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DESIGN OF FIR FILTERS USING PERI-
ODIC SUBFILTERS AS BASIC BUILDING
BLOCKS

e One approach to reduce the cost of implementa-
tion of an FIR filter is to construct the overall

filter using subfilters whose transfer function is of

the form F(z1).

e The transfer function F(z%) is obtained by replac-
ing in a conventional transfer function F(z) each

unit delay by L unit delays.

e There exist several design techniques some of

which are now reviewed.

e We concentrate on the frequency-response masking

approach of Lim and the Jing-Fam approach.
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Frequency-Response Masking Approach

e In this approach, the overall transfer function is

constructed as
H(z) = F(z")G1(z) + [z 77 — F(2")]Gy(2),

where

F(z") =) fn)z"",  f(Ne—n)= f(n),
n=0

Gi(z) =271 ) gi(n)2™", (N1 —n) = gi(n),

and
Ny
Ga(2) = 27" “go(n)z™", ga(Na = n) = ga(n).
n=0

e Here, Ny is even, whereas both N; and N, are
either even or odd. For Ny > Ny, M; = 0 and
M; = (N1 — Ny)/2, whereas for N; < N,, M; =
(Ny — N1)/2 and M, = 0.

e These selections guarantee that the delays of both

of the terms of H(z) are equal.



In
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Efficient Implementation for the Overall Fil-

ter

o The delay term z~tNr/2 is shared with F(z1).

e Also, G1(z) and Gy(z) can share their delays if a
~ transposed direct-form implementation (exploiting

the coefficient symmetry) is used.

F(zb)
7—LNg/2
+
» "L » 2~L eo e L » - L ;f_.l.}__, Go(2)
'y

\

G1(2)
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Frequency Response of the Overall Filter

The frequency response of the overall filter can be

written as

H(ejw) = H(w>€—j(LNF+max{N1,N2})w/2

where  H(w) denotes the zero-phase  fre-

quency response of H(z) and can be expressed as

H(w) = Hi(w) + Ha(w),

where
Hi(w) = F(Lw)G1(w), Hy(w)=[1— F(Lw)]Gs(w)
(A)
with

Np/2
F(w)= f(Np/2)+2 )  f(Np/2—n)cosnw (B)

n=1
and

( N, /2
9r(Ni/2) + 2 Z gx(Ni/2 — n)cosnw, N even
_ n=1
Grlw) = 4 (v N1
2 ; i k2 —n)cos[(n+1/2)w], Nj odd

\
for k=1,2.



Filter Efficiency

e The efficiency as well as the synthesis of H(z)
are based on the properties of the pair of transfer
functions F(z%) and 2~LV7/2 — (1), which can be
generated from the pair of prototype transfer func-

tions N
F(z)=>_ fln)z""
n=0

and 2z~ V¢/2 — F(2) by replacing z~" by z~L.

e The order of the resulting filters is increased to
LNpg, but since only every Lth impulse response
value is nonzero, the filter complexity (number of

adders and multipliers) remains the same.

e The above prototype pair forms a complemen-
tary filter pair since their zero-phase frequency re-
sponses, F(w) and 1 — F(w) with F(w) given by
Eq. (B), add up to unity.
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Generation of a complementary periodic filter
pair by starting with a lowpass-highpass com-
plementary pair for L = 6.

(a)

g

Q
~lo Y

e Figure (a) illustrates the relations between the re-
sponses F(w) and 1— F(w) in the case where F(z)
and 2 M2 — F(2) is a lowpass-highpass filter pair
with edges at 6 and ¢.

e The substitution z=* preserves the com-
plementary property resulting in the periodic re-
sponses F'(Lw) and 1—F(Lw), which are frequency-
axis compressed versions of the prototype re-
sponses such that the interval [0, L] is shrunk
onto [0, 7| [see Figure (b)].

— 2“1
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e Since the periodicity of the prototype responses is
27, the periodicity of the resulting responses is
27w /L and they contain several passband and stop-

band regions in the interval [0, =].

e For a lowpass filter H(z), one of the transition
bands provided by F(zL) or z7tNe/2 — P(L) is
used as that of the overall filter.
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Case A design of a lowpass filter using the

frequency-response masking technique

e In the first case, denoted by Case A, the edges

are given by (see the figure shown below)

w,= (2l +6)/L, w,= 27+ 9¢)/L,

where [ is a fixed integer.

