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1 Introduction

During the last two decales, multirate filter banks have found various applicaions in many
different areas, such as speech coding, scrambling, adgtive sgna processing, image
compression, signal and image processing appli cations as well as transmisgon of several signals
through the same channel (Malvar, 1992, Vaidyanathan, 1993 Vetterli amd Kovaevi¢, 1995
Fliege, 1994 Misiti, Misiti, Oppenheim, and Poggi, 1996. The main ideaof using multirate
filter banksisthe ability of the system to separatein the frequency doman the signd under
consideration into two or more signals or to compose two or more different signals into asingle
signal.

When splitting the signal into two or more signals an analysis-synthesis systemis used. The
analysis-synthesis systems under consideration in this chapter are criticdly sampled muilti-
channel or M-channel uniform filter banks and octave filter banks as shown in Figures 1(a) and
1(b), respedively. In the analysis bank of the uniform bank, the signal is split with the aid of M
filters Hy(2) for k=0,1,..., M—1 into M bands of the same bandwidth and each sub-signal is
decimated by a facor of M. Inthe ca® of octavefilter banks, the overal signd is firstsplitinto
two bands of the same bandwidth and both sub-signals are decimated by a facor of two. After
that, the decimated lowpass filtered signal is split into two bands and so on. Doing thisthree
times givesriseto athreelevel octave filter bank corresponding to the structure shown in Figure
1(b). Inthis case, Ho(2) isahighpass filter with bandwidth egqual to half the baseband and the
decimation factor is 2, H1(2) and Hx(2) are bandpassfilters with bandwidths equal to one fourth
and one eighth of the baseband, respedively, and the correspording decimation fadors are 4 and
8, whereas Hs(2) is alowpass filter with the same bandwidth and decimation fador as Ha(2).

In many applicaions, the processing unit corresponds to storing the signal into the memory or
transferring it through thechamel. The main goal isto sgnificantly reduce with the aid of
proper coding schemes, the number of bits representing the original signal for storing or
transferring purposes. When splitting the signd into various frequency bands with the aid of the
analysis filter bank, the signal charaderistics are different in each band and various numbers of
bits can be used for coding and decoding the sub-signals. In some applicéions, the processing
unit is used for treating the sub-signal in order to obtain the desired operation for the output
signal of the overall system. A typica example isthe use of the overall system for making
adaptive signal processing more efficient. Another example is the de-noising of asgna
performed with the aid of a special octave filter bank, called a discrete-time wavelet bank
(Vetterli and Kovazevi¢, 1995 Misiti et al., 1996.
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Figure 1. Analysis-synthesis filter bank. (a) M-channel uniform filter bank. (b) Threelevel
octave filter bank. Notethat in the cas of interpolation by a given factor, the corresponding filter
should approximate this fador in the passband in order to preserve the signal energy.

.

The role of the filters in the synthesis part isto approximately recnstruct the original signal.
Thisisperformed in two steps. First, for the uniform filter bank, the M sub-signals at the output
of the processing unit are interpolated by afador of M and filtered by M synthesis filters Fi(2)
for k=0,1,..., M-1, whereas for the octave filter bank, the interpolation factors for the sub-
signals are the same asfor theandysis part. Second, theoutputs of these filtersare added. Inthe
transferring and storing applications, the ultimate goal isto design the overall system such that,
despite of a significantly reduced number of bits used in the processing unit, the reconstructed
signal iseither adelayed version of the original signal or suffers from anegligible lost of
information carried by the sub-signals.

There are two types of coding techniques, namely,lossy and losslesscodings. For the losdess
coding, it isdesired to desgn the overall system such that the output Sgnd is s mply adelayed
version of the input signal or suffers from some phase distortion being tolerable in some
applications. For the lossy coding, it is beneficial to design theandysis-synthesis filter bank such
that some distortions, including amplitude distortion and aliasing errors, being lessthan those
caused by coding distortions are allowed. This increases the overall filter bank performance or,
aternatively, the same performance can be achieved by shorter filter orders a a shorter dday
caused for the input signal by the overall filter bank. These fads are very crucial for speech,
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audio, and communicaion applications. The coding techniquesare not consderedatadl in this
chapter and we concentrate on the cae where the processingunit does not caug any errors to the
sub-signals.

In the cas of audio or speed signals, the goal isto design the overdl system together with
coding such that our eas are not able to noticethe errors caused by redudngthe number of bits
used for gtoring or transferring purposes. In the case of images our eyes serve as “referees’, that
is, the purpose is to reduce the number of bitsto represent the image to the limit that is still
satisfadtory to our eyes.

Depending on how many channels are used for the signal separation, there are two groups of
uniform filter banks, namely, multi-channel or M-channel filter banks (M >2) and two-channel
filter banks (M =2). Inthe first group, the signal is separated into M different channels and in the
seocond group into two channels. Using atree-structure, two-channd filter banks can be used for
building M-channel filter banks in the cae where M is a power of two. A more effective way of
building M-channel filter banks isto first design a prototype filter in a proper manner. The filters
in the analysis and synthesis banks are then generated with the aid of this prototype filter by
using a cosine-modulation or amodified discrete Fourier transform (MDFT) technique (Malvar,
1992h Vaidyanathan, 1993 Fliege, 1993 Heller, Karp, and Nguyen 199; Karp, Mertins, and
Schuller 2007).

Two-channel filter banks are very useful in generating octave filter banks. In this case, the
overall signal isfirst split with the aid of atwo-channel filter bank into two bands. After that, the
decimated lowpassfiltered signal is lit into two bands using the same two-channel filter bank
and so on. There aietwo basctypesof octave filter banks, namely, frequency-seledive filter
banks mostly used for audio and telecommunications appli cations and discrete-time wavelet
banks used in applications where the signal waveform is desired to be preserved, like in the ca®
of images. For discrete-time wavelet banks, the frequency selectivity of the filters in the octave
analysis-synthesis filter banks is not so important due o their different applications. Thereea
other propertiesthat are more important, aswill be discussed in Subsedion 4.2 and in more
detail s in Chapter 3. In these cass, the mein goal isto preserve the waveform of the input signal
after treating it in an appropriate manner in the processing unt.

When two or more different signals are composed into a single signd, then auniform
synthesis-analysis system is used, as shown in Figure 2. Thissystem isalso called a
transmultiplexer. In this system, all the M signals are interpolated by a fadtor of M and filtered by
M synthesis filters Fy(z) for k=0,1,..., M-1. Then, the outputs are added to give asingle signd
with sampling rate being M times that of the input signals. The next step is to transfer the ksigna
through achanndl. Finaly, in the analysis bank the origina signals are ecoonstructed with the aid
of M analysis filters Hi(2) for k=0,1,..., M—1. These signals have the original sampling rates due
to the decimation by a fador of M. If the output signal in the analysis-synthesis system is just a
delayed version of the input signal, then for the corresponding transmultiplexer the output signals
inthe case of theideal channel are delayed versions of the inputs. Therefore, the desgn of a
transmultiplexer can be converted to the design of an analysis-synthesis filter bank. Based on this
fad, this chapter does not consider the design of transmultiplexers. An interested reader is
referred to the textbook written by Fliege (1993.
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Figure 2. Synthesis-analysis filter bank: Transmultiplexer.

The outline of this chapter isas follows. Sedion 2 reviews various types of existing finite
impulse response (FIR) and infinite impulse response (I R) two-channel filter banks. The basic
operations of these filter banks are considered and the requirements are stated for alias-free,
perfed-reconstruction (PR), and nealy perfed-remnstruction (NPR) filter banks. Also some
efficient synthesistechniques are referred to. Furthermore, examples are included to compare
various two-channel filter banks with each other. Section 3 concentrates on the design of multi-
channel (M-channel) uniform filter banks. The main emphasisis laid on designing these banks
using tree-structured filter banks with the aid of two-channel filter banks and on generating the
overall bank with the aid of a single prototype filter and a proper cosine-modulation or MDFT
technique. In Sedion 4, it is shown how octave filter banks can be generated using asingle two-
channel filter bank asthe basic building block. Also, the relations between thefrequercy-
seledive octave filter banks and discrete-time wavelet banks are briefly discussed. Finally,
concluding remarks are given in Sedion 5.

2 Two-Channel Filter Banks

This sedtion considers the synthesis of two-channel filter banks based on the use of FIR and
IIR filters. First, basic operation principles are discussed and the necessary regquirements for
dlias-freg perfed-reconstruction (PR), and nealy PR (NPR) filter banks are stated. Second, an
overview of the most important filter bank types and references to some existing synthesis
schemes are given.

2.1 Basic Operation of a Two-Channel Filter Bank

The block diagram of atwo-channel filter bank isshown in Figure 3. This system consists of

an analysis and a synthesis bank aswell as a processing unit between these two banks.

Wo[n] uo[n] yo[n]

Processng unit

win] u[n] yaln]

Analysis bank Synthesis bank

Figure 3. Two-channel filter bank.
2.1.1 Operation of the analysisbank

Therole of the analysis bank isto split theinput signd x[n] into lowpassand highpassfiltered
channel signals, denoted by Xo[n] and xi[Nn] in Figure 3, using a lowpass-highpassfilter pair with
transfer functions Ho(2) and Hi(2). Hence, the z-transforms of these signals are expressble as

X (z)=H,(2)X(z) for k=0,1. @)
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After filtering, the signals in both channels are down-sampled by afactor of two by picking up
every seaond sample, resulting in two subband signal components, denoted by vo[n] and v4[n] in
Figure 3. If the input sampling ratesiFs, then the sampling rates of vo[n] and vi[n] are FJ/2. The
z-transforms of these components are given by

Vk(z):%[Hk(zllz)X( ’2)+Hk(—zl’2)x(—z1’2)] for k=01 )

Typically, Ho(2) and H1(2) have the same transition band region with the band edges being
located around f = Fd4 at f = (1-p1)FJ/4 and f = (1+p2)F4/4 with p; > 0 and p, > 0, as shown in
Figure 4(b). In order to give a pictorial viewpoint of what ishappening in the frequency domain,
Figure 4(a) shows the Fourier transforms of an input signal x[n], whereas Figure 5 shows those
of signals Xo[n], xa[n], Vo[Nn], and v4[n]. These transforms are obtained from the corresponding z-
transform by simply using the substitution z= &2, |t is seen that after dedmation Vi(z) for
k=0, 1 contain two overlapping components Xi(z/%) and X(-z"2). This overlapping can,
however, be eliminated in the overall system of Figure 3 by properly desgning the transfer
functions Ho(2), Hi(2), Fo(2), and F1(2), aswill be seen later on.

X A[Ho(e”"™)| [Hy(e™)|
|X(e‘2"ﬁFs)|
(@ (b)
y t ; ;
FJ2 Fe FJ4 FJ2 3F/4 [
(-P)FJa  (1+P)FJ4
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©

F/4 FJ2 3FJ4 v
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Figure 4. () Magnitude of the Fourier transform of an input signal x[n]. (b) Amplitude responses
for Ho(2) and H1(2). (c) Amplitude responses for Fo(2) and F1(2).

2.1.2 Operation of the processing unit

In the processing unit, the signals vg[n] and vi[n] are mmpressed and coded suitably for either
transmisgon or storage purposes. Before using the synthesis part, signalsin both channels are
deaded. The resulting signals denoted by wo[n] and wa[n] in Figure 3 may differ from the
original signals vo[n] and v4[n] due © possible distortions caused by codind quantizaion
errorsaswell aschannel impairments. In the sequel, it is supposed, for smplicity, that there ae
no coding, quantization, or channel degradations, that is, wo[n] =Vo[n] and wi[n] =v4[nN].
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Figure 5. Magnitudes of the Fourier transforms of the signals in the two-channel filter bank of
Figure 3. (a), (f) Transforms of Xg[n] and x1[Nn]. (b), (g) Transforms of vo[n] and vi[n]. (c), (h)
Transforms of ug[n] and ua[n]. (d), (i) Transforms of unaliased components of yo[n] and yi[n].
(e), (j) Transforms of aliased components of yo[n] and yi[n].

