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DESIGN OF FIR FILTERS USING IDEN-
TICAL SUBFILTERS AS BASIC BUILDING
BLOCKS

e The cost of implementation of an FIR filter can
be reduced by designing it by interconnecting a
number of identical subfilters with the aid of a

few additional adders and multipliers.

e The main advantage of using identical copies of
the same filter lies in the fact that with this ap-
proach it is relatively easy to synthesize selective

FIR filters without general multipliers.

e This material is based on T. Saramaki, ”Fi-
nite impulse reponse filter design”, Chapter 4 in
Handbook for D:igital Signal Processing, edited
by S. K. Mitra and J. F. Kaiser, John Wiley and
Sons, New York, 1993, Section 4-12.

e This pile of lecture notes contains some additional

material compared to the above-mentioned article.



IN

Filter Structures

e The ’building block (subfilter) Fis(z) is a Type I fil-

ter of order 2M:

2M
Fuy(z) =) flnlz™,  fI2M —n] = f[n].
n=0

e The first structure is used for the design purposes

and the second one for the implementation pur-

poses.
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Filter Frequency Response

The use of the extra delay terms 2z~ guaran-

tees that the overall frequency response has linear

phase and is expressible as

H(e) = e "M I (W),

where
H(w) = a[n][Fu(w)]"
with -

Fy(w) = f[M] —I—QZf[M——n] COS NWw.

n=0
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Conditions for the Tap Coefficients and Sub-
filter

e The tap coefficients a[n| and Fj;(z) can be deter-

mined such that H(w) meets

1-46, < Hw)<1+§, for welX,
-, < Hw) < §, for we X,.

e X, and X, may consist of several bands.
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Simultaneous Specifications

e Since H(w) can be obtained from the polynomial

N
P(z) = Z aln]z"
n=0
using the substitution
r = Fy(w),

the general simultaneous conditions for the a[n]’s

and Fjs(z) can be stated as

1-0, < P(z) <149, for z, <z <zp
—0s < P(z) <4, for zg <2< x40

) < xpy for we X,

)

< xge for we X,.

e The figures in the following three transparencies
exemplify these relations in three different cases

to be considered in more details later.
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Example 1: Design of a composite filter using
four prescribed subfilters. z,; = 0, x, = 0.1549,
zp1 = 0.9706, and =z, = 1.0488 are determined
by the subfilter. w, = 0.057, w, = 0.17, ¢, = 0.01,
and 6, = 0.001.
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Example 2: Case A Simultaneous Specifica-
tions: =z = -1, xp»p = 1. x5 = -—0.6318,
Tp1 = 0.4493, wp, wp = 0.5 £ 0.27, wy, wgp =
0.5m & 0.21wr, N = 8 subfilters, 6, = 0.01, and
0y = 0.0001.
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Example 3: Case B Simultaneous Specifica-
tions: xz,, x,p =1= gp, Tsl, Tgo = 55. gp = 0.1787,

6, = 0.1195, N = 8 subfilters. w, = 04n, w, =
0.4027, 6, = 0.01, and 6, = 0.0001.
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Interpretations

If these conditions are satisfied, then x = Fy(w)
converts the desired passband behavior of P(x) on
[Zp1, Tp2] (oscillations within the limits 1 £ 6,) onto
the passband region X, of the overall filter. Sim-
ilarly, the desired stopband behavior of P(x) on

[€s1, Ts2] is converted onto the stopband region X,.

Hence, the amplitude values are preserved and

only the argument axis is changed.

Alternatively, P(x) can be interpreted as an am
plitude change function, which tells that if the
subfilter response Fj;(w) achieves the wvalue g,
then the overall response H(w) achives the value

P(zy) without regard of the frequency.
The passband and stopband regions of Fj;(w) and

H(w) are the same.