(a)

(c)
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Case B design of a lowpass filter using the

frequency-response masking technique

e In the second case, referred to as Case B, the

edges are given by (see the figure shown below)

w, = (2w — $)/L, w, = (2lx —6)/L.

a
\

S+

S -

a4

0 2(1-Dr+¢p  21mn-¢ 21n-0 21w 21m+0
L L L L L
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Overall Efficiency

e In both cases, the widths of the transition bands
are (¢ — #)/L, which is only 1/L-th of that of the
prototype filters.

e Since the filter order is roughly inversely propor-
tional to the transition band width, this means
that the arithmetic complexity of the periodic
transfer functions to provide one of the transition
bands is only 1/L-th of that of a conventional

nonperiodic filter.

e Note that the orders of both the periodic filters
and the corresponding nonperiodic filters are ap-
proximately the same, but the conventional fil-
ter does not contain zero-valued impulse response

samples.
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How to exploit the attractive properties of

the periodic filters ?

e In order to exploit the attractive properties of
the periodic transfer functions, the two low-order
masking filters G1(z) and Gs(z) are designed such
that the subresponses Hj(w) and Hy(w) as given
by Eq. (A) approximate in the passband F(Lw)
and 1 — F'(Lw), respectively, so that their sum ap-
proximates unity, as is desired.

e In the filter stopband, the role of the masking fil-
ters is to attenuate the extra unwanted passbands

and transition bands of the periodic responses.
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Conditions 1in Case A

e In Case A, this is achieved by selecting the edges
of G1(z) and Gy(z) as (see transparency 8)
W) =, =2l +0)/L, W\ =201+ 1)7 —¢]/L
(

p j—
wéGZ) = [2lr — 0]/L, w\® =w, =27+ ¢]/L.

e Since F(Lw) = 0 on [wy, w§G1>], the stopband re-
‘gion of G1(z) can start at w = w§G1>, instead of
W = ws.

e Similarly, since Hi(w) =~ F(Lw) = 1 and [1 —
F(Lw)] = 0 on [wz()%), wy|, the passband region of

Go(w) can start at w = wngZ), instead of w = w,,.



Actual Synthesis

e The design of F(Lw) can be performed conve-
niently using linear programming as proposed by
Lim.

e Another, computationally more efficient, alterna-

tive is to use the Remez algorithm.

e Its use is based on the fact that

|Bg(w)] <1 for we QP ul),

where
Ep(w) = Wg(w)[H(w) — D(w)]

is satisfied when F'(w) is designed such that the
maximum absolute value of the error function
given in the table of the next transparency be-

comes less than or equal to unity on [0, 6] U

(@, 7.
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Conditions in Case B

e For Case B designs, the required edges of the two
masking filters G1(z) and Gs(z) are (see trans-
parency 9)

W =21 - 1)r + ¢]/L, wl®) =w, =27 —6]/L

Wl =, =21 — ¢]/L, W\ =[2lx +6]/L.

p
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Filter Design

e Based on the observations of Lim, the design of
H(z) with passband and stopband ripples of ¢,
and 6, can be accomplished for both Case A and

Case B in the following two steps:

. Design Gi(z) for £ = 1,2 using either the Re-
mez algorithm or linear programming such that
Gr(w) approximates unity on |0, w]()Gw] with tol-
erance 0.850,---0.90, and zero on [wga’“), 7] with

tolerance 0.856, - --0.90,.

Design F(Lw) such that the overall response H(w)
approximates unity on

[2im — 0]/L, [2l7 + 0]/L] for Case A
{ [2(1 — 1)7 + ¢]/L, [2lm — ¢]/L] for Case B

Q) —

p

with tolerance 6, and approximates zero on

B { 207 + ¢]/L, [2(1+1)7 — ¢]/L] for Case A

Q) —
[2im — 0]/ L, [2l7 + 0]/L] for Case B

with tolerance 6;.
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Error Function for Designing F(w)

Ep(w) = WF(w})l[F(W — Dr(w)],
Dp(w) = u(w) + l(w)]/2
Wp(w) = 2/[211(&)) — l(w)]

wit

hi(w) = 2lr +w)/L
(2lr —w)/L for w € [0, 6]
2(l4+ 1)r —w]/L for w € [¢, 7]

for Case A and

hi(w) = (2lr —w)/L
(2l7 +w)/L for w € [0, 6]
2(l — 1)r +w]/L for w € [¢p, 7]

for Case B.




e For Step 2 of the above algorithm, Dy(w) = 1
and Wg(w) = 1/6, on Q;E,m, whereas Dgy(w) = 0
and Wg(w) =1/65 on o) giving for k = 1,2

Dilhe(w)] = {1 for w € [0, 6]
0 for we o, n,

Wy ()] = {1/(5p for w € [0, 0]
1/6s for w € [¢, 7]

for Case A and
D] 1 for we 0, 6]
wll =
o 0 for we o, 7,
1/6, for we |0, 6]
Wylhi(w)] =
1/6, for w e [¢, 7]
for Case B.

e Even though the resulting error function looks

very complicated, it is straightforward to use the

subroutines EFF and WATE in the Remez algo-
rithm described by McClellan, Parks, and Rabiner
for optimally designing F(z).
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Reductions of the Orders of G1(z) and Gy(z)

e The order of Gi(z) can be considerably reduced
by allowing larger ripples on the those regions of

G1(z) where F(Lw) has one of its stopbands.

e As a rule of thumb, the ripples on these regions

can be selected to be ten times larger.

e Similarly, the order of Gs(z) can be decreased by
allowing (ten times) larger ripples on those re-

gions where F'(Lw) has one of its passbands.
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Practical Filter Design

In practice, w, and w, are given and [, L, #, and
¢ must be determined.