2.1.3 Operation of the synthesisbank

The role of the synthesis bank isto approximately recnstruct in threesteps the delayed
version of the original signal from the signal components wo[n] and wi[n]. In the first step, these
signals are up-sampled by a fador of two by inserting zero-vaued samples between the existing
samples yielding two components, denoted by ug[n] and us[n] in Figure 3. Inthe wo[n] = vg[N]
and wi[n] = v1[n] case, the z-transforms of these signals are expressible as

Uk(z):vk(zz):%[xk(zﬁ X (-2)] for k=01 ©)

Simultaneously, the sampling rate is increased from F¢/2 to Fs and the baseband from [0, FJ/4] to
[0, F4/2]. Therefore, ug[n] and uy[n] contain in their basebands, in addition to the frequency
components of vo[n] and v41[n] in their baseband [0, F¢/4], the componentsin [FJ4, F42], as
illustrated in Figure 5. In Equation (3), X«(2) isthe z-transform of the desired unaliased signal
component, whereas X«(—2) isthe z-transform of the unwanted aliased signal component that
should be eliminated.
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The seand step involves processing ue[n] and ui[n] by alowpass—highpassfilter pair with
transfer functions Fo(2) and F1(2), whereas the third step isto add the filtered signals, denoted by
yo[n] and yi[n] in Figure 3, to yield the overall output y[n]. The ztransform of y[n] isgiven by

V(2)=%(2)+ 1. (2) @
Y@= R @)= R @X @ F@x (2] for k=01

The role of the synthesis filters with transfer functions Fo(2) and F1(2) istwofold. Firg, it is
desired that Y(2) does not contain the terms Xo(—2) and Xi(—z). Thisis achieved by requiring that
Fo(2Xo(-2) = -F1(2X1(-2). Seoond, if it isdesired that y[n] is approximately a delayed version of
X[n], that is, y[n] = x[n = K], then Fo(2)Xo(2) + F1(2)X1(2) = z ~X(2) should be satisfied.

In order to satisfy these requirements, Fo(2) and F1(2) should gererate a lowpass-highpass
filter pair in amanner similar to Ho(z) and H1(2). There exist two main differences. First, due ©
the ali as-free conditions to be considered in the next subsedion, the lower ard upperedges of
thisfilter pair are locaed at f = (1-p.)FJ/4 and f = (1+p1)F44, as shown in Figure 4(c). Second,
because of interpolation, the amplitude responses shoud goproximatetwo in the passbands. The
last subfigures on the left and right sides of Figure 5 show how the above conditions can be
satisfied in the frequency domain. The exad simultaneous conditions for Ho(2), Hi(2), Fo(2), and
F1(2) to satisfy the above-mentioned two conditions will be given in the following subsedions.

2.2 Alias-FreeFilter Banks
Combining Equations (1), (4), and (5) the relation between the input and the output signals of
Figure 3 isexpressible as

Y(2)=T(2)x(2)+ Al)X (- 2). ©)
where

T@)= _[Ho(@Fo(d) + H,DF(2] %
isthe overall distortion transfer function and

AZ) =2 [Ho(-2Fo (@) + Hy(-2F, (2] ®

isthe aliasing transfer function. In order to generate an alias-freefilter bank, thisterm hasto be
canceled, that is, A(2) =0. The most straightforward way of achievingthisisto select Fo(2) and
F1(2) asfollows:

Fo(z)=2H,(-2) 9
F.(2)=-2H,(-2). (10
In the sequel, these conditions are usedexcept for Subsedion 2.5.2 where thefilter bank is
constructed with the aid of causal and anti-causal |I R filters. After fixing Fo(2) and F1(2) in the
above manner, the input-output relation of Equatio§) takes the following simplified form:
Y(2)=T(2)X(2). 11)
where

T(2)= Ho(DH1(-2) - Ho(-2)H,(2). (12)
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There are two important reasons for concentrating on the synthesis of two-channd filter banks
in such a manner that they are alias-free First, relating Fo(2) and F1(2) to Ho(2) and H1(2)
acording to Equations (9) and (10) makes both the design and implementation of the overall
system nore efficient compared to the realy aias-freecase. Secnd, it hasbeen dbserved that
when synthesizing the bank without the exad alias-freecondition leadsto a system that is
pradically alias-free This fad can be seen, for instance, from the results given by Nayebi,
Barnwell IIl, and Smith in (1992.

2.3 Perfect-Reconstruction (PR) and Nearly Perfect-Reconstruction (NPR) Filter Banks

The following subsedion states the neaessary and sufficient conditions for an FIR two-
channel filter bank to satisfy the PR conditions and de<cribes their connections to the inea-
phase half-band FIR filters. Furthermore, these conditions are extended to their 11 R counterparts.
2.3.1 Theorem for the PR Property

The PR property, that is, y[n] =x[n—K], isthe ability of a system to producean output signal
that is a delayed replicaof the input signal. The necessary conditions for the PR property are
given for atwo-channel FIR filter bank by thefollowing theorem:

Theorem for the PR property: Consider the ali as-freetwo-channd filter bank shown in Figure
3 with wo[Nn] = vo[n] and wa[n] = vi[n] and let Ho(2) and H1(2) be the transfer functions of FIR

filtersgiven by H,(2) = Z:‘joho[n]z’” and H,(2) = z:‘z’ohl[n]z’” . Then, y[n] = x[n—K] with K

being an odd integer, that is, T(2) =z, is met provided that the impulse-response coefficients of
No+Ny

E(z)=Ho(9H:(-2)= 5 en]z™ (13
n=0

satisfy

/2 for n=K
e[”] = EP (14)

for nisoddandn # K.
In order to prove this theorem, Equation (12) isrewritten as

Ng+Ny No+N;
T(2)= Z tln]z" =E(2) +[- E(-2)]= Z (e[n]+¢n])z™, 15
where n_:[ ] =
[.1_-€n] for neven
e[n]— Eﬁ[n] for n odd. (19

The impulse-response coefficients of thisT(2) satisfy

drl=drl+drl=F > =) @
for nzK,

yielding

T(2)=E(@®-E(-2)=z%. 18)

Thisimpliesthat the output signal isthe replica of the input signal delayed by K samples, asis

desired.
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It iswell known that the PR property can be satisfied only when K isan odd integer and
No+N; istwo times an odd integer (see, eg., (Vadyanathan, 1993). There are two basic
aternatives to achieve the PR property, namely, K=(Ng+N;)/2 and K <(Ng+N;)/2, asillustrated
in Figures 6(a) and 6(b), respedively. Inthe first case, E(2) is an FIR filter transfer function with
asymmetric impulse response and the impulse-response value occurring at the odd central point
n=K being equal to 1/2, whereas the other values occurring at odd values of n are zero. Herce,
E(2) isthe transfer function of a linea-phase FIR half-band filter (see, eg., (Saraméki, 1993). In
the second case, the impulse-response values at odd values of n are also zero except for one odd
value n=K, where the impulse response takes on the value of 1/2. The K =(No+N,)/2 case is
attractive when the overall delay of K samples istolerable, whereasthe K <(Nog+N,)/2 case is
used for reducing the delay caused by the filter bank to the overdl signal.

Impulse response for E(z): K=11 Impulse response for E(z): K=7
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Figure 6. Impulse responses for E(2), E(-2), and T(2) for PR filter banks witt No+N;=22. (a)
K=11= (N0+N1)/2. (b) K=7< (N0+N1)/2.

In the PR case, there is no amplitude or phase distortion. This is due to the fact that t[n] is
nonzero only at n=K adieving the value of unity. In the NPR case, the impulse response values
t[n] differ slightly from zero for n#K and slightly from 1 for n=K so that there exists some
amplitude and/or phase distortions. These distortions are tolerable in many pradica applicaions
(lossy channel coding and quantization) provided that they are smaller than the errorsintroduced
in the processing unit. Moreover, by slightly releasing the PR condition, filter banks with better
seledivities can be synthesized, as will be seen later on.

The above criteria for the FR and NPR property area so vaid for IIR filter banks to be
considered in Subsedion 2.5 (except for the banks to be described in Subsection 2.5.1). The
main differenceisthat the impulse responses of 11 R analysis filters are of infinite length.
Therefore, the impulse response [n] of E(2) and the response t[n] of T(2) are dso of infinite
length. For a PR system e[n] and t[n] must satisfy the conditions of Equations (14) and (17) for
0<n<ow , whereas in the NPR case these conditions shoud be approximately satisfied.

2.3.2 PR Filter Bank Design and the Theorem for the PR Reconstr uction
Consider
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( ) N0+Né[ ] Ng+N; |

E(z)= nz"=S (1— zkz') (19
with the impulse-response coefficients satisfying theconditions of Equations (14). The
fadorizaion of E(2) as E(2) =Ho(2) Hi(-2) can be performed as follows. First, the zeros z of E(2)
for k=1,2,..., No+N; are divided into two groups ax for k=1,2,..., Np and S for k=1,2,..., Ny in
such amanner that the zerosin both groupsareeither real or ocour in complex-conjugaepairs.
Semnd, the constant Sof E(2) is factorized as S= S[$;. Then, acording to the theorem of the
previous subsedion, the transfer functions given by

Ho(2)= 3 holnlz" =8, b-av2) (20)
n=0 k=1

Au(2)= Hy(-2)= z Alnlz s1|-| b-p.z?) -

can be used for generating a PR two-channel filter bank. In the above, Ho(2) is directly the
transfer function of the lowpassanalysis filter. The corresponding highpass filter transfer
function Hy(2) is obtained from H, (z) by seledting theimpulse-response wefficientsto be
h[n] = (~1)"h,[n] for n=0,1,..., Ny. The amplitude responses of these two filters are related
through ‘Hl(e"‘”)‘ = ‘HAl(e"("‘“’))‘ sothat H,(z) and Hi(2) form a lowpass-highpassfilter pair
with the amplitude responses obtained from each other using a lowpassto-highpass
transformation w — 7F-c.

According to the above discusson, the synthesis of a PR two-channd filter bank can be stated
as follows: Given an odd integer K and integers No and N; such that their sum istwo timesan
odd integer, find E(z) of order N+ N; such that itsimpulse-response coefficients satisfy the
conditions of Equation (14) and Ho(2) and H1(2) gererated using the alove fadorization scheme
form a lowpass—highpass filter pair with the desired properties.

In general, this problem statement cannot be exploited in a strai ghtforward manner for
designing two-channel FIR filter banks. However, there are two exceptional cass. In thefirst
case, K=(Ng+N3)/2 and this problem statement iswidely used for designing start-up two-channel
filter banks for generating discrete-time wavelet banks (Vetterli and Herley, 1992 Vetterli and
Kovaevi¢ 1995 Misiti et al., 1996. In this case, half-band linear-phase FIR filter transfer
functions E(2) with the maximum numbers of zerosat z=-1 are of grea importance Asa
curiosity, these filters are special cases of the maximally flat FIR filters introduced by Herrmann
(2971).

In the second exceptional case, the impulse-response coefficients of Ho(2) and H 1(z) are
time-reversed version of each other, that is, h,[n]=h,[N, - n] for n=0,1,..., No (seeFigure 7).
Furthermore No=N; =K. These conditions imply the following (seg e.g., (Herrmann and
Schusder, 1970 Saraméki, 1993). If Ho(2) hasareal zero or a complex-conjugate zero pair
inside (outside) the unit circle, then Hl(z) has areciprocal real zero or acomplex-conjugate zero
pair outside (inside) the unit circle. Most importantly, if Ho(2) has zeros on the unit circle, then
H,(z) has the same zeros on the unit circle meaning that E(2) = H,(2)H, (z) isalinea-phase
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half-band FIR filter with the restriction that the zeros occurring on the unit circle ae double
Ele”)|=[H,*)[ = I:ll(ej“’)‘z.

~

zeros (seeFigure 7). Furthermore,

Figure 7. Fadorizaion of a half-band E(2) having double zeros on theunit circleinto Ho(2) and
H, (z) having time-reversed impulse responses.

This aternative for constructing PR FIR two-channel filter banks, called later onin this
chapter as orthogonal banks, was independently observed by Mintzer (Mintzer, 1985 and Smith
and Barnwell (Smith, 1986. In their design schemes, E(2) of order 2N, having double zeroson
the unit circle is designed to exhibit an equiripple amplitude response in the stopband [, T
with ws>772. The actud synthesis is performed by first desgning, by means of the Remez
algorithm (McClellan, Parks, and Rabiner 1973, a conventional half-band filter of the same
order to have a minimax behavior in the same stopband. Then, the coefficients of thisfilter ae
modified to give arise tothe desired haf-band filter. After knowing E(2), all what isneeded isto
share the zeros between Hy(z) and H 1(z) as described above (see Figure 7) aswell asto fadorize
Sas S= S, so that the resulting impulse responses are time-reversed versons of each other.
Thistechnique results in analysis transfer functions Ho(2) and H1(2) such that the maximum
amplitude value of Ho(2) [H1(2)] in the stopband [, T ([0, TE=w]) is \/675 with & being the

stopband ripple of E(2).
24 FIR Filter Banksand Their Desian

This subsection reviews the synthesis of various two-channd filter banks where both Hy(2)
and Hi(2) aretransfer functions of FIR filters as given by

Ho(z)= iho[n] z" (22
H,(2)= HNZhl[n]Z'” - 23

Moreover, in order to obtain an alias-freesystem, Fo(2) and F1(2) are also FIR filters satisfying
Equations (9) and (10).
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24.1 FIR Filter Bank Classification

Alias-freetwo-channel FIR filter banks can ke classified into several filter bank types
acording to Table . The type depends first on the relation between the analysis transfer
functions Ho(2) and Ha(2), second on whether these transfer functions are linear-phase FIR filters
or not, and third on whether the PR or NPR property is desired to be achieved. In addition to
these properties, Table | shows for ead type the number of unknownsto be optimized, whether
the order(s) must be odd or even, and the relation of the overall filter bank delay to thefilter
orders. Filter bankswith the filter bank elay lessthan No (for QMF banks) and (No+N;)/2 (for
biorthogonal banks) are later on referred to as low-delay two-channel filter banks.