All that happens is that the multiple use of the
same subfilter reduces the large passband and

stopband variations in Fj(w) to small variations

in H(w).
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Basic Problems

e Problem I: Given N, the number of subfilters,
optimize the a[n|’s [or, equivalently, P(x)] and
Fy(z) to meet the given criteria with the mini-

mum subfilter order 2M.

e Problem II: Given Fj(z), optimize the an]’s to
meet the given criteria with the minimum value of

N.
e In addition to these problems, Fj(z) and P(x)

can be optimized to minimize N, the number of

subfilters, for the given subfilter order 2M.

e Also, the subfilter order can be minimized for the
given N and the given values of the a[n]’s, like in

the Kaiser-Hamming approach.
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Three Different Simultaneous Specifications

For Problem II, the parameters x,, z,2, =5, and
rsy are fixed and determined by Fy(z) (see Ex-

ample 1 in transparency 6).

For Problem I, these parameters are adjustable
and their number can be can be reduced from

four to two in the following two useful ways:

Case A: 74 = —1, zpp = 1; x5 and x4 are ad-
justable.
Case B: w4y = —0;, Tso = 05, Tp1 = 1 — O, Tpo =

1+ gp; gp and 8\8 are adjustable.

Case A is beneficial when the subfilter is a con-
ventional direct-form design: the subfilter is au-
tomatically peak scaled with the maximum and
minimum values of Fj/(w) being +1 and —1, re-

spectively (see Example 2 in transparency 7).

In Case B, the subfilter criteria are conventional
with passband ripple of gp and stopband ripple of

gp (see Example 3 in transparency 8).
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Tap Coefficients for the Second Overall Struc-

ture

e The additional tap coefficients in the second over-
all structure of transparency 2 can be obtained
by factoring the polynomial P(z) into the second-

order and ﬁrst—order terms as
Ny

on bx 212+ by 1+ [0]) T fexl Lo+ ce[0]]

k=1

where

2N+ Ny = N.

e The advantages of this structure compared to the

—M  can be

first one are that the extra delays z
shared with the subfilter F);(z) and its sensitivity

to variations in the tap coefficients is lower.

e Later on, it will be shown how P(x) can be de-

signed directly in the above form.
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Filter Optimization

e F'or the above problems, the design of P(x) can
be accomplished conveniently with the aid of an

FIR filter using the substitution
x=acos)+

in P(x), yielding
N
G(Q?) = P(lacosQ+ () = Zg[n] cos" (2,

n=0

gln] = ia[r] (M)arsr. (4

e Being expressible as an N-th degree polynomial in

where

cos(), G(§2) is the zero-phase frequency response
of a Type I linear-phase FIR filter of order 2N
and can be designed using standard FIR filter de-
sign algorithms (see the lecture notes on Digital

Filtering II, especially the handbook chapter).
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e These algorithms give the impulse-response coeffi-
cients g[n| of the corresponding filter.

o (G(2) can be expressed as G(Q2) = g[N]+2 2521 g[N—
n]cosnf) which can be rewritten in the desired
form using the identity cosn) = T,(cos(?), where

T,(z) is the n-th degree Chebyshev polynomial.
e On page 17 it will be shown how P(x) can be

generated based on the impulse response as well
as the zero locations of the corresponding FIR fil-

ter.



By selecting

a=(Tp2—Ts1)/2, B = (Tp2+xs1)/2,

the z-plane regions |[z,1,zy] and [xg,zs] are
mapped, respectively, onto the ()-plane regions

0,9,] and [Qs, 7], where (see the figure in the fol-

lowing transparency)

237]91 — Lp2 — msl}

Q, = cos'| , Qs =cos ']

Lp2 — Tsl Lp2 — Ts1
and the conditions for P(z) can be expressed in

terms of G(Q2) as
1-6, <G) <149, for 0 <O <Q,
—0s < G(Q2) < §; for Q, < Q< .
G (2) meeting these conventional lowpass specifica-

tions can then be converted back into the polyno-

mial P(z) using the substitution

cos) = [z — f]/a.