To ensure that Case A yields a desired solution
with 0 < 8 < ¢ < m, it is required that (see trans-

parency 8)
207 (20 4+ 1)m
L SWm WsSTr
for some positive integer [.

In this case,
| =|Lw,/(27)], 0 = Lw, —2l7w, ¢ = Lw, — 2lx.

Similarly, to ensure that Case B yields a desired
solution with 0 < 6 < ¢ < m, it is required that

(see transparency 9)
(21 — 1) < 207
7 <
for some positive integer [.

In this case

| = [Lws/(27m)], 0 =2l — Lw,, ¢ =2lm — Lw,.
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e For any set of w,, w,, and L, either Case A or
Case B (not both) will yield the desired 6 and ¢,
provided that L is not too large.

e If § =0 or ¢ = w, then the resulting specifications
for F(w) are meaningless and the corresponding

value of L cannot be used.
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Optimizing L

e The remaining problem is to determine L to min-
imize the number of multipliers, which is Np/2 +
1+ (N1 +2)/2] + [(N2+2)/2] or Np+ N1+ No+3
depending on whether the symmetries in the filter
coefficients are exploited or not.

e Hence, in both cases, a good measure of the filter
complexity is the sum of the orders of the subfil-

ters.

e Instead of determining the actual minimum filter
orders for various values of L, the computational
workload can be significantly reduced based on

the use of the formula
N = ®(6y,05)/(ws — wp),

where
B(6,,6,) =27[0.005309(log, 6,)° + 0.0711410g, 6,
— 0.4761] log 05
— 27[0.00266(log;, 6,)* + 0.594110g,, 6,
+0.4278].
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This formula gives the estimated minimum or-
der for a conventional direct-form FIR filter with
passband and stopband edges at w, and w,, re-
spectively, and passband and stopband ripples of
6, and 0.

Since the widths of transition bands of F(z),
G1(z), and Gy(z) are ¢ — 0, (2mr — ¢ — 0)/L, and
(¢ + 0)/L, respectively, good estimates for the cor-

responding filter orders are

o 20000 LRG0 o L2(5,,0)

d—0 2T — ¢ — 0’ ¢+ 0
For the optimum nonperiodic direct-form design,
the transition bandwidth is ws; —w, = (¢ — 6)/L,
giving
L®(6,,0,)
p—0

The sum of the subfilter orders can be expressed

Nopt ~

in terms of Ny, as follows

Ly -6 o0
Nove““ Opt[L+27T-—¢—9+¢—{—9:| (A)
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e The smallest values of N, are typically obtained
at those values of L for which # + ¢ =~ m and, cor-
respondingly, 27 — 0 — ¢ = 7.

o In this case, N7 = Ny and Eq. (A) reduces, after

substituting ¢ — 0 = L(w; — w,), to

1
Nove = Nopt [—1-_: + 2L(ws — wy) /7.

e At these values of L, Np decreases and N; = N
increases inversely proportionally to L with the

minimum of Ny,

2 s
Nove — 2N0pt\/ (w Wp))
T

taking place at

Lopt — 1/\/2(0)57: Wp) ' (B>

o If for L = Ly, 0 + ¢ is not approximately equal

to m, then L minimizing the filter complexity can

be found in the near vicinity of L.

e The following example illustrates the use of the

above estimation formulas.
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Example: w, = 047, wy, = 0.4027, 6, = 0.01, and
0, = 0.001

For the optimum conventional direct-form design,
Nopt = 2541, requiring 1271 multipliers when the
coefficient symmetry is exploited. Eq. (B) gives
Lop: = 16.

The table of transparency 26 shows, for the ad-
missible values of L in the vicinity of this value,
[, 0, ¢, the estimated orders for the subfilter, and
the sum of the subfilter orders as well as whether

the overall filter is a Case A or Case B design.

Also with the estimated filter orders of the table,
L =16 gives the best result.

Thé actual filter orders are Np = 162, N; = 70,
and N, = 98.

The responses of the subfilters as well as that of

the overall design are depicted in transparency 27.
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e The overall number of multipliers and adders for
this design are 168 and 330, respectively, which
are 13 % of those required by an equivalent con-

ventional direct-form design (1271 and 2541).

e The overall filter order is 2690, which is only 6 %
higher than that of the direct-form design (2541).
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Estimated Filter Orders for the Admissible

Values of L in the Vicinity of L., = 16

L Case [ ) ¢ Np Ny N9 Np + Ny + Ny
8 B 2 0.784w 0.87 318 98 26 442
9 B 2 0.3827 0.4 282 38 58 378
11 A 2 0.4m 0.4227 232 47 69 348
12 A 2 0.87 0.824r 212 162 38 412
13 B 3 0.774~ 0.87 196 155 43 394
14 B 3 0.3727 0.4m 182 58 92 332
16 A 3 0.4 0.4327 160 70 98 328
17 A 3 0.87 0.834m 150 236 54 440
18 B 4 0.764~7 0.87 142 210 58 410
19 B 4 0.3627 0.4 134 78 128 340
21 A 4 0.4 0.4427 122 92 128 342
22 A 4 0.87 0.844m 116 314 68 498
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Amplitude responses for a filter synthesized

using the frequency-response masking approach

]