Table | Classfication of two-channel FIR filter banks

Filter bank Filter relation | Phase Filter Number of | Filter bank PR
type order unkmowns delay
';)';;'Ze (N+1)/2 No
QWF HiD =Ho(-2) o= odd NPR
No+1 <Np
-phase
Hiy(9) = nonlinea PR
Orthoganal Z7 (2 ) —phase odd No+1 No NPR
linear- | oddodd | (Ng+N;)/2+1
. (No+Np)/2
Biorthogmal | Ho(2), Hy() |2 even-even | (NotNy/2+2 PR
nonlinea | odd-odd NPR
phase | even-even No#tNi+2 [ <(Ng+Ny)/2

In the following subsedions the definition of each filter bank type is given in more detail s
along with their properties and a short review of the existing synthesis shemes. Examples
comparing the various filter types with each other will be given in Subsedion 2.4.7. We start by
stating ageneral optimization problem including al FIR filter banks of Tablel.

24.2 General FIR Filter Bank Design Problem

It has turned out to be beneficial to state a generd optimization problem including al the filter
types of Table | asfollows (Bregovi¢ and Saraméki, 1999 200): Given the type of two-
channel filter bank, thefilter orders No and N, the passband and stopband band frequencies

W <2 and w!” > 2 for Ho(z) aswell as w® > 2 and wf® < m2 for Hy(2), the

reanstruction error d,, and the passband ripple &, aswell asthe filter bank delay K, findthe
adjustable coefficients of Ho(2) and Hi(2), as given by Equations (22) and (23), to minimize

©]
s:maEiHo(ej“’)zdw, wJ’ Hl(ej“’)zda)H (24)
(¥ 0

]
|
subject to
max HHO(ej“)‘—l‘sép and max HHl(ej“ ‘—1‘s6p, 25
wD(O, w(po) ) wD(wg) s 71)
max ‘Ho(ej“’)‘—lsép and max ‘Hl(ei”)‘—lsép, (26)

wD(wE,O) Lw® ) wD(wgl) i )
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and
max ‘T(e“")—e"K‘*’ ‘ <4, @7
w0, 7]
where
T(E19)= Ho(€9)Hy(e1€) — Ho (€@ ™) H, (e%). (89

The main objedive isto minimizethe maximum of the stopband energies of Ho(2) and H(2)
subject to some constraints, asillustrated in Figure 8. First, the amplitude responses of both Hy(2)
and H1(2) have to stay in the passband within the given limits 1+4,. Second, the maximum
allowable value for these amplitude responses in the transition bands is 1+4,. Third, the
maximum of the absolute vaue of the deviation between the overal frequency response and the
constant delay of K sampleshasto be in the overall frequency range less than or equal.tFor
the PR filter banks, thisdeviation is zero. Aswill be seen later, some of the constraints are
automatically satisfied by some of the above-mentioned types of two-channd filter banks.

The above optimization problem has been stated in terms of theangular frequency wthat is
related to the “real” frequency f and the sasmpling rate Fs trough w = 27#/Fs. The problem
formulation is very general. For instance, the band edges for Ho(2) and H1(2) can be seleded
arbitrarily unlike in the case of Figure 4(b), where the edges for Ho(2) and H1(2) arethe same.
The special feature of the problem statement isthat the maximum of tke stopband energies of the
two filtersis minimized, allowing us to treat both filtersin a similar manner. In most other
existing statements the sum of these erergies is minimized. Theabove problem has been stated
in such a manner that the optimum solution can be found using a two step-procedure proposed in
Bregovi¢ and Saraméki (1999 200). Inthefirst step, agood starting-point filter bank for
further optimization is generated using a smple design scheme for the sdecied filter bank type.
The second step involves optimizing the filter bank with the aid of an efficient constrained
nonlinea optimization algorithm (Dutta, 1977, Saraméki, 1998.

us 4 Ho(e)] ()]

1

1-5

0 /\/

. w® wgn’\ W @
n2

Figure 8. Spedficaions for Ho(2) and H1(2).

2.4.3 NPR QuadratureMirror Filter (QMF) Banks

Quadrature mirror filter (QMF) banks were thefirst typeof filter banks used in signal
processing applications for separating signals into subbands and for reconstructing them from
individual subbands (Esteban and Galand, 1977). For a QMF bank, H1(2) =Ho(-2) so that Ho(2),
as given by Equation (22), isthe only transfer function to be optimized. In thiscase, T(2), as
given by Equetion (12), beacomes
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2N
T(Z) = Zt[n]z_” =[Ho(z)]2 —[HO(—z)]Z_ (29
n=0

Thistransfer function is desired to approximate the delay z ™ with K being an oddinteger
satisfying K < No. It iswell-known that in this case the PR property cannot be satisfied except for
the trivial case with Ho(2) = (1+2)/2 that does not provide good attenuation characteristics
(Vaidyanathan, 1993.

Using the decomposition Ho(2) = Go(Z) + Z Gy(Z), the overall bank can be effectively
implemented as shown in Figure 9 (Malvar, 19923). According to Table I, there are two types of
QMF banksto be considered next.

Processing
unit

yin]
<€— Andysishak ———>» <«<— Synthessbankk ———»

Figure 9. Efficient implementation for a QMF two-channel bank.

2.4.3.1 QM F bankswith linear-phase subfilters.
For these banks, the impulse-response coefficients of Ho(2) possessn even symmetry, thatis,
ho[No —n] = hg[n] for n=0,1,..., (No—1)/2 and K=No. Hence, for the overall filter bank, there
are only (Ng+1)/2 unknowns. Based on the linea-phase property of Ho(2), the transfer function
between the output and input of the overall system has also an impulse response of an even
symmetry, that is, t{2No —n] =t[n] for n=0,1,..., No—1in Equation (29). Hence, it suffersonly
from the amplitude distortion.

The first systematic approach for synthesizing QM F banks was proposed by Johnston
(Johnston, 1980. In his synthesis technique, the weighted sum of the filter stopband energy and

the integral & [‘T(ei‘")‘ —1]2 over the band [0, 772] is minimized. The resulting recnstruction

error is not equiripple. An iterative technique resulting in an equiripple reconstruction error has
been proposed by Chen and Lee(1992). Further gereralizations of this method described by

Lim, Yang, and Koh (1993, and Goh, Lim, and Ng (199%) enable usto obtain also equiripple
behaviors in the filter stopbands. It has turned out that in many applicaionsit is beneficial to
design filter banks in such away that the reconstruction error exhibits an equiripple (minimax)
behavior, whereas the stopband energies of the filters are minimized (Bregovi¢ and Saraméki
1999 200@). This problem can ke solved conveniently using the general problem statement
described in Subsedion 2.4.2 aswell asthe two-step optimization scheme mentioned in the same
subsedion. In this case, the problem takes a simplified form sincethe stopband energies of both
filters are the same and there is no need to control ¢éhpassband and transition band behaviors.
All what is needed isto find agood start-up solution. For this purpose, efficient iterative methods
described by Xu, Lu, and Antoniou (1998) and Lu, Xu, and Antoniou (1998 can be used. It
should be emphasized that the proper use of constrained optimization algorithms guaranteesthe
convergence at least to agood loca optimum solution. Howevwer, if such anagorithm together
with agood initial solution isnot avail able, then iterative methods are of a pradical value. This
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is because they give in many cases with asmall computation workload a satisfactory sub-optimal
solution.

2.4.3.2 L ow-delay QM F bankswith nonlinear-phase subfilters.

In this case, Ho(2) is anonlinear-phase filter. Hence, all the impulse-response values hg[n] for
n=0, 1, -, No are unknowns. The filter bank delay K isno more equd to the filter order No. This
enables usto increese the filter ordersto improve the filter banks performancewithout increasing
the overdl filter bank delay.

The remnstruction error isnow given by

o) = et -

that is desired to be made small in the overall baseband [0, 7. Due b the nonlinear-phas
charaderistics, the performance of Ho(2) in the passband must also be controll ed unlike for the
linea-phase case, where a goad stopband charaderistics together with asmall overall amplitude
distortion automatically guarantees that the passband amplitude response of Ho(2) approximates
unity with asmall tolerance

Similar to the linea-phase QMF banks, iterative methods described by Xu et d. (1998 and
Luet d. (1998 exist for designing low-delay QMF banks. These filter banks can be used as
start-up solutions for the general optimization problem stated in Subsection 2.4.2. For this
problem, the stopband energy of only one filter hasto be minimized, but al the remaining
constraints must be included.
244 PR Orthogonal Filter Banks

These filter banks were considered in Subsedion 2.3.2. According to this discusgon, the
relation between the analysis filters is definedas
H,(2) = -z Vo H, (- 272), (31)
where Ho(2) isgiven by Equation (22) and No, thefilter order, isan odd integer. This makesthe
impulse response coefficients of Ho(2) and H1(—2) time-reversed versions of each other, thatis,
hy[n] = (=1)™ho[No—n] for n=0,1,...,No. Furthermore, the PR property impliesthat in this case the
following conditions are satisfied:

1. E(2 = Ho(29Hi(-2) isalinea-phase half-band FIR filter of order 2No.

2. Thezerosof E(2) occurring on the unit circle are double zeros.

Aswas pointed out in Subsedion 2.3.2, this enables us to fadorize E(2) into two transfer
functions Ho(2) and Hy(—2) of order Np in such a manner that their impulse response are time-
reversed versions of each other and the amplitude response of the corresponding Ha(2) isrelated

to that of Ho(2) trough ‘Hl(e"“’)‘ = ‘Ho(e“"""))‘ . In Subsedtion 2.3.2, a synthesis scheme was

briefly described for designing Ho(2) and Ha(2) to exhibit minimax amplitude behaviors in the
stopbands. For designing corresponding filters with least-mean-square error behaviorsin the
stopbands, the most efficient way isto useiterative algorithms described by Blu (1998 and
Bregovi¢ and Saraméki (200@r). These algorithms are fast and the convergence to the optimum
solution is independent of the initial solution.

Besides of the dired form implementation of Figure 3, orthogonal filter banks can be also
realized using a latticeform as shown in Figure 10. This structureis a slightly modified verson
of those proposed by Vaidyanathan and Hoang (1988. For a given odd order No, there are
(No+1)/2 unknown lattice coefficients ax as well asthe scaling constants Sand 2. Therole of
the scaling constants is to make the amplitude responses of the analysis and synthesis filters to

(30
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approximate one and two in their passand regions, respedively. The advantage of using a lattice
structureisthat the PR property is satisfied for any combination of the lattice coefficientsthat is
very attractive in the case of coefficient quantization. For the conversion between the lattice
coefficients and the original coefficients, see Vaidyanathan and Hoang (1988 and Goh and Lim
(199%).

—aNg)2

< Synthesis bank >

Figure 10. Lattice structure for orthogonal filter banks.

245 PR Biorthogonal Filter Banks

For biorthogonal filter banks, Ho(z) and Hi(2) are different transfer functions being related to
each other through the PR property. According to the linea-phase property of thefilters, they are
divided into two types (seeTable |), namely, filter banks with linea-phase subfilters and filter
banks with nonlinear-phase subfilters. These two typeswill be considered next.

2.4.5.1 PR biorthogonal filter bankswith linear-phase subfilters.

For PR biorthogonal filter banks with linea-phase subfilters, Ho(2) and H1(2) satisfy the
following conditions:

1. Theimpulse responses of Ho(2) and Hi(—2) possessan even symmetry, meaning that the

coefficients of Ho(2) and Hy(2) satisfy ho[No —n] = ho[n] for n=0,1,..., Ng and
hi[Ny —n] = (-1)M-hy[n] for n=0,1,..., Ny, respedively (for N; even (odd), the impulse
response of Hi(2) possesses an even (odd) symmetry).

2. Thesum of thefilter orders Ny and N; istwo times an odd integer, that is, Ng + N3 = 2K

with K being an odd integer.

3. E(2 =Ho(2)Hi(-2) isahalf-band linea-phase FIR filter of order No + N;.

There exist only thefollowing two case to mee these conditions

Case A: Np and N; are odd integers and their sum istwo times an odd integer K.

CaseB: Ny and N; are even integers and their sum is two times an oddinteger K.
In both cases, thefilter bank delay isK = (No + Nj)/2.