The resulting tap coefficients a[n] can be deter-

mined from the g[n|’s according to Eq. (A).

2T59 — Tpo — wsw
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Design of the polynomial P(x) with the aid of
an FIR filter response G({2) for the given z,,

Ts2, Tp1, and xp and for the given §, and ;.
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How to Find P(z) Conveniently in the Cas-

cade Form

o Let the transfer function G(z) satisfying the con-

ditions given on page 15 be of the form

G(z) = ) _glnlz™", 32N —n] =gln].

n=0
e This G(z) is factorizable as

G(z) = g[0]G1(2)Ga(2)G3(2),

where
M,

Gi(z) = H(l — [2(ry + -%) cos 0]z~
k=1

1
+ [ri + = + 4cos” O]z
Tk
1
— [2(ry + —) cos Hk]z_?’ + z_4),

k=1 "k
Ms3

Gs(z) = H(l —[2cos Bzt + 272).
k=1

e Here 2M1+M2+M3:N.
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e GG1(z) contains M; zero quadruplets at z = rie
and z = (1/ry)et% for k=1,2,---, M.

e G5(z) contains M, reciprocal zero pairs on the
real axis at 2 =7y, 1/ for k=1,2,---, Mo>.

e (GG3(z) contains M3 zero pairs on the unit circle at

2 = =% for k=1,2,---, Ms.

e The corresponding zero-phase frequency response

is expressible as
G(Q) = g[0]G1(Q2)G2(2)G3(9),

where

M
1
G1(Q2) = H(2 cos 22 — [4(ry + 7—;—) cos O] cos §2
k
k=1

1
+ [rf + = + 4 cos” 0)),

Tk
M, |
G2(QQ) = H(Q cos Q) — [y, + ?—]),
k
k=1
M3
G3(Q) = [ [(2cos Q2 — [2cos B4)).
k=1
e Alternatively, (2cos2Q = 4cos’Q — 2)

My
G1(Q) = 92M; l_I(cos2 QO + ajcos Q) + b),
k=1



and

where

and

e Hence,

where

M,
Go(Q) = 22 H(cos Q + dy),

k=1
Ms
G3(Q) = oMs H(Cos Q+ep),
k=1
1
ar = — (7 + —) cos Oy,
Tk

1
by = (T]%+—§)/4+C0829k - 1/27

Tk
. 1
dk = “(’rk + T)/27
Tk
e = — cos Oy
Ny
=C | [[bx[2] cos® @ + bi[1] cos € + b [0]] X
k=1
Ny
H[’c\k[l] cos §2 + ¢ [0]],
k=1
6 — 2N/g\[0]7



L
Ny = My + Ms,
b2l =1 for k=1,2,---, Ny,
/l;k[l]:ak for k=1,2,---, Ny,
/l;k[O]::bk for k=1,2,---, NNy,
cll]=1 for k=1,2,---,Ns,
cxl0l =di for k=1,2,---, Mo,
and

/C\k[()] = €k—M, for k=My+1, My+2,---, No.

The unscaled P(z) obtained from G(2) using the

substitution
cosQ) =[x — []/«
is then
Ny N
P(z) = C | [[be[2]&®+be[L]x+bx[0]] | [lcx[1)z +ci[0]],
k=1 k=1
where

C=C/a"
bp[2] =1 for k=1,2,---, Ny,

AN

bp[1] = abi[l] =28 for k=1,2,---, Ny,
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bk[o] — a2/b\k[0] _ /Ba/b\k’[l] + /82 for k= ]-7 27 T 7N17
ckl]l] =1 for k=1,2,---, Ny,

and

ck[0] = acy[0]— B for k=1,2,---, N.
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Example

e This example illustrates how multiplier-free filters
can be designed by first determining a computa-
tionally efficient subfilter with higher ripple values
than the required ones and then using the addi-

tional tap coefficients to reduce these ripples to

the desired level (Problem II).

e Consider the specifications: w, = 0.05m, w, = 0.17,

5, =0.01, and 6, = 0.001.

e For narrowband cases of this kind, a particularly

efficient subfilter transfer function is of the form:

1— K2
T e+ d(1+ 27,

where 27F  with P integer-valued, is a scaling

multiplier and M =3K/2 — 1.