—
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Multistage Frequency-Response Masking Ap-

proach

o If the order of F(z) is too high, its complex-
ity can be reduced by implementing it using the

frequency-response masking technique.

e Extending this to an arbitrary number of stages
results in the multistage frequency-response mask-
ing approach, where H(z) is generated iteratively
as

H(z) = FO(2) :F“)(le)Ggl)(z)
+ [N PO ()

[ LN PR (eGP ().

o Here, the G\"(z)’s and G{(z)s for r =1,2,---, R
as well as FU)(2) are the filters to be designed.
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e For implementation purposes, H(z) can be ex-
pressed in the form shown in the table of the

next transparency.

e Transparency 31 shows an efficient implementa-
tion for a three-stage filter, where the delay

terms z M3, z7™2 and z~™ can be shared with

F<3)(zi3).

e In order to obtain a desired overall solution, the
orders of the G(z)s and GY'(z)'s for r =
2,3,---, R, denoted by Nl(r) and Nér) in table of

the next transparency, have to be even.
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Implementation Form for the Transfer Func-

tion 1n the Multistage Frequency-Response

Approach

My =LpNP 2, Mp, =Mp .,y +mp,, r=1,2- R-1

mp_.=Lp_, maX{Nl(R_rJrl), 2(R—7'—|—1)}/2) r=1,2,---,R—-1

N}R) is the order of FUY(z),

Nl(r) and NQ(T) are the orders of Ggr)(z) and G(QT)(Z), respectively.




In
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An implementation for a filter synthesized us-

ing the three-stage frequency-response mask-

ing approach

A
F)(zk1)
A
F(2)(ZL2)
A A
> FO)(zL3) *~—> G(13)(z"2)
+ A
++ > G(12)(ZL1)
+ A A
o M3 L e o) GOL 5
z G5'(z-2) A
2 ( T - 6 (zLo)
+
y-
+ A
s :@—» G(;)(ZM)
+ A N
> z7™ ()~ c{)(zlo)

+ Out
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Multistage Filter Optimization

e See the article T. Saramaki, ”"Design of Computa-

tionally Efficient FIR Filters Using Periodic Sub-
filters as Building Blocks”.
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Example: w, = 047, w, = 0.4027, 9, = 0.01, and
0, = 0.001

For a two-stage design, the best result is obtained
by L; = Lo = 6.

The minimum orders of Ggl)(z), Gg)(z), G§2>(Z>,
G{V(z), and F?(z) are 26, 40, 28, 36, and 74, re-
spectively (see Figure (a) in transparency 35).
Compared with the conventional direct-form FIR
filter of order 2541, the number of multipliers and
adders required by this design (107 and 204) are
only 8 % at the expense of a 15 % increase in the

overall filter order (to 2920).
For a three-stage design, the best result is ob-
tained by L{ = Ly = L3 = 4.
The minimum orders of Ggl)(z), G;D(z), G<12>(z),
Géz)(z), G@(z), G;B)(z), and F©)(z) are 16, 28,
18, 24, 16, 32, and 40, respectively (see Figure (b)

in transparency 35).



— 34 -

e The number of multipliers and adders (94 and
174) are only 7% of those required by the direct-
form equivalent at the expense of a 26 % increase

in the overall filter order (to 3196).
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Amplitude responses for filters synthesized
using the multistage frequency-response mask-
ing approach. (a) Two-stage filter. (b) Three-
stage filter.
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Jing-Fam Approach

e Another general approach for designing multiplier-
efficient FIR filters has been proposed by Jing

and Fam.

e This approach is based on the iterative use of the

following two facts:

e A narrowband filter (w),,ws; < 7/2) can be effec-

tively implemented as

H(z) = F(z")G(2). (A)

o A wideband filter (w,,ws; > 7/2) can be imple-

mented as
H(z) =2 - (-1)MH(-2),

where H(z) is a narrowband filter, which can

be effectively implemented in the form of Eq. (A).
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Design of Narrowband Lowpass Filters

e When w; is less than 7/2, then the overall filter

can be synthesized in the simplified form

H(z) = F(z")G(z) =Y f(n)z7"" Y g(n)z™",

n=0

where Nr and Ng can be even or odd.

e The zero-phase frequency response of this filter

can be written as
H(w) = F(Lw)G(w).

e If the passband and stopband edges of F(z) are
6 and ¢, then the edges of the first transition
band of F(Lw) are (see the figure in the following

transparency)

w,=0/L, ws;=¢/L.
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Design of a narrowband lowpass filter using a

cascade of a periodic and a non-periodic filter

0 NG 27 27 41 4r 6T T
p¥s & ki _ e _
L% L% T 7% L% T

0 0p O T
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e F['(Lw) does not provide the desired attenuation in
the regions where it has extra unwanted passband

regions, i.e., in the region

[L/2]
27 27
O, (L,w,) = | | [k== — wy, min(k=— + w,, 7)].
(L, ws) k:1[ W min 7 + wg, )]

e Therefore, the role of the nonperiodic filter G(z)
is to provide the desired attenuation in this re-

gion.
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Filter Design

The simplest way to determine F(z) and G(z)
such that H(z) is a lowpass design with edges w,
and w,; and ripples 4, and 6, is to design these

subfilters using the MPR algorithm to satisty

1 -8 < Fw) <146 for we 0, Lwy)
—6s < F(w) <6y for w € [Lwy,n]