Thefirst effedive iterative algorithm for designing biorthogonal filter banks has been
proposed by Horng and Willson (1992. An iterative algorithm giving rise to analysis filters
exhibiting equiripple amplitude performances in their stopbands has been proposed by Y ang,
Lee and Chieu (1999. The results of the above-mentioned agorithms can beusedas start-up
solutions for the general optimization problem stated in Subsedion 2.4.2. In this cese, all the
constraints are needed. It has turned out that, instead of using & = 0 in Equation (27), &, = 107
gives avery accurate solution.
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For implementing biorthogonal filter banks, like in the cas of the orthogaa banks, there
exists also alattice structure as shown in Figure 11 (Nguyen and Vaidyanathan, 1989 that can
be used in some cases (Vaidyanathan, 1993. The coefficient values for the lattice structure can
be found by dired optimization (Vaidyanathan, 1993 or by transforming the optimized dired-
form coefficients to those used in the lattice structure (Nguyen, 1992, 1995.

A very useful aternative for designing and implementing biorthogonal two-channel filter
banks isto use the lifting scheme that wasintroduced by Sweldens (1996 and Daubechies and
Sweldens (1998 for designing biorthogonal two-channel banks for generating discrete-time
wavelet banks. As shown by Daubechies and Sweldens (1998, any PR biorthogonal and
orthogonal two-channel filter bank can be implemented using this technique. Themain
advantage of the resulting structureisthat the PR property is still remaning &fter the
quantization of the lifting coefficients into very simple representation forms (without any extra
scaling). When applying the lifting scheme for designing biorthogonal two-channel filter banks,
aPR filter bank with short analysis and synthesis filters is used as a starting point. After that, PR
filter banks with higher filter orders are successively generated applying the so-called lifting and
dual lifting steps. For more detail s, see Sweldens (1996 and Daubechies and Sweldens (1999.
The lifting scheme has been also used for designing cosine-modulated low-delay biorthogonal
filter banks by Karp and Mertins (1997).

< Synthesis bank >
Figure 11. Lattice structure for biorthogonal filter banks.

2.4.5.2 L ow-delay PR biorthogonal filter bankswith nonlinear -phase subfilters.

For low-delay PR biorthogonal filter banks with nonlinea-phase subfilters, Ho(z) and Hi(2)
satisfy the following conditions:

1. Theimpulse responses of Ho(2) and Hi(2) are not symmetric.

2. Theimpulseresponseof E(z) = H,(z)H,(-2)= z:‘jgNl dn] 2" satisfies
dn] = /2 for n=K
for n isoddandn# K,
where K isan odd integer with K < (Ng + Nz)/2.
An example for an impulse response of E(Z) is shown on Figure 6(b). The second condition
impliesthat the overall transfer function between the output and input is T(2) = Z € with K less

than (No + N1)/2. The sum of the filter orders must be two times an odd integer. Sincethe overall
system delay is lessthan half the sum of the filter orders, the impulse responses of Ho(2) and

(32
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H1(2) cannot possesssymmetries. Due 1 the nonlinearity, all the impulse response values are
unknowns. The high number of unknowns (altogether No+N;+2) and the PR condition with tre
delay lessthan half the sum of the filter orders makes the synthesis of the overall system very
nonlinea and complicaed.

Low-delay PR biorthogonal filter banks have been first introduced by Nayebi, Barnwell, and
Smith (1992 1994. The filter banks obtained by using their design scheme are suboptimal, as
has been shown in some later papers. However, they have made several important observations
concerning the properties of low-delay filter banks. First, it is not advisable to design filter banks
with avery small delay compared to the filter orders. The efficieng/ of such systems slow in
the sense that after certain filter orders for the same overall delay, the use of larger filter orders
result only in anegligible improvement in the performance of the filter bank. Seaond, additional
constraints are necessry in the transition bands of the filters due to the artifads often occurring
in these bands.

Similar to the linea-phase cas for desgning this type of filter banks, to dotain agood resuilt,
the problem formulation acording to Subsection 2.4.2 together with a two-step design method
described there is recommended. In this case, a good initial solution is obtasieglan iterative
method decribed by Abdel-Raheem, El-Guibaly, and Antoniou in (1996. Other methods for
designing low-delay PR biorthogonal filter banks have been proposed by Schuller and Smith
(1995 19%).

2.4.6 Generalized NPR Filter Banks

As mentioned ealier, it isbeneficial in many casesto release the PR condition until the errors
caused by the non-idealities of the filter bank to the signal are lower than those caused by the
processing unit. The ultimate god isto adieve ketter filter bank properties. According to Table
I, there are two types of NPR banks that will be considered next.

2.4.6.1 NPR filter bankswith linear-phase subfilters.

For an NPR filter bank with linea-phase subfilters, Ho(z) and H,(2) satisfy the same
conditions as for the corresponding PR bank (seeSubsedion 2.4.5.1) with the exception that now

in Condition 3 E(2) = H,y(2)H,(-2)= 3 " eln]2" is nealy ahalf-band linea-phase FIR
filter of order No + Ny, that is, its impulse response coefficients satisfy
/2 for n=K

en]= . (33)

B) for nisoddandn# K,
where K = (Ng + Np)/2.

Consequently, the overall transfer function T(2) approximates the delay term z¥. Like for the
QMF banks with linear-phase subfilters, the impulse-response coefficients of T(2) possessan
even symmetry so that the reconstruction error consists only of an amplitude error. The acud
design of these filters can be accomplished by first stating theoptimizaion problem acording to
Subsection 2.4.2 and then solving the problem with the aid of the two-step design technique
mentioned in the same subsedion. Asan initial solution for the second step, the corresponding
PR filter bank can be used.

2.4.6.2 L ow-delay NPR filter bankswith nonlinear-phase subfilters.

For alow-delay NPR filter bank with nonlinear-phase subfilters, Ho(2) and Hi(2) satisfy the
following conditions:

1. Theimpulse responses of Ho(2) and Hi(2) are not symmetric.

2. Theimpulseresponse of E(z) = H,(z)H,(z)= ZN“M dn] 2" satisfies

n=0
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e[n]~ /2 for n=K
%) for nisoddandnz K,

where K isan oddinteger with K < (No + Nyp)/2.

The optimization of these banks can be performed like for the corresponding bankswith
linea-phase subfilters. The difference isthat now the reanstruction error consists of both
amplitude and phase errors.

2.4.7 FIR filter bank examples

This subsection compares, in terms of examples, various FIR filter banks considered in this
sedion. An overview of all designs under consideration isgiven in Tablell. For dl filter banks,
the filter bank delay is K =31 and the passband and stopband edges are locaed a
@ =wl =0.4147 and w® = w{ = 0.5867. For the banks with linea-phase subfilters and

for the orthogonal banks, the orders of both Ho(2) and H1(2) are No = N; = 31 For the low-delay
banks, Np = N; = 63. Additionally, in the low-delay NPR biorthogonal case, the solution for

No = N; = 33 isalso included. For the biorthogonal banks, Table Il shows &, the allowable
passband ripple of Hy(2) and Hi(2) as well the maximum allowable overshoot in the transition
band, and d,, the allowable reconstruction error for NPR banks. Furthermore, the table shows the
figure where amplitude responses of the analysis filters of the corresponding filter bank are
given. For the NPR banks, the reconstruction error isaso included in the figures.

Figure 12(a) shows how the amplitude responses of the analysis filters of a QMF bank can be
improved compared to the Johnston 32D design (Johnston, 1980 given in Figure 12(b) by
minimizing the stopband energies of the filters subject to the meximum recnstruction error of
the Johnston design. As seen from Figure 12(a), this optimization approad results in a minimax
reconstruction error. Asill ustrated in Figure 13, the chanrdl sdectivity can further be improved
for the same filter bank delay by using, insteal of linea-phase filters, nonlinea-phase filters of
higher orders.

Figures 14(a) and 14(b) compare orthogonal filter banks where the stopband behaviors of the
analysis filters have been optimized in the least-mean-square and minimax senses, respedively.
Ascan be expeded, the attenuations provided by the filters designed in the least-mean-square
sense arelower nea the stopband edges, but become higher for frequencies further away from
the edges.

(34

Table Il FIR filter bank examples

Filter bank X .
type PR Phase No [ & N Figure Design
. g ) (a) minimax
QMF npr | le-phese| 11 15 5503 FI0e12 (1) sohnston 32D
low-delay | 63 Figure 13 low-delay
Orthoganal PR | nonlinea | 31| - 0 Figure14 @ Iegq—squa&
(b) minimax
linear-phase | 31 [0.01 ) (@) linear-phase
PR [owdday [63]02] ©  [F9UrelS i) ow-delay
3 —-103
Biorthogonal linear-phase| 31| 0.1 10,5 Figure 16 @ 6"_10,5
NPR 10 (b) 3,=10
] 33 S | (3 No=33
low-delay 631 0.01| 10 Figure17 (b) No=63
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Figures 15(a) and 15(b) provide a comparison between a linea-phase and alow-delay PR
biorthogonal filter bank, respedively. For designing these filters, the overall problem has been
stated acording to Subsedion 2.4.2 and the two-step optimizaion scheme mentioned there has
been used. As can be expected, the stopband attenuations of the analysis filtersin the low-delay
filter bank are higher due to their higher orders.

Figure 16 shows the amplitude responses of the analysis filters @& well as the reconstruction
errorsfor two NPR biorthogonal two-channel filter banks with linea-phase subfilters. It is
clealy seen that alarger allowable recnstruction error results in higher stopband attenuations.
NPR low-delay biorthogonal two-channel filter banks with nonlinea-phase subfilters provide
higher attenuations even with a smaller passband ripple (seeTable II) as shown in Figure 17.
This figure shows the amplitude charactristics of theandysis filtersand the reconstruction
errorsfor filter banks with two different filter orders.
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Figure 12. QMF banks with linear-phase filters.
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Figure 13. Low-delay QMF bank.
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Figure 14. PR orthogonal filter banks.
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Figure 15. PR biorthogonal filter banks with linea-phase and nonlinea-phase filters.
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Figure 16. NPR biorthogonal filter banks with linea-phase filters.
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Figure 17. NPR biorthogonal filter banks with nonli nea-phase filters.

2.5 IR Filter Banksand Their Design
This subsection reviews four aternativesfor synthesizing two-channe IR filter banks. In the
first two aternatives, half-band II R filters are used as building blocks, in the third dternative
specia IR filters are used, whereas the fourth aternative uses a special structure.
25.1 |IR Filter Banks With Phase Distortion Generated by Using Half-Band | IR Filters
In this case, the analysis filters Ho(2) and Hi(2) in Figure 3 are constructed as (Wegener, 1979
Renfors, 1987

- [a6)+ A l) @

2)=2[ak2)-7A), @
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where
(0)
& +Z
A(2)= Ik_.|1+ (37
(€N
ay +z
7)= (39)
Al2)= |k‘|11+ 207

are allpass filters of orders Ko and K, respedively. The orders of Ho(2) and Hi(2) are 2(Ko+Ky)+1
and it isrequired that Ko=Kj; or Ko=K;+1. Asit can be seen Ho(2) and H1(2) arerelated to eath
other trough H1(2) =Ho(-2). To obtain an alias-freesystem the synthesis filters Fo(2) and F1(2)
are seleded acording to Equations (9) and (10), yielding

Fo(2)= A(22)+ 22A(2) (39
F(2)=-A2)+7'Al2). (40

In this case, the filter bank distortion function T(2), as given by Equation (12), becomes

T(2)=2"A()A(Z) (41)
that is an allpasstransfer function. Hence, the input-output relation suffers only from a pbas
distortion. This distortion istolerable in audio applications provided that the distortion is not too
large. The distortion can be reduced by adding an additional allpass filter at the end of thefilter
bank (Zhang and Iwakura, 1995. Figure 18 shows implementations for the overall system. The
seaond one using the commutative models is the most efficient one (Crochiere and Rabiner,

@l
@’ & y[n]

@ y[n]
o {ro-

Figure 18. Efficient implementations for atwo-channel filter bank based on the use of causa
half-band II R filters.

In order to compare the performance of the above II R filter bankswith the FIR banks, it is
desired to design afilter bank with the stopband edge of the lowpass analysis filter being located
at ws=0.586rt If the required minimum stopband attenuation is 80 dB, then the given criteria ae
met by Ko=3 and K; =2. Thisisaspecial lowpass-highpasselliptic filter pair of order 11
designed by aroutine written by Renfors and Saraméki (1987). The charaderistics of the
resulting two-channel 11 R filter bank is shown in Figure 19. When comparing the amplitude
responses of Figure 19 to the corresponding response of FIR filter banks considered in the
previous subsedion, sgnificantly higher attenuations (80 dB) are achieved with fewer
coefficients. When using wave digital filter structures with adaptor coefficients (see e.g., Gazi,
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1985 for implementing the first-order all pass filters, only five coefficients are reedel for both
the analysis bank and the synthesis bank in Figure 18.
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Figure 19. Two-channel 11 R filter bank. (@) Amplitude responses for the analysis filters. (b)
Input-output phase response for the overall filter bank.