Fu(z) =[27"

e An efficient implementation of this transfer func-

tion is depicted in the following transparency.
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An implementation of the proposed subfilter

Out

e If modulo arithmetic (e.g., 1’s or 2’s complement
arithmetic) and the worst-case scaling 27 < 1/K
(corresponds to peak scaling in this case) are used,
the outputs of the first two blocks in the above fig-
ure are correct even though internal overflows may

occur.

e This implementation is very attractive as, in this
case, the system does not need initial resetting and
the effect of temporary miscalculations vanishes au-

tomatically from the output in a finite time.
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Optimization of the Additional Tap Coefli-

clents

By selecting K =16, P=4, c= 2, and d = —271,
the resulting subfilter requires no general multi-
pliers and Fjs(w) varies within z,; = 0.9706 and
Ty, = 1.0488 on [0,w,] and within x5 = 0 and
Tso = 0.1549 on [ws, 7] (see Example 1 in trans-
parency 6 as well as transparency 26).

Using the above procedure, o = 3 = 0.5244 and
the edges of G(Q2) become 2, = 0.17617 and ; =
0.74897 (see transparency 16).

The minimum even-order 2N to meet the result-
ing criteria is 8 so that the required number of

subfilters is NV = 4. See transparency 27.

The impulse-response coefficients for this proto-
type filter G(z) are g[0] = g[8] = —0.01875, g[1] =
g7l = —0.03892, g[2] = g[6] = 0.05492, g¢[3] =
gl5] = 0.28811, g[4] = 0.42547. See transparency
28.

The zeros of this filter are located at z = 0.3741,



1/0.3741 (reciprocal zero pair on the unit circle),

+0.75827 +0.82657 +0.93797

z =e , 2 = € ,and z = € See

transparency 29.

In this case, Ny =0, Ny =4, C = —0.3001, [0] =
—1.5237, ¢5|0] = 0.7251, ¢3[0] = 0.8551, and ¢;[0] =
0.9810,

The corresponding polynomial P(z) contains thus
only first-order sections.

By fixing ¢x[l] = 1 for k£ = 1,2,3,4 to take the
value of unity (like in the procedure described on
pages 17-21), C and the coefficients c;[0] = 1
for £ = 1,2,3,4 take the infinite-precision values

shown in the table of transparency 30.
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Zero-phase frequency response for the example

subfilter

Subfilter response
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. Xp2=1.049
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Amplitude response for the FIR prototype fil-

ter G(z2)
Response for the prototype filter G(Omega)
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Impulse response

- 928 -—

Impulse response for the FIR prototype filter
G(z)

Impulse response for the prototype filter
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Zero-plot for
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the FIR prototype filter G(z)

Zero-plot for the prototype filter G(z)
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Infinite and Quantized Tap Coefficients

TABLE 4-11 Tap Coefficients for the Filter of Example 4.19

Infinite-Precision Coefhicients
1] = ¢, [0] = —0.009995
¢, [0] = —0.075844

c3[0] = —0.144123

1
e[1] = 1
1
1 c;[0] = —1.323373

C = —3.967595

Quantized Coefficients

0] =0

c,[0] = -27°

0] = =277 —27°
[0 = =20 -2 -274

R)

N

pr—

ey

N
Pt et et e
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The given criteria are still met when these coef-
ficients are quantized to the easily implementable
values shown in the table of the previous trans-

parency. See transparencies 32 and 33.

The resulting composite filter requires no general
multiplications, making it very useful for hardware

or VLSI implementation.