1— 6]()@ <Gw) <1+ 5§G> for w € [0,w,]
—6, < G(w) <6y for w e Q(L,wy),

The ripples and can be selected, e.g., to

be half the overall ripple 0,.
In this case, both F(zY) and G(z) have [0,w,] as

a passband region.
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Another Alternative

The second alternative, resulting in a considerably
reduced order of G(z), is to design simultaneously

F(w) to meet

1 -6, <Fw)G(w/L) <1446, for wel0,Lw,)
—0; < F(w)G(w/L) <65 for w € [Lws, 7|

and G(w) to meet
G(0)=1
—60; < F(Lw)G(w) < é; for w e Q L, w,).

G(z) has all its zeros on the unit circle and con-
centrates on providing for the overall filter the de-
sired attenuation on Qy(L,w;) (see the following

transparency).

F(Lw) equalizes the passband distortion caused
by G(w) and provides for the overall filter the de-

sired attenuation in its stopband regions.
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Optimized Overall Response: w, = 0.0257, w, =
0.057, ¢, = 0.01, and ¢, = 0.001. L =8, Nr = 26,
and NG = 19.
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Design Algorithm

1. Set F(w) = 1.

2. Determine G(w) using the MPR algorithm to
minimize on [0,¢] U Q,(L,ws) the peak absolute
value of Eg(w) = Wg(w)|G(w) — Dg(w)], where

1 for w € |0,¢]
Dg(w) =
0 for we Q (L, ws)
o] for w € [0, €]
Wg(w) =
F(Lw) for w e Qy(L,w).

3. Determine F(w) wusing the MPR algorithm to
minimize on [0, Lw,] U [Lw,] the peak absolute
value of Er(w) = Wp(w)[F(w) — Dp(w)], where

1/G(w/L) for we |0, Lw
DF<w):{/</> 0, L

0 for w € [stwﬂ-]
_[G/n) for w €0, Lw)
el = {5pG(w/L)/5s for w € [Lws, 7).

4. Repeat Steps 1 and 2 until the difference between
successive solutions is within the given tolerance

limits.
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Optimization of L

The remaining problem is to optimize L and the
orders of G(z) and F(z%) to minimize the number

of multipliers.

For the order of F(2%) in 2%, a good estimate is
Np = N/L,

where N is the minimum order of a conventional
nonperiodic FIR filter to meet the given overall

criteria.

For the order of G(z), a good estimate has been

found to be

1

N~ = h_1 1 63
L/2

+ X(Lwy/2,m — L(w, + 2cu5)/6)]7

where

2CcoSwy —coswy + 1

X (wi,ws) = cosh™|

].

1+ coswo
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These estimates are rather accurate so that the
optimum L can be determined based on these es-

timates.

L has to be selected such that the stopband edge
of F'(z), ¢ = Lws, is less than .

This means that L must be less than 7 /w;.

After estimating the required orders for G(z) and
F(z), the remaining problem is to decrease or in-
crease the orders to find the actual minimum or-

ders.

Since the frequency-response-shaping responsibili-
ties are very well shared with the subfilters, the
minimum orders can be found rather indepen-
dently.

First, the minimum order of F(z) can be deter-

mined for the estimated order of G(z) and, then,

the minimum order of G(z) is determined.



ESTIMATED ORDERS

Example

The specifications are: w,

0.0257, wy = 0.057,

6, = 0.01, 6, = 0.001. The following figure gives
for admissible values of L (2 < L < 19) both

the estimated and actual orders for Nrp and Ng

as well as Ng + Ng, which can be used as a mea-

sure of the filter complexity.
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The estimated orders are very close to the actual

ones.

The overall amplitude response for the optimum
value of L, L = 8, has been depicted in trans-
parency 42.

This design (L = 8, Np = 26, and Ng = 19) re-
quires 24 multipliers and 45 adders.

The minimum order of a conventional nonperiodic
direct-form FIR design is 216, requiring 109 multi-
pliers and 216 adders.

The price paid for these 80 % reductions in the
filter complexity is a 5 % increase in the overall

filter order (from 216 to 227).
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Design of Wideband Lowpass Filters

e A wideband filter can be implemented as
H(z) = z" = (-1)"H(-2),

where H(z) is a narrowband FIR filter of order
2M (see pages 149 and 151 in the section con-
sidering the design of FIR filters in the minimax
sense).

e The ripples and edges of H(z) and H(z) are re-
lated through (see the following figures)

N AN

wp:W—w57 wS:W_wp7 6p:55, 6s:5p.

A
H(®)=1-H(n-0)

1+8p

1_8p

(a)

SO Op Og fle ®

A
H(®)

(b)

0 T—-Wg TT=0p g 0}



- 49 -

Hence, if w, and wy of the desired filter are larger
than 7/2, then ©, and @, of H(z) are less than
/2.