252 PRIIR Filter BanksUsing Causal and Anti-Causal Half-Band Filters
In this case, the analysis filters are constructed in the same way asin the pievious sibsection
(Equations (35) and (36)), whereas the synthesis filters are constructed asfoll ows:

Fo (Z)= ZHO(Z_l)z AJ(Z_Z)"' ZA&(Z_Z) (42
F(2)= 2H1(z‘1): Ao(z‘z)— zAl(z‘z) 43)

yielding Y(2) = X(2) when substituting Equations (35), (36), (42), and (43) into Equations (6), (7),
and (8). Figure 20 shows an implementation for the overall filter bank. The main problem in the
proposed implementation is that both Fo(2) and F1(2) are anti-causa filters. For finitelength
signals, like images, there existseverd ways of implementing the filter bank usngthe
corresponding causal filters (Ramstad, 1988 Uto, Okuda, Ikehara, and Takahashi, 1999. There
exist also implementations for infinite length signals (Mitra, Creusere, and Babi¢, 1992). It
should be pointed out that in these implementations, there is a need to produce a time-reversed
version of the input data before and &fter filtering. This introducesan additional delay. When
using the all passfilters of Figure 19 we arrive at the same amplitude responses aswith the
structure of Figure 18 with the exception that now there exists only a pure delay for the overall

inpu-outpu response.
AL+ fi-poele® @-poe -0
:

A
Figure 20. Implementation for atwo-channel filter bank based on the use of causal and anti-
causal half-band I R filters.

2.5.3 PRIIR Filter BanksUsing Special IIR Filters

The PR property isalso achievable by using causal II R filters by properly synthesizing the
analysis transfer functions and relating the synthesis transfer functions to them acwrding to
Equations (9) and (10). One alternative isto construct Ho(2) and Hi(2) asfollows:
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My
a[mlz™
He(2) = A<(22) :n'\%o for k=0,1. (44)
B« (z%) sz[m]Z_zn
n=0

Inthiscase, T(2), asgiven by Equation (12), becomes
_A@A(9) -A(-2A(2)
T(2) = 5 5
Bo(z%)By(z%)

and the PR property impliesthat T(2) =z with K being an odd integer.

Filter banks of thistype have been originally proposed by Basu, Chiang, and Choi (1995 but
no practica design methods have been given. Afterwards, optimization (Mao, Chan, and Ho,
1999 and some transformation approaches (Tay, 1999 have been introduced for synthesizing
these filter banks.

Dueto the use of II R filters, the desired channel selectivity compared to FIR filter banks can
be achieved usng fewer coefficients. Asan example, consider the design of afilter bank with
Mo=M1=21, No=N; =2, K=19, and the passband and stopband edges being locaed at 0.4141r
and 0.5861t like in the previous examples. The maximum allowable passand ripple is0.01 and
the maximum amplitude value in the transition bands is 1.01. The use of corgtraine
optimizaion minimizing the maximum of the stopband energies of the analysis filters subjec to
the given constraints results in the responses shown in Figure 21 (Bregovi¢ and Saramaki
2001).
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Figure 21. lIR filter bank using ecia IIR filters.

2.5.4 PRI1IR Filter BanksBased on a Special Structure

Another aternative to gererate a PR filter bank using causal IIR filtersisto construct the
analysis and synthesis filters as shown in Figure 22. This structure hes been introduced by Kim
and Ansari (1991) and later modified by Phoong, Kim, and Vaidyanthan (1995.

Figure 22. Speaal structure for two-channel 11 R filter banks.
For this structure, theandysis filter transfer functions are constructed asfollows:
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1T _ _
Ho(2) =5[z M 4 70 (2%)] 9

H.(2) ==B(z*)Ho(9) + 272", 47
whereas the synthesis filter transfer functions are related to these functions acerding to
Equations (9) and (10). The above transfer functions are constructed such that T(2), as given by
Equation (12), is 22" independent of the seledtion of the transfer functions a(2) and ().
Therefore, the design of the PR filter bank can concentrate only on generating goad frequency
responses for Hy(2) and Hi(2). Hence, for causal filter banks, a(z) and 5(2) can be selected to be
any causal IR or FIR filter transfer functions.

Two basic approaches have been proposed for sdeding a(2) and 3(2). In the first approacdh,
a(2) =[(2) and M =2N-1 (Phoong, Kim, and Vaiduanathan, 1995 with (2) being an allpass
transfer function of order N or N-1 or alinear-phas FIR transfer function of order 2N-1 having
asymmetrical impulse response. In both cases, there is always a bump in the amplitude respons
of Hy(2) in the transition band of approximately 4 dB. In the scond gpproach, a(z) and 3(2) are
different transfer functions. In thiscase, a(2) and 3(2) are acausa all pass filter transfer function
and a linear-phase FIR filter function with symmetrical impulse response, respedively (Chan,
Mao, and Ho, 2000. They can also be seleded to be nonlinear-phase FIR filter transfer functions
(Mao, Chan, and Ho, 2000). In addition to the structure depicted in Figure 22, adightly modified
structure has been proposed by Zhang and Y oshikawa in (1998 1999.

3 Multi-Channel (M-Channel) Filter Banks

There exist threebasc approades for designing multi-channel uniform filter bank. In the first
tednique, al the analysis and synthesis filters are considered to be independent and they are
optimized simultaneously to med the PR or NPR property. For the PR case seg e.g.,
Vaidyanathan et al. (1989. The secnd approach is based on huilding the filter bank usinga tree
structure with two-channel filter banks as building blocks. In the third technique,asingle
prototype filter is synthesized and the overall bank is generated with the aid of acosine-
modulation or amodified discrete Fourier transform (MDFT) technique. This sedion
concentrates on the last two approaches.

3.1 TreeStructured Filter Banks Using Two-Channel Filter Banks as Building Blocks

When generating atree-structured filter bank, atwo-channel filter bank as shown in Figure
23(a) isused as a starting point. For this bank, theandysisand synthesis filtersare denoted by
HP(2), HP(2), FP(2), and F®(2). Thenext step isto remove the processing uritin Figure
23(a) and produce Y& [n] { y®[n]} from x®[n] { x¥[n]} using a two-chanrel filter bank shown
in Figure 23(b). For this bank, the analysis and synthesis filters are cenoted by H{? (2),
H2(2), F?(2), and F?(z). Thisresultsin the two-level, treestructured filter bank shown in
Figure 23(c).

Thethreelevel tree-structured filter bank shown in Figure 24 is obtained by removing the
processing urit in Figure 23(c) and producing y(? [n] from x{? [n] for k=0,1,2,3 using atwo-
channel filter bank with the analysis and synthesisfiltersbeing H®(2), H® (2), F®(2), and
F®(2) . In order to analyzethe performance of the threelevel treestructured filter bank of
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Figure 24, it can be redrawn as the equivalent form asoshown in Figure 24. Hence, it
corresponds to a uniform analysis-synthesis bank with 8 channels. Four-level tree-structured
filter banks can be generated by removing the processing wnit and producing w([n] from v®[n]
for k=0,1,...,7 using a two-channd filter bank. In this case, thenumber of channels is 16. In
general, for a K-level tree-structured filter bank, the number of channels is 2.
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Figure 23. Generation of atwo-level treestructured filter bank.

Next an example will be given illustrating how to seled the buil ding-block two-channel filter
banks. It isdesired to generate an analysis-synthesis filter bank with 8 channels by using a three
level tree-structured filter bank. The required transition bandwidth and the attenuation are 0.051t
and 60 dB, regedively. Astwo-channel filter banks, causal half-band IIR filters considered in
Subsection 2.5.1 are used. For all the banks, the required attenuation is 60 dB, whereas the
required stopband edges are located at 0.52577, 0.5571 and 0.67zfor the first, second, and third
two-channel banks, respedively. The given criteriaare met by Ko=K;=3; Ko=3 and K; =2; and
Ko=K1=2; respedively. It should be pointed out that when using atree-structured filter bank in
general, the transition bandwidth for the first building block is the specified one, whereas for the
kth block, it is 2¢~ times that of the specified one. Thisis basicaly due to the equivalent
structure of Figure 24, where, instead of a unit delay, a block of 2“7 delay elements is used. For
the influence of this fact, see, egaramaki (1993.

The amplitude responses of the threetwo-channel filter banks aswell asthe amplitude
responses between the input X[n] and w[n] for k=0,1,...,7 (seeFigure 24) are depicted in Figure
25. The numbers in the figure indicate the corresponding responses. The responses between
wi[n] for k=0,1,...,7 and the output y[n] are the same with the exception that they are obtained
by multiplying the responses of Figure 25(b) by eight.
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Figure 24. Threelevel treestructured filter bank.
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Figure 25. Threelevel treestructured filter bank. (a) Amplitude responses for the anaysis filters
in the threebuilding Hocks. Filters with the narrowest, the second narrowest, and the widest
transition band correspond to the first, second, and third building Hocks, respedively, that is, for
H{(2) and H¥(2) for k=0,1,3. (b) Amplitude responses for the resulting filters between the
input x[n] and w[n] for k=0,1,...,7 in Figure 24. The numbers in the figure indicae the
corresponding responses.
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3.2 Cosine-Modulated Filter Banks

Among different classes of M-channel criticaly sampled filter banks, cosine-modulated and
MDFT filter banks have become very popular in many applications due to the foll owing reasons.
First, both the analysis and synthesis filters for these banks can be generated using one or two
prototype filters by exploiting proper transformations, making the overall impementation
effedive. Seoond, the overall synthesis can concentrate on optimizing only the prototype
filter(s). This subsection considers the design and properties of PR and NPR cosine-modulated
filter banks. The properties of MDFT banks will then be discussed in Subsedion 3.3. Ashas
been pointed out by Karp and Fliege (1999 and Heller, Karp, and Nguyen (1999, the same
prototype filter with a proper scaling can be used for both filter bank types mentioned above.

One of the first observations on how to gererate NPR M-channel critically sampled filter
banks with the aid of a single prototype filter and a proper cosine modulation was made by
Rothweiler (1983. Since then, intensive resach has been performed for designing and
implementing PR and NPR cosine-modulated filter banks. Historicdly, the first cosine-
modulated filter banks were generated from asingle linea-phase prototype filter in such away
that the impulse responses of the corresponding analysis and synthesis filters were flipped
versions of each other (Malvar, 199Q 1991, 19923, 1992; Ramstad and Tanem, 199%; Koil pil lai
and Vaidyanathan, 1991, 1992 Saraméaki, 1992 Nguyen, 1992, 1994 1995 Vaidyanathan,
1993 Creusere and Mitra 1995 Nguyen and Koilpillai, 1996 Mertins, 1998 Saramaki and
Bregovi¢, 2001 Bregovi¢ and Saraméki, 2001a). Later on, these filter banks are referred to as
orthogonal cosine-modulated banks. In this case, the filter bank delay isequa to the order of the
prototype filter. More recently, new synthesis schemes have been proposed for synthesizing
cosine-modulated filter banks where the filter bank delay islower than the order of the prototype
filter (Nguyen, 19925 Xu et al., 1996 Schuller, 1997 Karp and Mertins, 1997 Goh and Lim,
1999h Heller, Karp, and Nguyen, 1999 Argenti and Del Re, 200Q Schuller and Karp, 2000
Karp, Mertins, and Schuller, 2001). For these banks the prototype filter for generating the
analysis and synthesis filters may be different. These filter banks are referred to as low-delay
biorthogonal cosine-modulated filter banks.
3.2.1 Input-output relationsfor M-channel critically sampled filter banks

A general M-channel critically sampled filter bank is shown in Figure 1(a). For this system,
the input-output relation in #hz-domain is expressible as

Y(2) =Ty(2X(2)+ Mz_lTl (2) X (e, 49
where -

l M-1
To(d)=—- Z F(9H (2 (49
and

l M-1 .
@)= ZFk(z)H (e J2"'/“”) for 1=12,...M -1. (50

Here, To(2) is cal Ied the distortion transfer function and determines the distortion caused by the
overall system for the unaliased component X(2) of the input signal. The remaining transfe
functions T(2) for 1=1,2, ..., M-1 are called the ali as transfer functions and determine how well
the aliased components X(z& el M) of the input signal are attenuated.
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For the PR property, it isrequired that To(z) =z with K being an integer and Ti(2) =0 for
1=1,2,...,M-1. If these conditions are stisfied, then the output signd is a delayed version of
the input signal, that ig[n] =x[n—K]. It should be noted that PR is exactly achieved only in the
case of losslesscoding. For alossy coding, PR isnot achieved. Therefore, amplitude and aliasing
errors being less than those caused by coding areallowed. In these NPR cases, the above-
mentioned conditions should be satisfied within given tolerances.