The responses of transparency 6 are for this over-

all design.

In the following transparencies you can find a
Matlab-file, called exal9.m, for performing the
above synthesis (study it carefully and try it).



Amplitude

Amplitude in dB

- 32 -

Responses for the quantized and unquantized

P(z). Stopband region is [0, 0.1549] and the
passband region is [0.9706, 1.0488].

Response for P(x): solid and dashed line for quantized and unquantized P(x)s
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Amplitude
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Responses for the overall filter with quantized

and unquantized additional tap coefficients

Overall filter: solid and dashed lines for quantized and unquantized P(x)s
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%Matlab-file exa19.m for solving the problem
%4.19 in T. Saram"aki "Finite impulse response
Y%filter design" in Handbook for Digital Signal
%Processing, edited by S. K. Mitra and J. F. Kaiser,
%dJohn Wiley & Sons, 1993.

%

%can be found in SUN's: ~ts/matlab/sldsp/exa19.m
%

%ldentical FIR Subfilters

%

rrs=ones(1,16)/16;

a(1)=-1/2;a(17)=-1/2;

a(9)=2;

f=conv(rrs,rrs);

f=conv(f,a);

%

%Passband and stopband maxima and minima
%of the zero phase frequency response

%

[H,z]=zeroam(f,.0,.05,4000);
xp2=max(H);xp1=min(H);
[H,z]=zeroam(f,.1,1.,4000);
xs2=max(H);xs1=min(H);
[H,z]=zeroam(f,.0,1.,4000);

figure(1)

plot(z/pi,H);grid;title('Subfilter response’);
ylabel('Zero-phase frequency response');
xlabel('Angular frequency as a fraction of pi');
text(.22,1.1,['xp2="',num2str(xp2)])
text(.22,.9,['xp1=",num2str(xp1)])
text(.22,.7,['xs2="',num2str(xs2)])
text(.22,.5,['xs1=",num2str(xs1)])
u(1)=.0,y(1)=0;

%Determine G(Omega); alpha and beta from
%equation (4.196), Omega_p and Omega_s
%from equation (4.197)

figure(2)
alpha=(xp2-xs1)/2;beta=(xp2+xs1)/2;
den=xp2-xs1;
Omegap=acos((2*xp1-xp2-xs1)/den)/pi;
Omegas=acos((2*xs2-xp2-xs1)/den)/pi;
plot(u,y);axis([0 100 0 100});



text(20,80,['alpha=",num2str(alpha)])
text(20,60,['beta=",num2str(beta)])
text(20,40,['Omegap=",num2str(Omegap),'pi'])
text(20,20,['Omegas=",num2str(Omegas),'pi'])
%Minimum even order of G(z) to meet the resulting
Y%criteria is 8, that is, we need 4 subfilters
g=remez(8,[0 Omegap Omegas 1], [1 1 0 0],[1 10]);
[HH,z]=zeroam(g,.0,1.,4000);

figure(3);subplot(211)
plot(z/pi,20*log10(abs(HH)));axis([0 1 -90 10]); grid;
title('Response for the prototype filter G(Omega)");
xlabel('Angular requency as a fraction of pi');
ylabel('Amplitude in dB")

%Passband details
subplot(212);plot(z/pi,(HH)),grid;axis([0 Omegap .99 1.01]);
title('Passband details');

xlabel('Frequency as a fraction of pi'); ylabel('Amplitude’)
figure(4)

impz(g);

title('Impulse response for the prototype filter');
xlabel('n in samples'); ylabel('Impulse response')
figure(5)

zplane(g);

title("Zero-plot for the prototype filter G(z)');

%Express G(z) in the form
%G(z)=g(0)[1+al1*2\-1)+z/(-2)][1+a2*zN(-1)+2\(-2)]*
%[1+aB3*zM(-1)+z/(-2)]"[1+ad*zN-1)+2/\(-2)]