This enables us to design H(z) in the form

using the techniques introduced previously.

The resulting overall transfer function is
H(z) = 27" = (-1)" F((=2)")G(-2),
where M = (LNp + Ng)/2 is half the order of
F((=2)")G(=2).
An implemetation of the resulting filter is shown

in the next transparency.

To avoid half sample delays, the order has to be

cvell.
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Computationally Efficient Implementation for

a Wideband Filter

F(z1) = ()Y F((=2)"), G(2) =G(-=).

e The delay term 2" can be shared with F(z%).

In Out




Y —

Example: w, = 0.957, w, = 0.9757, 6, = 0.001,
and 6, = 0.01

o The specifications of H (2) become &, = 0.025m,
&, = 0.057, 6, =0.01, and &, = 0.001.
e These are the narrowband specifications of consid-

ered in transparencies 42, 46, and 47.

o Therefore, the desired wideband design is obtained
by using the earlier subfilters F(zY) and G(z)
(L=28, Np =26, and Ng = 19).

e However, the overall order of the filter is odd
(227) and the resulting delay contains a half sam-
ple delay.

e Therefore, to achieve the desired solution with
even order, the order of GG(z) has to be increased
by one (Ng = 20).

e The amplitude response of the resulting filter is

given in the next transparency.
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Amplitude Response for a Optimized Wide-
band Filter

e This design requires 25 multipliers, 46 adders, and
228 delay elements.

e The corresponding numbers for a conventional
direct-form equivalent of order 216 are 109, 216,
and 216, respectively.

| | g | | |
O —
o | \
= _
Z -20 —
LCJJJ - LIN. AMP. s
=
__l -
% “ 1.000
< 0.999
B 0 0.95m
-80 | | | _
| | I I | | | | L
0 0.2n 0.41 0.6x 0.8m T

FREQUENCY
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Generalized Designs

The Jing-Fam approach is based on iteratively us-
ing the facts that a narrowband filter can be im-
plemented effectively as H(z) = F(2%)G(z) and a

wideband filter in the form

H(z) = 27" = (=) F((=2)")G(~=2),

If wy < w/2, then the overall transfer function is
generated as

A~

H(z) = Hi(2) = G1(2)F(z1), (Aa)
where
Fi(z) = 27" — (=)™ Hy(~2), Hy(z) = Gay(2)Fa(z"?)  (4b)

Fy(z) = ="M — (-1)"M2Hy(=2), Hy(z) = Ga(2)F3(="%)  (Ac)

Froo(z) =z Mr2(—1)Mr2Hp ((=2), Hp_1(2) = Gr_1(2)Fp_1(z'R-1)
~ ~ (Ad)
Froq(2) = 2 Me1 — (—1)Mr-1fip(~2), Hp(2) = Gr(2). (Ae)

Here M, for r =1,2,..., R —1 is half the order of

AN

Hr-{—l(z)-
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Explanation

e The basic idea is to convert iteratively the design
of the narrowband overall filter into the designs
of narrowband transfer functions H,(z) for r =
2,3,---,R until the transition bandwidth of the
remaining Hg(z) = Gg(z) becomes large enough
and, correspondingly, its complexity (the number

of multipliers) is low enough.

e The desired conversion is performed by properly
selecting the L,’s and designing the low-order fil-
ters G,(z) for r=1,2,---, R — 1.

e In order to determine the conditions for the L,’s
as well as the design criteria for the G,(z)’s, we

consider the rth iteration, where
H.(z) = G,(2)F, (%) (Ba)

with

Fi(z) =27 = (=1)" Hya(=2).  (Bb)
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o Let the ripples of H,(z) be 65 and 8 and the
edges be located at w]()m < 7/2 and Wi < /2.

e Since F,(z) is implemented in the form of Eq. (Bb),
it cannot alone take care of shaping the passband

response of H,(z).

e Therefore, the simultaneous criteria for G,(z) and

F,(z) are stated as

F, F I r
1 -6 < Fi(w) <146 for we0,Lw!]

—8) < Fy(w) <80 for w € [Lw!, 7]
(

") for wE:O,wff)]
5 for wEQS(Lr,w<T)),

S

where 6}(f> is the passband ripple selected for
G.(2),

2 2
(L, w) = U [k—ﬂ — W, min(k-g— + ws, )]
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e [, has to be determined such that the edges
of F.(z), Lrwiff) and Lrwy), become larger than

7/2 and, correspondingly, the edges of fALnH(z),

wérﬂ) =T — Lrw§T> and w](erl) =T — Lrwy), become

less than /2.

e Since F,.(z) and IAITH(Z) interchange the ripples,
E(H—l)

the ripple requirements for E]T_H(Z) are 0y =

8\57“) and agr—i—l)

o =6,
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Design Equations

The criteria for the G,.(z)’s for r =1,2,---, R, can
thus be stated as

1 -6 < Gr(w) <1+68) for wel0, W]

—50) < Go(w) <6 for we Q)
where
T2 o 2T 0
0 = B[/{E-—w ,mln(kL—T%—w ,7)] ;<R
\ [ng), 7| 7= R.
(C)
o Here, the w{’s and w\’s for r = 2,3,---, R are

determined iteratively as
(
p s p

w =7 - LY W=7 — L0

where w;_gn = w, and Wi = w, are the edges of the
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(rhg

overall design, and the (5 as

2(5( for r even
dgr) = odd
5, — Z Y for v odd,

\ k even

where 6, and 0, are the ripple values of the over-

all filter and (5]<f> is the passband ripple selected
for G,(z).