3.2.2 PR and NPR cosine-modulated filters banks

The impulse responses of the analysis and synthesis transfer functions Hy(2) and Fi(2) for
k=0,1,...,M-1 for PR and NR M-channel critically-sampled cosine-modulated filter banks as
shown in Figure 1(a) can be generated with the aid of an FIR prototype filter with the following
transfer function:

7)= ihp[n]z_“ (59)

hk[n] 2h [n]cosB»BH EEn l;@+(—1)" n/4§ 52
f [n]=2h [n]cosB»HH H?n Z@—(—l)" n/4§ (53

forn=0,1,...,N.

It should be pointed out that in the most general case, the prototype filters for generating the
analysis and synthesis filters could be different (Heller et al., 1999 Karp et al., 2001). However,
without lossof generality, they can be selected to be equal in most practical cass. In theabove
equations, K isthefilter bank delay and is usialy expres®d as K=2sM +d where sisan integer
larger than or equal to zero and 0<d<2M. In general, K can be chosen arbitrarily in the range
KO[M-1, 2N-M+3]. However, in order to obtain a low-delay biorthogonal filter bank, K must
be less than the prototype filter order N (K <N). Inthe case of orthogma cosine-modulated filter
banks, K =N and the impulse response of the prototype filter Hp(2) has an even symmetry, that is,
hp[N-n] = hy [n] for n=0, 1, ..., N. Furthermore, fi[n] =hy [N-n] for k=0, 1, ..., M—1 and for
n=0,1,...,N.

It should be pointed out that because of interpolation by a facor of M, the amplitude
responses of both the analysis and synthesis filters resulting when using the design schemes, to

be described later on in this chapter, approximate +M in their passbands. This meansthat if the
pe&k scaling for the fixed-point arithmetic is desired to be used, the analysis (synthesis) filters
should be divided (multiplied) by this constant. In the sequel, when giving the amplitude
responses of the prototype filter aswell as those of the analysis and synthesis filters they are
normali zed to approximate unity in the passbands.

The key ideaof designing the prototype filter and using theabove-mentioned modulaion
scheme is based on the following facts. First, the prototype filter is designed in such a manner
that its amplitude response [(H,(€“) Jachieves approximately the value of 1/2 a w=+ 77(2M) and
the stopband edges are located at =+ ws with ws= m(1+p)/(2M), p>0 as shown in Figure 26(a)
inthe M =4 case. Then, due to the cosine-modulation, theamplitude responsesof theandysis
filtersare given by [H (€)= [H,(el®~ EDMEMY Oy [y (l+ G+DPEMN T a5 shown in Figure
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26(b). Hence, for the kth analysis filter, the amplitude response is obtained by shifting that of the
prototype filter to the left and right in the frequency axis by wx=(2k+1)77(2M). Therefore, for
the kth bandpassanalysis filter with transfer function Hi(2) with 1< k < M-2, the passband center
islocaed a w= wy and the stopband edges at w= wx* ws. For the lowpassfilter with transfer
function Ho(2), the value of unity is approximately achieved at w= 0 since both shifted versions
adhieve the value of 1/2 at thisangular frequency and the stopband edge is located a

w=T11(2M) + ws= (2+p)/(2M). This is approximately true for the orthogonal filter banks, but not
for low-delay biorthogonal filter banks, aswill be seen in connedion with examples. Similarly,
for the highpassfilter Hy-1(2), the value of unity is approximately achieved at = Ttand the
stopband edge is locaed at w= 11— (2+p)/(2M).

Semnd, the above-mentioned cosine-modulation technique hes the attractive property that if
the prototype filter is designed in the proper manner, then the overall uniform filter bank will
adhieve the PR property. This is based on the fad that the aliasing components generated in the
analysis bank are compensated in the synthesis bank, like explainedealier in the cae of two-
channel filter banks (seeSubsedion 2.1 and 2.2).

@ THP M

,
- [ 2m ™
A
® Mo H H Ho Hi H:  Hs

Figure 26. Frequency responses of a four-channel cosine-modulated filter bank. (a) Prototype
filter. (b) Analysisfilters.
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3.2.3 PR cosne-modulated filter banksand their implementation

The criteriafor the PR property can ke conveniently stated by demmposingthe prototype
filter transfer function, as given by Eq. (51), into 2M polyphase components (Malvar, 19923,
Vaidyanathan, 1993 asfollows:

H,(2)= ZM;:lZ"Gl ). glml=n,lemm +1]. (54

There are the following two case of interest depending on thevaue of din K=2sM +d (Heller
et al., 1999 Karp et a., 2001):

1) PRcongraintsfor 0 <d <M:

G (2)Gy- (2) + 277Gy ()G g1 (2) = ma O<l<d,

~(s1)
z M +d
G (2)Gau+a-1 (2) + Gyt (2)Gry 101 (2) = oM d<l<2M,l# 5
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G (2)G .y (2)= é’i;i)'/lgjé\:h)/l) fgrss(ﬁ/in, it 1=M*d g aninteger.

2) PR constraintsfor M < d < 2M:

G, (2)Gy_, (2)+ Gy (2Gs (z):;;, 0<i<d-Mm, 9 ‘2“" ,

G (2)Gy (2)+ 27'G 1 ()G 24 (2) = ;; d-M <l <2M,
_B-z%/(4m) forsodd . d-M

if | =

G (Z)GI+M (Z) =0

isaninteger.
Ez°/(4M)  for seven,

These conditions can be directly exploited in gptimizing the prototype filtersfor
simultaneously achieving the PR property and generating filter banks with high frequercy
seledivities. Furthermore, the aove polyphase decomposition can be utili zed in developing
efficient realizations for the overall filter bank. One alternative reali zation form is shown in
Figure 27 with the elements of the cosine-transform matrices given by Heller et al. (1999 and
Karp et a. (200)

- mo I KA )

[Cl]”_ZCO%MEk 2% 2%( ! "/‘@ =
- g .1 _q—1 - KH ()

[Cz]kl_zcoslgmék ZEEQM 1-1 2@—( 1) n/4§ 56

for 0<k<M and 0<| <2M. Inthisfigure, the left side generates, with the aid of the polyphase
components and the M x 2M transform metrix C,, the analysis bank with M decimated sub-
signalsthat are used as inputs to the processing unit of Figure 1(a). Similarly, the right side of
Figure 27 forms the synthesis bank of Figure 1(a). The actud 2M x M transform metrix C," isthe
transpose of the M x 2M matrix C,. After some rearangements, the above transforms can be
implemented effedively usingaType lll or aType |V discrete cosine transform (aDCT-III or a
DCT-1V) (Vaidyanathan 1993 Heller et a., 1999 Karp et a., 2001 depending on whether the
overall filter bank delay K iseven or odd, respedively. Asshown in Karp et a. (2001), in the
structure of Figure 27 the transform matrices can be reduced to be of size M x M after some
modifications.
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Figure 27. Realization of the analysis and synthesis filtersfor the cosine-modul ated filter bank
witTh the aid of the polyphase components of the prototype filter and transform matrices C; and
C,.

There exist two altematives for generatingthe component pairs Gi(-Z’) and Giw(=2) of the
analysis and synthesis filters for 1 =0, 1, ..., M=1 in the biorthogonal case. The simplest way to
implement the polyphase components G(-Z’) for 1 =0, 1, ..., 2M-1 isto use dired-form
realizaions. Computationally more efficient redizaions have been developed by Schuller
(1997, Karp and Mertins (1997, Schuller and Karp (2000, and Karp, Mertins, and Schuller
(2003). Among them, the realization introduced by Karp, Mertins, and Schuller (2001) is the
most general (can be used for any values of N and K) and computationally the most efficient.
Compared to the dired-form implementations of the polyphase components, thenumber of
multipliers and addersrequired by their structure is approximately halved. An attradive fegure
of this structure is that the PR condition is preserved independent of the coefficient values,
thereby enabling us to expressthem in very ssimple representation forms. For the orthogana cae
(K=N), the component pairs G/(-2) and G.m(-Z) for 1=0,1, ..., M—1 can be implemented
simultaneously using two-channel losslesslattice structures (Koil pillai and Vaidyanathan, 1992
Vaidyanathan, 1993 Nguyen and Koilpillai, 1996. A computationally very efficient realization
has been developed by Malvar in (Malvar 19923, 1992) in the ca® where N=K =2LM-1 with
L being an integer. It isbased on the use of special butterflies and the DCT-1V. This has been
adhieved by usinga dightly different cosine-modulation technique.

It should be pointed out that in the NPR orthogonal and low-delay biothogonal cases, the only
alternative to implement the polyphase components G(-Z°) for [=0,1, ..., 2M-1 isto use dired-
form realizations. Also, in the ca® of Malvar’ s structure (Malvar 19923, 1992), the butterflies
cannot be used and there is aneed to modify the structure.

3.2.4 Orthogonal and biorthogonal cosine-modulated filter banksunder consideration

In theory, the PR orthogonal (PR low-delay biorthogonal) cosine-modulated filter bank can be
optimized for any values of M and N=K (any values of M, N, and K). However, it has turned out
that the best filter bank performancesare achievedby selectingthese integers such that there are
no constraints on the impulse-response coefficients of the prototype filter. Theseseledions result
in filter banks with highest channel seledivities and highest attenuations. The other choices may
giveriseto filterswith alower filter bank delay and lower ordersfor theandysisand synthesis
filters. The priceto be paid for the addtional constraints on the impulse-response wefficientsof
the prototype filter (some coefficient values are restricted to take on the predetermined values or
they are restricted to be zero-vaued) is that the resulting filter performances are worse than for
the case without constraints. This section cancentrates on the foll owingtwo cases:
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1. Orthogonal banks with arbitrary M and N=K =2LM-1 with L being an integer.

2. Biorthogonal bankswith even M, N= 2LM-1 with L being an integer, and d=2M-1, that

is, K=2sM+d=2(s+1)M-1.

It has been observed by Koilpillai and Vaidyanathan (1992 that it is straightforward to desgn
orthogonal filter banks with an odd number of channels and a good overall performance, even
though there are constraints on the impul se-response coefficients of the prototype filter. More
reseach work should be done to find out whether the same istrue for low-delay biorthogonal
filter banks.

325 Statement of the optimization problem for PR and NPR cosine-modulated filter
banks
The optimization problem can be stated for both PR and NPR filter banks in the following
two ways:
Least-Squares Optimization Problem: Given w, = (1+ p)r/(2M), M, and N aswell as K for
the low-delay biorthogonal case, find the coeff icients of the prototype filter transfer function
Hp(2), as given by Equeation (51) to minimize

E, = J’ZJH S(€) \Zdw, 57
subject to

‘To(ej“’)—e‘j“‘(‘sél for w0[0,m] (58)
and

‘Tl (ej‘")‘sd2 for w0O[0,7]

forl=1,2, ,M-1 (59

Minimax Optimization Problem: Given w, = (1+ p)t/(2M), M, and N aswell as K for the

low-delay biorthogonal case, find the coefficients of Hp(2) to minimize

E.= max |H, (") (60
wl[ws, 7]

subject to the conditions of Equations (58) and (59).

In these optimization problems, the main god isto minimizethe stopband response of the
prototype filter either in the least-mean-sguare sense or in the minimax sense subject to two
congtraints. First, the maximum of the absolute value of the deviation between the overall
frequency response for the unaliased term and the delay of K samples should be in the baseband
lessthan or equal to ;. Second, the maximum value of the worst-casli asing term should be
lessthan or equal to d,. For the NPR orthogonal case, the phase response of To(2) is linea (-Kw)
and &, isdiredly the maximum deviation of the amplitude response from urity. For the NPR
low-delay biorthogonal case, To(2) suffers from both phase and amplitude distortions.

3.2.6 Design of PR and NPR orthogonal and biorthogonal cosine-modulated filter banks

For the PR casg, it isrequired that 6, = d,=0. Optimizing the prototype filter in such a
manner that the overall filter bank beames PR isa nonlinear problem. To solve this problem
conveniently in the orthogonal case where N=K =2LM-1 with L being an integer, the anglesfor
the latice structures in the prototypefilter for PR cosine-modulatedfilter banks (Koilpillai et al.,
1992 Malvar, 19923) can be used as unknowns. In this case, the PR property is achieved
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independent of the angle values. Simultaneoudly, the original constrained optimization problem
beacomes unconstrained and the number of unknowns reducesto L 0M/200( xOstands for the
integer part of x). Despite of this simplificaion, there existseveral locd optima when
minimizing the stopband response of the prototype filter in the minimax or in the least-mean-
sguare sense. To alleviate this problem Saraméki (1992 1998 and Bregovi¢, and Saraméki
(2001a) have proposed systematic multi-step approachesto arrive at least atagood | oca
optimum for large values of M and L.