%How to do this? g(0) is value of the impulse response
%of G(z) at n=0. In Matlab g(1). The zeros of G(z) are located at
%z=r, 1/r, with r_1=0.3741, and z=exp(+-theta_k)

%for k=2,3,4 with theta_2=0.8265pi, theta_2=0.8265pi,
%theta_4=0.8265pi,

%Then, al=-(r+1/r), a_k=-2cos(theta_k), k=2,3,4
zer=roots(g);

[Y l]=sort(-real(zer));

zer=zer(l);

%gives the following zeros

Y%zer =

%

% 2.6733

% 0.3741

% -0.7251 + 0.6886i



% -0.7251 - 0.6886i

% -0.8551 + 0.5185i

% -0.8551 - 0.5185i

% -0.9810 + 0.1938i

% -0.9810 - 0.1938i

r=zer(2);

al=-(r+1/r);

theta2=acos(real(zer(3)))/pi;

a2=-2*cos(pi*theta2);

theta3=acos(real(zer(5)))/pi;

a3=-2*cos(pi*thetald);

thetad=acos(real(zer(7)))/pi;

a4=-2*cos(pi*theta4);

%Factorized zero-phase response G(Omega) is obtained
%by using the substitution 1+z/(-2)==2*cos(Omega), and
%z~ (-1)==1. Note that the delay term is totally diregarded.
%We obtain G(Omega)=G0[cos(Omega)+G1]*[cos(Omega)+G2]*
%[cos(Omega)+G3]*[cos(Omega)+G4], where G0=8g(0) and
%G_k=a_k/2 for k=1,2,3,4.

GO0=(27)*g(1); %-0.3001

G1=a1/2; % -1.5237

G2=a2/2; % 0.7251

G3=a3/2; % 0.8551

G4=a4/2; % 0.9810

%Now the desired P(x)=G([x-beta/alpha]) [equation (4.199)], giving
%P (X)=PO[x+P 17" [x+P2]*[x+P3]*[x+P4], where P0=G0/(alpha’4),
%Pk=alpha*Pk-beta for k=1,2,3,4.

PO=GO0/(alpha™4); %-3.9674

P1=alpha*G1-beta; %-1.3234

P2=alpha*G2-beta; %-0.1441

P3=alpha*G3-beta; %-0.0760

P4=alpha*G4-beta; %-0.0099

o,

figure(6)

plot(u,y);axis([0 100 0 100));

text(3,95,'zeros of G(z) are located at z=0.3741, 1/0.3741)
text(3,87.5,'z=exp(+-j0.7582pi), z=exp(+-j0.8265pi),z=exp(+-
j0.9379pi)")
text(3,80,'G(z)=-0.0188*[1-3.0473z\(-1)+z(-2)]"[1+1.4503z/\(-
1)+2(-2)[")

text(13,72.5,T1+1.71072/\(-1)+2M(-2)]*[1+1.96 19z (- 1)+z/(-2)])



text(3,60,'G(Omega)=-0.3001[cos(Omega)-
1.5237]*[cos(Omega)+0.7251]")
text(13,52.5,[cos(Omega)+0.8551]*[cos(Omega)+0.9810])
text(3,45,'P(x)=-3.967595*[x-1.3234]*[x-0.1441]*)
text(13,37.5,'[x-0.0760]*[x-0.0099]"

text(3,30,'Qunatized P(x)=-2/2*[x-2"\0-2/\(-2)-2/M-4)]*[x-2/\(-3)-2/\(-
6)1)

text(13,22.5, [x-2/(-4)]*[x-0]")

x=(.0:.0001:1.0488);
h1=P0*(x+P1);h2=(x+P2);h3=(x+P3);h4=(x+P4);

hh1=h1.*h2;

hh1=hh1.*h3;

hh1=hh1.*h4;