In order for the overall filter to meet the given
ripple requirements, 6§R> and the 5](9r>’s have to

satisty for R even

Z 6 Os, B4 Z 6 (Da)

k even k Odd
or for R odd
R-1
Z 6 =6, 6+ Y o) =6, (Db)
odd k even

In the above, the L,’s have to be determined such
that the w!"’s for » < R become smaller than

/2.
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It is also desired that for the last filter stage
Gr(2), W is smaller than 7/2.
If 27T/Lr——wgr) < 7/2 for r <R or Wi < 7 /2, then
the arithmetic complexity of G,(z) can be reduced
by designing it in the form

G,(z) = GG (2). (E)

r

It is preferred to design the subfilters of G,(z) in
such a way that the passband shaping is done en-
tirely by GS})(ZKT).

The number of multipliers in the G.(z)’s for r =
1,2,---,R—1 can be reduced by the fact that the
overall filter still meets the given criteria when
the stopband regions of these filters are decreased

by using in Eq. (D) the substitution
(2w + w]@)/S — W),

S

After some manipulations, H(z) as given by Eqgs. (A)
and (E) can be rewritten in the explicit form

shown in the table of the next transparency.
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Explicit Form for the Transfer function in the

Jing-Fam Approach

H(z) = H(2")[ Lz M2 + Hy(212)[I32~ M3 + H3(213)[- -

g1z Mi1 4 By (2Er0)[TpeMe 4 Hp(zLr)] - ),

where
HT(ZZT> — H,gl)(zKTZT)H?gQ)(ZZT)
BV =6y, 5 ) = 5,613 )

Sl =4 ST = “<—1)]/W\T/ZT7 r= 2737 T 7R
L,._
o oo 0o esaar

K

1 217"
R R r—1

Li=1, Ly=]]Lp r=23,R

k=1

MR:%LRNRa MR_"’:MR——'I’*Fl—I_%LR—TNR—T) T:1)27...>R__2

Mr/zr—l
I2:17 [T:[J7(%)1] ) T:3,4,'-~,R

N, = KN 4 N
Nfl) and N;Z) are the orders of Gg)(z) and Gg)(z), respectively.




e

o If G,(2) is a single-stage design, then G\V(z57) =
1.

e In order to obtain the desired overall solution, the
overall order of G,.(z) for r > 2, denoted by N, in

the table, has to be even.

e Realizations for the overall transfer function are

given in the next transparency, where

m, = ]\Z_MH = %ZTNT, r=23,--,R-1, mp= ]\/ZR

e The structure of Fig. (b) is preferred since the de-
lay terms z7™ can be shared with H?(zKRER) or,
if this filter stage is not present, with H?(ZER).

o If w, and w; are larger than =/2, then we set
H(z) = Fi(z). In this case, (5]@” =0, Ly =1, and
G1(z), w},l), and w'" are absent.

e Furthermore, wf;?) = 7 — ws and w@ = T — w,, and
Hi(z) is absent in the implementation and in the

explicit form of the transfer function.
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Implementations for a filter synthesized using

the Jing-Fam approach

In /t R /t
> Hy(z™1) " Ha(z™2)
: l2
o z-m2
In > Z_mR > o o 0
Ir
A
HR(ZLR) ¢ o 0
In

Y

1 A
HD 2 KLy

2 T
*| Hy(z19) > e *| Hr(z™R)
I3 |4 IR (a)
Out
z—M; e o o 7~ Mg
» 7 My > z—M,
‘4 |3 |2 (b)
A A /I\_ Out
Hy(z %) Hy(z 2) Hy(z") —
A
Hy (z'7)
Out (c)

\4

N\
H (z)
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Filter Optimization

e The remaining problem is to select R, the L,’s,
the K,’s, and the ripple values such that the fil-
ter complexity is minimized. The following exam-

ple illustrates this.
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Example: w, = 047, w, = 04027, 0, = 0.01, 6, =
0.001

The only alternative is to select L = 2.

The resulting passband and stopband regions for
G1(z) are (the substitution of Eq. (F) is used)

S

1) _ 1) _
Y =10, 047], QY =1[0.59877, nl.

For Ho(z), w}(f) = 71— Liw, = 0.1967 and w!” =
7w — Liw, = 0.27.

For Lo, there are two alternatives to make the
edges of Hs(z), wz(gs) = 7 — Lw!? and o =
T — ng](f), less than 7/2. These are Ly = 3 and
Ly =4.

