accuracy of a specific classifier,
but the description length achieved when using the information from the feature
set. The selection process is motivated by an information theoretic principle, and
thus the method can be seen as a powerful tool for discovering informative feature
sets, which are very likely to have biological significance. However, the method can
be used also as a filter stage, after which the best classifier in a certain class can be
easily designed and tested for classification accuracy.

7 Conclusions

Feature selection is an involved process, which needs knowledge of the available tech-
niques for guiding which tool to be used and for assessing correctly the performance
for the application at hand. An impressive number of studies of feature selection
techniques for gene expression data has shown that relevant biological information
can be gathered using various feature selection techniques, at a computational cost



which is affordable with the current computer technology. Future studies will most
likely reduce even further the computational cost of the methods, making it possible
to compare larger candidate feature sets. As another challenge for the future, the
biological interpretation of the feature sets needs to be integrated within the feature
selection methods themselves, and not used as they are now, just as a validation
stage after the feature selection process was finished.
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Figure 1: The estimation of the classification accuracy of a given feature set
Xi,,...,X; by a three-folded cross-validation experiment: the training set D =
{(X1,...,XnN,Y)} is split into three equally sized subsets D4, Dpg,Dc. The clas-
sifier parameters are fitted to the data provided by two of the subsets of D, and
the accuracy is estimated over the remaining subset, and the process is repeated
for all ways of taking two out of three subsets. The computed average classifica-
tion error, é|g;, ... 4,3 is used to direct the search for the most accurate feature set,
Xy 7Xi:n* and its size m*.
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Figure 2: Overall estimation of the classification accuracy within a four-folded cross-
validation experiment. The blocks “Find the best feature set and parameters” op-
erate on three of the folds (as depicted in Fig. 1), while the classification accuracy
is estimated over the fourth fold, to avoid over-fitting.
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