For the PR biorthogonal case, there exist two principa approactesto arrive & agood| ocal
optimum. Similarly to the orthogonal case mentioned above, Schuller and Smith (1996, Schuller
(1997, Schuller and Karp (2000, and Karp et al. (2001 have developed atechnique where the
adual design can concentrate on optimizing the proper parameters, uniquely specifying thefilter
bank performance, in such away that the PR property is guaranteed indepencent of their values.
Hence, the overall optimizaion problem becomes unconstrained. In the seand approad,
Nguyen (1992, 1995 and Heller et a. (1999 use constrained least-squares optimization. In this
tednique, the stopband energy of the prototype filter is optimized subjea the PR constraints
mentioned in Subsection 3.2.3.

For synthesizing NPR orthogonal filter banks, an efficient two-step procedure has been
described by Saraméki and Bregovi¢ (2001). In the first step, a good start-up solution is
generated with the aid of a prototype filter for the PR case. In the second step, nonlinear
optimization is applied for further optimizing the prototype filter subjed to the given constraints.
A similar technique has also been applied for designing NPR low-delay biorthogonal filter banks
by Bregovi¢ and Saramé&ki (2001c). In addition to the above-mentioned design methods, an
iterative technique has been proposed by Xu et a. (1996 for designing NPR orthogonal and low-
delay biorthogonal filter banks. This design scheme gives very fast suboptimal filter banks. In
addition, it allows usto control the artifads of low-delay biortgonal banksto be consdered in
conrection with examples.

3.2.7 Comparison between PR and NPR cosine-modulated filter banks

For comparison purposes, several orthogonal filter banks have been optimized for M =32
channelsand p=1, that is, the stopband edge of the prototype filter islocaed a& ws= 7732. The
resultsare summarized in Table Il . In al casesunder consideration, the order of the prototype
filter isN=2LM -1, where L isan integer and the stopband response has been optimized in
either the minimax or least-mean-square (L SQ) sense. d; shows the maximum deviation of the
amplitude response of the distortion transfer function To(2) from unity, whereas o, isthe
maximum amplitude value of the worst-case aliasing transfer function T,(2). The boldface
numbers indicate those parameters that have been fixed in the optimizaion. E. and E; give the
maximum stopband amplitude value of the prototype filter and its stopband energy, respectively.

Designs1 and 2in Table Il are PR filter banks, whereas designs 4, 5, and 6 have leen
optimized subjed to the given amplitude error for To(2) without taking into account the aliasing
errors. For designs 7 and 8, the optimization has been performed subjed to the given amplitude
and aliasing errors.
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Table Il Comparison between orthogonal filter banks with M =32 and p=1. Boldfacenumbers

indicate those parameters that have been fixed in the optimization.

Design| Criterion | N & 5 E. E,
1 LsQ [511] o 0 (- dB) 1.2010°(-58dB) [ 7.400°°
2 [ Minimax[ 511 0 0 (-0 dB) 2.310*(-73dB) | 7.500°
3 LSQ | 511 [10™] 2.310°(-113dB) | 1.000°(-100dB) | 5.6007"
4 | Minimax | 511 [ 10| 1.1m0°(-99dB) | 5.1M00°(-106dB) |3.800™
5 LSQ [511] o | 91m0°(-81dB) | 4.510°(-67dB) |5.410"
6 LSQ [ 511102 53107 (-126dB) | 2.410°(-112dB) | 4.500™
7 LSQ [383[10°| 10°(-100dB) 1700 (-75dB) |8.8007*°
8 LsQ [ 319|107 10™ (-80dB) 8.410°*(-62dB) [ 2.7a0°°

Some charaderistics of designs 1 and 3 are depicted in Figure 28(a) and Figures 28(b) and
28(c), respedively. From these figures aswell as from Table Il it is seen that the NPR filter
banks provide significantly improved filter bank performancesat theexpense d asmall
amplitude error andvery smadl aliasing errors. When comparing designs2 and 4in Tablelll, it is
seen that the same istrue for the corresponding minimax designs.
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Figure 28. Chaga)deristics of PR and NPR cosi n(e)modulaled orthogond filter banks of M=32
filters for p=1 designed in the least-mean-square sense. (a) PR filter bank with filter orders
N=511(design 1 in Tablelll). (b) and (c) NPR filter bank with filter orders N =511designed
subject to the constraint 4, =0.000L (design 3 in Table ). (d) NPR filter bank with filter orders
N=319designed subjed to the constraints &, =0.01 and ,=0.0001(design 6 in Tablelll).
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When comparingdesigns 1 and 5in Table lll, it is observed that even an optimized NPR filter
bank without any amplitude error for To(2) (also considered in Nguyen, 1994 provides a
considerably better performancethan the PR filter bank. Furthermore, it is seen that the
performance of the NPR filter bank significantly improveswhen a higher amplitude error is
allowed (design 6 in Table I11). Some of the characeristics of design 8 are depicted Figure 28(d).
When comparing this solution with design 1 of Table Il (seedso Figure 28(a)), it is observed
that the same or even a better filter bank performarnce can ke achieved with a significantly lower
filter order (319compared with 511) when small amplitude and aliasing errors are allowed.

Table IV compares PR orthogonal, PR low-delay biorthogonal, and NPR low-delay
biorthogonal cosine-modulated filter banks for M =32 channelsand p=1, like in the case of
Tablelll. Designs 1, and 4 are PR orthogmd banks and designs 2 and 5 PR low-deay
biorthogonal filter banks, whereas designs 3 and 6 are NPR low-delay biorthogonal banks. Some
charaderistics of designs 3 are depicted in Figure 29. Several interesting observations can be
made based on the results of Table IV. When comparingdesigns 1 and 2, it is seen that design 2
provides a significant improvement in the seledivity by increasing the prototype filter order by
approximately 50 %. Similarly, design 5 provides a considerable improvement compared to
design 4 by increasing the prototype filter order by approximately 100%. For the NPR low-delay
designs 3 and 6, the performances of the prototype filters are significantly better than for the
corresponding PR designs (designs 2 and 5) at theexpense d asmal error for To(2) and small
aliasing errors. For design 3 (design 6), the group delay response for the unaliased component
approximates 255with toleranceequa to 0.31 (191with tolerance equal to 2.4).

Itsvery interesting to observe that the prototype filters for the NPR designs 3 and 6 are
slightly better than that for design 1 of Tablell. It should be noted that for design 3 of Table IV
(design 6 of Table IV), the prototype filter order and thefilter bank delay are only approximately
75% (75%) and 50% (37%) compared to those of design 1 of Tablelll.

Table IV Comparison between PR orthogonal, PR low-delay biorthogonal, and NPR low-delay
biorthogonal cosine-modulated filter bankswith M =32 and p=1. Boldfacenumbers indicate
those parameters that have been fixed in the optimization.

Design N K o 5 = E,
1 255 255 0 0 (-0 dB) 2.3107°(-33dB) | 4200°
2 383 | 255 0 0(-0dB)) | 83107 (-41dB) | 520077
3 383 | 255 [ 0.001 [ 10°(-100dB) | 1.100°(-59dB) | 2.710°°
4 191 101 0 0 (-» dB) 42107 (-28dB) | 2.910™
5 383 191 0 0 (-0 dB) 8.400° (-41dB) | 6.200”"
6 383 191 | 001 | 10™(-80dB) | 1.3m0°(-58dB) | 4.2007°

Compared to orthogonal cosine-modulated filter banks, the improvements provided by low-
delay biorthogonal filter banks cannot be achieved without artifads, as has been pointed out by
Xuet a. (1996. First, the amplitude response of the (normalized) prototype filter achieves an
overshoot in the transition band. Second, the amplitude response of the (normalized) lowpass
(highpass) analysis filter does not achieve the value of unity at w=0 (cw= ). For instance, for the
prototype filter of Figure 29, the maximum amplitude value in the transition band is 0.B2 d
whereas the lowpass(highpasg analysis filter achievesthe valueof -5.1dB & w=0(5.1dB &
w=T). Asshown by Xu et al. (1996 and Karp et a. (2001, these artifads can ke reducecht the
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expense of lower attenuations for the analysis and synthesis filters by imposing extraconstraints
inthe filter bank design.
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Figure 29. Charaderistics of NPR low-delay biorthogonal filter bank of M =32 filters for p=1
designed in the least-mean-square sense. &, =0.001 and & =107 (design 3 in Table IV).

3.3 Modified DFT Filter Banks

For implementing an M-channel (M iseven) MDFT filter bank, a prototype filter for an M/2-
channel cosine-modulated filter bank can be used diredly in both PR and NPR cases after
scaling it by a factor of +/2 (Karp and Fliege, 1999. Therefore, this subsection concentrates
mainly on the properties of MDFT filter banks and their relations to cosine-modulated filter
banks. First, these banks are developed for acomplex-valued input signal. After that, it is shown
how this bank can be simplified for ared-valued inpu data.

3.3.1 MDEFT filter banks for complex-valued input data

Inthe original MDFT filter banks introduced by Fliege (1993 and Karp and Fliege (1999 it
isassumed that both the input and output signals for the filter bank as shown in Figure 1(a) are
complex-valued. Furthermore, M isrestricted to be even. The overal bank is constructed with
the aid of the prototype filter Hy(2) of order N as given by Equation (51). The transfer functions
Hk(2) =F(2) for k=0,1, ...,M-1in the analysis and synthesis banks of Figure 1(a) are generated
by the aid of a DFT modulation of the prototype filter to have the following complex-valued
impulse responses:

h [n]= f,[n] = v2h,[n]e!*""N/2/M for n=0,...N, (61)

where hy[n] for n=0, 1, ..., N are the impulse response coefficients for an M/2—channel PR or
NPR cosine-modulated filter bank. The frequency responses of the analysis filters of an M-
channel MDFT filter bank are shown in Figure 30(b), whereas Figure 30(a) shows that of the
prototype filter. The analysis-synthesis filter bank of Figure 1(a) using these filtersisnot suitable
without modifications sinceit does not provide the desired alias cancellation.

T. Saraméki and R. Bregovi¢, "Multirate Systems and Filter Banks,” Chapter 2 in Multirate Systems: Design 38
and Applications edited by G. Jovanovic-Doleaek. Hershey PA: IdeaGroup Rublishing.

M 3nM 5M 7AiM T w
Flgure 30. Frequency responses of an eight-channel MDFT bank. (a) Prototype filter. (b
Complex-valued analysis filters.

The most severe aliasing terms can be removed by modifying the original structure in the
proper manner as proposed by Fliege and Karp in (Fliege, 1993 Karp, 1999, resulting in the
MDFT filter bank. The key ideaisto use a two-stepdedmation and a two-step interpolation for
each sub-band signal in the analysis and synthesis parts, respectively, as shown in Figure 31.
After forming the analysis filters & described above, the signdl is first decimated by a fador of
M/2 (M iseven). The resulting signals are then deamated by a fador of two with and without a
unit delay. In the resulting sub-bands, either the red or imaginary part is used. Without lossof
generality, it can be assumed that the red (imaginary) partis taken in the upper undelayed
branch of all even (odd) sub-bands. In the synthesis bank, asimilar modification is performed as
shown in Figure 31. Thisresultsin acriticaly sampled complex-modulated PR or NPR M-
channel filter bank provided that the prototype filter for an M/2-channel cosine-modulated filter
bank possesses the same property (Fliege, 1993 Karp and Fliege, 1999. The priceto be paid for
this modificaions isthat the filter banks delay increases from N to N+M/2. For a complex-valued
inpu sequencex[n], the analysis bank maps this signd into M red and M imaginary sequences at
the sampling rate reduced by afactor of M. The advantage of the resulting filter bank for a
linea-phase Hp(2) isthat &l these mappings can be regarded as processes where eech sequenceis
first generated by filtering theinput signal by linea-phase complex-coefficient FIR filtersHy(2)
and Z™2H(2) for k=0, 1, ..., M-1, depending on whether the unit delay is used or not, before
decimating by afador of M and seleding the real or imaginary part of the output. Aswill be
seen in Subsedion 3.3.2, this property leads for ared input datato afilter bank where all the
analysis and synthesis filters are linea-phase real-coefficient FIR filters, which is of grea
importance, for instance, in image processing.

x[n]
yin]
12 A
:

Processing unit

[

Vil

Figure 31. MDFT filter bank.
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This subsection concentratesmostly on the case where N=2LM-1 with L being an integer
sincein this case there areno constraintsfor the prototypefilter to hawve fixed impulse-response
values. It should be pointed out that in the most general case, instead of N in Equation (61), other
integers can be used (Heller et al., 1999. This subsedtion considers only the origind form of
Equation (61) becaise in this case the real and imaginary parts of the transfer functions Hy(2) and
Fi(2) are guaranteed to be linea-phase FIR filters provided that the prototype filter Hp(2) isa
linea-phase FIR filter. Thisis one of the most important properties of the original MDFT filter
banks. However, it should be pointed out that in some communications appli cationsit might be
beneficial to use low-delay MDFT filter banks. These banks can be generated using the saded
prototype filter for an M/2-channel PR or NPR low-delay biorthogonal cosine-modulated filter
bank.