%Simple additional tap coefficients
h1=-4*(x-1-2/N(-2)-2/\(-4));h2=(x-0);h3=(x-2/\(-4)); hd=(x-2/\(-3)-2/\(-6));
hh2=h1.*h2;

hh2=hh2.*h3;

hh2=hh2.*h4;

figure(7);

subplot(211)

plot(x,20*log10(abs(hh1)),'- -',x,20*log10(abs(hh2)));axis([xs1 xp2 -
100 10]);grid

title('Response for P(x): solid and dashed line for quantized and
unquantized P(x)s");

xlabel('x"); ylabel('Amplitude in dB')

%Passband details

subplot(212);plot(x,hh1,'- -',x,hh2),grid;axis([xp1 xp2 .99 1.01));
title('Passband details');

xlabel('x"); ylabel('Amplitude’)

%0Overall responses
h1=P0*(H+P1);h2=(H+P2);h3=(H+P3);h4=(H+P4);

hh1=h1.*h2;

hh1=hh1.*h3;

hh1=hh1.*h4;

%Simple additional tap coefficients
h1=-4*(H-1-2(-2)-2/\(-4));h2=(H-0);h3=(H-2/(-4)); h4=(H-2/(-3)-2/\(-
6));

hh2=h1.*h2;

hh2=hh2.*h3;

hh2=hh2.*h4;

figure(8)

subplot(211)



plot(z/pi,20*log10(abs(hh1)),- -',z/pi,20*log10(abs(hh2)));axis([0 1. -
100 10]);

axis([0 1 -90 10]);grid

title(‘Overall filter: solid and dashed lines for quantized and
unquantized P(x)s');

xlabel('Angular frequency omega/pi'); ylabel('Amplitude in dB’)
%Passband details

subplot(212);plot(z/pi,hh1,'- -',z/pi,hh2),grid;axis([.0, .05 .99 1.01]);
title('Passband details');

xlabel('Angular frequency/pi'); ylabel('Amplitude')
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Solution to Problem 1

Problem I can be solved by finding 2, and €, for
G(Q) of the given even-order 2N in such a way
that it meets
1-9, < G) <1446, for 0<Q <Q,
-0, < G(N) < 6§ for Q, < Q< 7.
and the subfilter criteria become as mild as pos-
sible so that they can be met by the minimum

even order 2M.
For any G({2), the corresponding polynomial P(z)

is obtained using the substitution

cos) = [z — f[]/a,

where
a=1, =0
for Case A and
2 3 (cos s — 1)
o = =
2 + cos 2, — cos {2’ 2 + cos 2, — cos
(4)

for Case B.
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e In Case A, the resulting passband and stopband

region of P(x) are [z,1,1] and [—1, x|, where
Tso = cosf);, @y = cos(l,.

e In Case B, the corresponding regions are [1 —

gp, 14 /5\p] and [——3\8,3\3], where

5 _ 1 — cos {2, ~ 1 + cos (),
P 24cosQ, —cosQ 7 24 cosQ, —cosQ,’

e The figure in the following transparency exempli-

fies these relations.

e Note that P(z) for Case B can be obtained
from the Case A polynomial by replacing = by
|z — a]/B, where a and 3 are given by Eq. (A).
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Relations of the Case A and Case B polyno-
mials P(z) to the best extraripple solution for
the given values of 0, and é,. N =38, ¢, = 0.009,
6, = 0.0009.