For R = 5 stages, there are the following four al-

ternatives to make all the the wy)’s smaller than

/2
L,=2 Ly=4, L3=3 L,=2
L,=2 IL,=4, Ly=4, L,=4
Li=2 L,=3 Ls=2 L,=4
Li=2 ILy=3 Ls=2 L,=3
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e Among these alternatives, the first one results in

an overall filter with minimum complexity.

e In this case, the edges of Hs(z), H,(z), and
Hs(z) = Gs(z) become as shown in the table of

the transparency 67.

e The corresponding passband and stopband regions

for Go(z), G3(z), Gy4(z), and Gs5(z) are

QP =10, 0.1967], Q2 =[0.30137, 0.69877]U[0.80137

Q) =0, 0.2r], Q¥ =1[0.45607, 0.8773x],

QY =10, 0.3527], QY =[0.6167, 7],

5) __ 5) _
Q¥ =10, 0.2n], QP =[0.2967, 7.

e What remains is to determine the ripple require-
ments.

e From Eq. (D), it follows for R = 5, 5};” + 5](33) +
59 =6, and 857 + 65V + 6% = 5,

e By simply selecting the ripple values in these

summations to be equal, the required ripples for
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The first and fourth subfilters are single-stage fil-
ters since their stopband edges are larger than
n/2, whereas the remaining three filters are two-

stage designs.

The parameters describing the overall filter are
shown in the table, whereas Fig. (a) in transprency

68 depicts the response of this filter.

The number of multipliers and the order of this
design are 78 and 4875, whereas the correspond-
ing numbers for the direct-form equivalent are

1271 and 2541.

The number of multipliers required by the pro-
posed design is thus only 6 % of that of the
direct-form filter.

Since the complexity of H5(zf5) is similar to those

of the earlier filter stages, R = 5 is a good selec-

tion in this example.
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Data for a Filter Designed Using the Jing-

Fam Approach

r=1 r =2 r=3 r=4 7T=20
wir) 0.47 0.1967 0.27 0.3527 0.27
ne 0.4027 0.27 0.2167 0.47 0.2967
5 Lx102 | Ix103 | ix102 | Lx10% | Lx107?
5{") 10~ 2x102 | 2x10% | Ix10? | Lx103
L. 2 4 3 2 =
K, - 3 2 - 3
N - 20 11 - 29
N 31 10 8 26 14
N, 31 70 30 26 30
L, 1 2 8 24 48
Jﬁl) - 1 1 — —1
72 1 ~1 ~1 1 1
M, — 2429 92352 2232 1920
I, - 1 1 1 1
S, 1 1 1 1 1
- . 70 120 312 1920
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Amplitude responses for filters synthesized

using the Jing-Fam approach

AMPLITUDE IN dB

AMPLITUDE IN dB
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-40 — 0.99t -
-60
-80 |
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Another Design

The overall filter order as well as the number of
multipliers can be decreased by selecting smaller
ripple values for the first stages, thereby allowing
larger ripples for the last stages.

Proper selections for the ripple requirements and
filter orders are shown in the table of the next

transparency.

The first four filters have been optimized such

that their passband variations are minimized.

The first criteria are met by a half-band filter of
order 34, having the passband and stopband edges
at 0.40137 and 0.5987m.

Since every second impulse response coefficient of
this filter is zero-valued except for the central
coefficient with an easily implementable value of

1/2, this filter requires only 9 multipliers.



Data for Another Filter Designed Using the

Jing-Fam Approach

- 70 -

6 [73x 107 7.1x 1075 | 3.5 x 1074 | 12.1 x 1075 | 89.2 x 107
sV 1 1073 927 x 1074 92,9 x 1077 | 89.2 x 10~* | 80.8 x 10~7
K, . 3 2 - 2
iU . 29 13 — 27
N2 34 10 8 24 6
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e For the last stage, K5 is reduced to 2 to decrease
the overall filter order. The order of the result-
ing overall filter [see Fig. (b) in transprency 68] is
3914, which is 54 percent higher than that of the
direct-form equivalent. The number of multipliers

is reduced to 70.



Comments

e The above Jing-Fam approach cannot be applied
directly for synthesizing filters whose edges are

very close to m/2.

e This problem can, however, be overcome by slightly
changing the sampling rate or, if this not possible,
by shifting the edges by a factor of % by using
decimation by this factor at the filter input and
interpolation by the same factor at the filter out-

put.

e One attractive feature of the Jing-Fam approach
is that it can be combined with multirate filtering
to reduce the filter complexity even further. This
design method will be considered in the course

System Level DSP Algorithms.

e When comparing the above designs with the fil-
ters synthesized using the multistage frequency-

response masking technique, it is observed that
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the above designs require slightly fewer multipliers

at the expense of an increased overall filter order.

Both of these general approaches are applicable
those specifications that are not very narrowband

or very wideband.

For most very narrowband and wideband cases,
filters synthesized in the simplified forms H(z) =
F(z")G(z) and H(z) = 2™ — F((—2)")G(=2), re-
spectively, give the best results.

There are matlab codes for designing filters
using the multiple frequency-response mask-
ing approach as well as for designing nar-
rowband filters using periodic filters. These

codes will be considered in exercises.