An efficient implementation for the MDFT filter bank without the processing unit is depicted
in Figure 32 (Fliege, 1994). Inthis figure, IDFT stand for the inverse discrete Fourier transfor
and W=¢7?"™. The impulse response coefficients of G,(2) and G,(2) for1=0,1,...,M-1are
obtained from the prototype filter Hy(z), as given by Equation (51) for the M/2—-channel cosine
modulated filter bank, as g, (m) =+/2h, (MM +1) and g, (m) =/2h, (MM -1) for

1=0,1,...,M-1 (corresponding to the Type 1 and Type 3 polyphase components). A
computationally more efficient reali zation form has been proposed by Karp and Fliege (1996.
The filter delay for the bank of Figure 32is N+M/2.

It should be pointed out that the structure of Figure 32 has been constructed for processing a
“real” complex-valued inputdata. If thissigna is formedartificially such that both the red and
imaginary parts are formed based on two distinct red-valued signal, then modificationsin the
structure of Figure 32 are required, as has been discussed by Karp and Fliege (1999.

xnly

Figure 32. Implementation of MDFT filter bank for acomplex-vaued input sgndl.

3.3.2 MDEFT filter banks for real-valued input data

For areal input signal in Figure 31, v{[n] =0 and v{®,[n]=0 (v{),[n]=0),
ViR [nl= P[] (i2ln] = vi® [n]] ), and v [n] = v [n] (vi2, In] = v [n]) for N odd
(even). It can be shown, after some manipulations, that only the analysis and synthesis filters
Hk(2) and Fi(2) for k=0, 1, ..., M/2 are needed provided that the transfer functionsfor
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k=1,2,...,M/2-1 are multiplied by ~/2 . For N odd, this corresponds to the filter bank shown in
Figure 33, where the impulse responses of H®P(2) and H(2) for k=1,2, ..., M/2-1 are givenin
terms of the impulse response hy[n] for n=0, 1, ..., N of the linea-phase prototype filter for the
M/2—channel cosine modulated filter bank as follows:

%:Lioo#@i: -N/2)/M] for keven
h{®[n] = @ (62
ho[n—M /2]cod2rk(n-N/2-M/2)/M] for kodd
h inj2rk(n-N/2)/M for kodd
WO [n] = 54 L:_mi 3 )/M] or ko ©
@:Lzl_,\_ 12]sin[2rk(n-N/2-M/2)/M] for keven,
whereas (H{"(2) and H{},(2) provideno contributions)
h§®[n] =/2h, [n] (64
2h_In|sint(n—N/2)/M for M /2odd
%N?Tmﬁ lrlsin /M) (65)
B/2h,[n-M/2]sin[(n-N/2-M/2)/M] for M /2even.
For the corresponding F®(2) and F"(2) for k=0, 1, ..., M/2, the impulse response
coefficients are obtained trough
f P[] =hP[N+M/2-n] (66)
£ [n]=h"[N+M/2-n]. (67)

Inthe above, itis assumed that hp[n] iszero for n<0 and n>N. If aprototype filter of an even
order N is desired to be used, then instead of H{),(2), H{®,(2) isused with the following
impulse response coefficients:

B/2h, [n]codr(n-N/2)/M] for M /2even

[l
B/2h,[n-M/2]codn(n-N/2-M/2)/M] for M/2odd.

An example of amplitude responses for an eight-channel MDFT filter bank with a prototype
filter of odd order isgiven in Figure 34.

It should be emphasized that Equations (62)—(68) have been derived for the cae where
Equation (61) with alinea-phase prototype filter of order N isused as a starting point. In this
cese, al the analysis and synthesis filters are linea-phase FIR filters. Similar equations have
been derived by Heller et a. (1999 for the ca® where, instead of N, K< N isused in Equation
(61) and the prototype filter isanonlinea-phase FIR filter of order N. A slightly different
approac for generating filter banks for processing real-valued input signals with linea-phase
FIR filters has been proposed by Lin and Vaidyanathan (1995.

When comparing MDFT filter banks and cosine-modulated filter banks the following
properties should be emphasized. First, prototype filters for a2M-channel MDFT filter bank and
for an M-channel cosine-modulated filter bank are the same. Seond, for processing real-valued
signals, a2M MDFT filter bank is needed to obtain similar coding gain (Lin and Vaidyanathan,
1999 like for an M-channel cosine-modulated filter bank. In this case, both filter banks have
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approximately the same delay and complexity. Third, inan MDFT filter bank analysis and
synthesis filters can be linear-phase filters, that is not the caefor cosine-modulated filter banks.
This makes MDFT filter banks very useful in imageprocessing gplications.
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Figure 33. Equivalent fi Iter_bank for processing real-valued input data. N is odd.
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Figure 34. MDFT filter bank for processing real-valued input data. M =8 and N isodd. (a)
Analysis filters for red subbands. (b) Analysis filters for imaginary subbands.

As an example Figure 35 shows the amplitude responses of the real and the imaginary
channels for the analysis part, for a 64-channd PR MDFT filter bank, when processing rea-
valued inpu signals with the analysis and synthesis filters given by Equations (62)—(68). The
prototype filter isthe ssme asdesign 1in Table lll for a 32-channel cosine-modulated filter

Real channels

IR

Amplitude in dB
Lo

Amplitude in dB

0.1 02 03 0.4 05
Normalized frequency (w/(2m)

Figure 35. Amplitude responses of the analysis filtersfor 64-channd PR MDFT filter bank for
processing real-valued input signals.
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4 OctaveFilter Banks
There exist two basc clasesof octave filter banks, namely, frequency-seledive octave filter
banks and discrete-time wavelet banks. This sedion starts with frequerty-selective banks and
then connedionsto discrete-time wavelet banks are briefly discussed.

4.1 OctaveFilter BanksUsing Two-Channel FIR and IR Filter Banksas Building
Blocks

When generating an octave filter bank, atwo-channel filter bank shown in Figure 36(a) is
used asagtarting point. In this figure, the processing unit is omitted. Thefirst step istousea
two-channel filter bank after the decimated lowpassfiltered signal in the original filter bank as
shown in Figure 36(b). Thisbank is exadly the same as the original one, as shown in Figure
36(a). If the transfer function for this bank is T(2), then the decimated highpass filtered signal,
denoted by y4[r] in Figure 36(b), should be filtered by Ci1(2) =T(2) in order to make the overall
input-output transfer function equal to T(2)T(Z). If the two-channel filter bank is constructed
using causal |l R half-band filters, this transfer function is an allpass filter. For the PR FIR two-
channel filter bank with T(2) =z, the overall delay is 3K samples. The second diagram in Figure
36(b) shows an equivalent structure that is useful for the analysis purposes.

Vil yalrl

O
gkt —| Fo(@)

e N 0 e ke

[n] r yIn]
"

—
Analysis bank  Synthesis bank

Equivalent structure:

Ho(2),Fo(z)/2 Hy(2),Fy(z)/2 . yalrl

flsm ¢5/2 - - ﬁ

(a (b)
Figure 36. Generating atwo-level octave filter bank. (8) Starting-point two-channel filter bank.
(b) Two-level octave filter bank and its equivalent structure for the analysis purposes.

In order to generate amutileve octavebank, the last decimated lowpassfiltered signa of
Figure 36(b) istreated in the same manner. This processcan be repeaed several times. The
number of steps depends on the appli cation. Figure 37(a) shows the structure for the analysis part
in the case where theband splitting has been performed five times. This figure shows dso the
equivalent structure where the input data is filteredybsix filters followed by deamation by
different factors. Figure 37(b) shows the corresponding synthesis part. Finally, the overall system
isdepicted in Figure 38. In Figure 38, additional transfer functions Cy(2) for k=1,2, ,6 are
included in order to make the overall transfer function equal to TQT(A) T(Z)T(A)T(Z5). This
godl isachieved by Ci(2) =T(2) T(2) T(Z) T(?), C(2) =T(2 T(Z) T(Z), Cs(2 =T(@ T(Z), C4(2)
=T(2), and Cs(2) = Cs(2) =1. For a PR two-channel FIR filter bank with T(2) =z, Ci(2) = 2™,
Cx(2) =Z7%, Cs(2) = 23, C4(2) = 2K, and the overall delay is 31K samples.
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Figure 37. Generation of a five-level octave filter bank. () Analysis part. (b) Synthesis part
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Figure 38. Overall five-level octave bank. (a) Overall implementation. (b) Equivalent structure.

Asan example, consider the design of a five-level FIR filter bank built using the minimax
orthogonal PR two-channel filter bank with the stopband edge of the lowpassanalysis filter
being located a 0.586r and the filter orders being 61. Figure 39 shows the amplitude responses
for the Ex(2)’s (seeFigures 37 and 38). The amplitude responses for the Gy(2)’ s are obtained from
those of the Ex(2)'s by multiplying the responses by the corresponding interpolation facors.
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Figure 39. Amplitude responses for the analysis and synthesis filtersin an example five-level
octave FIR filter bank.
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4.2 Generation of Discrete-Time Wavelet Banksfrom Octave Filter Banks

Discrete-time wavelet banks (Vetterli and Herley, 1992 Vetterli and Kovatevi¢, 1995 Misiti
et al., 1996 can be regarded as special cases of octavefilter banks considered in the previous
subsedion. The common fedureis that they are both constructed with the aid of a single two-
channel PR filter bank. In the previous section, the god was to design this building block in such
amanner that the filtersin the overall bank providea good channel separation together with high
enough attenuations. Discrete-time wavelet banks are used in applications where the waveform
of the input signal is desired to be preserved when performing modifications to the sub-signalsin
the processing unit. The appli cations include, anong others, detecting discontinuities and
bregdown points of one-dimensional (1-D) signals, deteding long-term evolution of 1-D
signals, detecting self-simil arities of 1-D signals and images, de-noising and compression of 1-D
signals and images, and extracting some spedal feaures of 1-D signals and images. The need for
nealy preserving the waveforms states completely new criteriafor desgning the building-block
two-channel filter bank for discrete-time wavelet banks. Instea of the frequency-selectivity of
the resulting overall bank, there are other measures of “goadness’. These include, anong others,
the orders of the filters in the building-block bank, the number of levelsin the octave bank, the
phase lineaity, the number of vanishing moments, the regularity of the correspording
continuous-time analysis and synthesis wavelets and scaling functions. These topics wil | be
considered in more detail s in Chapter 3.

5 Concluding Remarks

This chapter gave an overview on how to synthesize criticaly sampled multirate filter banks.
We concentrated on three main topics. First, various two-channel filter banks based on the use of
FIR and IR filters were reviewed. Second, uniform multi-channel (M-channel) filter banks were
constructed in two basic ways. The first approach was based on using atree structure with two-
channel filter banks as building blocks. In the oond gpproad, these banks were gererated with
the aid of asingle prototype filter and a proper cosine-modulation or MDFT technique. As has
been mentioned, MDFT banks are more attractive in the cae where the goal isto preserve the
waveform of the original signal, like in the case of images. This is due to the fac that, despite of
having morefilters in the bank, all the sub-filters can have linea-phase impulse responses.
Third, octave filter banks were constructed using a two-channd filter bank asa building Hock.
Two extreme ca®s of octavefilter banks were considered, namely, frequency-seledive banks
and discrete-time wavelet banksthat concentrate on providing good channd seledtivity or on
preserving the waveform of the original signal, respedively.

There exist dill severa open questions regarding to themultirate filter banks considered in
this chapter. First, there are various dternatives to construct PR and NPR two-channel filter
banks. What isthe best selection when these banks are used alone or building atree-structured or
octave filter banks? Seoond, in the case of multi-channel uniform filter banks when to use the
orthogonal cosine-modulated, low-delay cosine-modulated, or MDFT banks? Third, in the cas
of octave filter banks, are there proper compromises between the frequency-seledive banks and
discrete-time wavelet banks? The proper selection depends strongly on the appli cation.

Empirical work must still be done in order to find a proper multirate filter banks for a specific
applicaion. As mentioned in the introduction, in the cas of audio signals, our eas are thefina
“referees” and in the caeof images or video sgnals, our eyes play the same role. Therefore, in
many applicaions, the ultimate goa isto design the overall system with the minimum
complexity and/or the minimum number of bitsrequired for transferring or storing the datain
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such a manner that the resulting output signal is still satisfadory to aur eas or eyes. Itiswell
known that for our easin the cae of amono or stereo sgnal, multirate filter banks with high
channel seledivity are preferred. In the case of our eyesand images, it is desired to use multirate
filter banks approximately preserving the waveform of the image.
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