Q
L L L T
Q=cos~ [ (x—B)/u]
_________________ ] QS - - - =
'
1
|
|
|
|
T Qp f[==-tmmmmmmm ,
. | |
= i |
< | |
z : :
~ I I I A I 0 ! i
1.01 0.99 0 -40 -80 Xs1 Xs2 Xp1 Xp2 X
IGQ)I in dB
| ILIN. AMP.
: 1.01
Qp=0.3517n, Q,=0.7177m ! m
0 . 0.99
S l i
Case A: - 0 ! ; ]
X,;=0.4493, x,,=1.000 — 20| ! ' ~
p1=Y. » Xp2=1- ’>? - ! | -
Xg1=—1.00, xg=-0.6318 <& ™0 | .
0L .60 [ ! l —
Case B: 80 I ! h
|
Xp1»Xp2=1%0.1787 -100 : ]
XSI,X32=iO.1195 120 W L1} ! 7]
Xs1 Xs2 Xp1 Xp2 X
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How to find the best solution fast?

e It has turned out that the mildest subfilter cri-
teria are typically obtained at those values of (2,
and €, for which G(2) has an extraripple solution
(one extrema more than required by the charac-
terization theorem) for the specified values of 4,
and J; (see the lecture notes on Digital Filtering

I1, especially the handbook chapter).

e The best extraripple solution is the one for which

(2, and 7 — ), are the most equal.

e As an example, the figure in the previous trans-
parency gives the best extraripple solution for
N = 8, 4, = 0.009, and ¢, = 0.00009 along with
the corresponding polynomials P(x) in Cases A

and B.
e Note that the allowable passband and stopband

variations for the subfilter are in both cases huge

compared to those of the overall design.
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The solutions of transparency 36 are used later as
a starting point for synthesising multiplier-free fil-

ters for 0, = 0.01 and d, = 0.0001.

The desired extraripple solutions can be found di-
rectly using the algorithm of Hofstetter, Oppen-
heim, and Siegel.

This algorithm can also be implemented by slightly
modifying the Mclellan-Parks-Rabiner algorithm.

Later on, we shall introduce a Matlab-file, called
extralin.m, which automatically performs all the

work for us.
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The best extraripple solution for N = 8, ¢, =
0.009, and 45 = 0.00009

In the following, there are three sets of 8 trans-

parencies for different extraripple solutions.

These solutions are characterized by the fact that
they oscillate in both the passband and stopband
just between the given limits (1 £+ 6, in the pass-

band and =+6, in the stopband).

For these filters, the passband edge 2, (the stop-
band edge (5) is determined as the (first) last
frequency point where the value 1 — §, (d,) is

achieved.

When these edge points are included in the num-
ber of extremal points, these designs have one
more extremal points than required by the char-

acterization theorem of the best solution.

When counting the number of passband ripples
for the extraripple filters, the cutoff point €2, is

not included.

For each selection of the number of ripples in the



- 40 -

passband, there is a unique solution. The number

of passband ripples can be selected between unity

and N for a filter of order 2NV.

e The first, second, and third sets in the following
are for the cases with three, four, and five pass-

band ripples.

e Lor these cases, (), = 0.23547 and 2, = 0.6103;
(2, = 0.3571m and €, = 0.71777; and (), = 0.4646
and 2, = 0.81677.

e Hence, for the case with four passband ripples, €2,

and ™ — {25 are the most equal.
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Zero plot for the extraripple filter
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Impulse response

Impulse response for the extraripple filter
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abs(P(x)) in dB
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Case A: Passband details
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Case B: xs1=-0.2146, xs2=0.2146, xp1=0.9151, xp2=1.085
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Zero plot for the extraripple filter
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Impulse response for the extraripple filter
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Case A: Passband details
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Case B: Passband details
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Zero plot for the extraripple filter
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Impulse response

0.7

0.6

0.5

0.4

-0.1

Impulse response for the extraripple filter

n in samples

16



20

Case A: xs1=-1, xs2=-0.8387, xp1=0.1108, xp2=1

T T T
| 1

L AOf et S

Q .

= J

§§ ................................... S S

a :

@ .

0 '

L 0 S S S S S TR
OO - f R R
-120F1{-t1------------ P - R i T R e - -
140 i i i ) | | i |

-1 -0.8 -0.6 -04 -0.2 0.2 0.4 0.6 0.8 1



Case A: Passband details
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abs(P(x)) in dB
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Case B: Passband details
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