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ABSTRACT
The deconvolution in image processing is an inverse ill-
posed problem which necessitates a trade-off between �-
delity to data and smoothness of a solution adjusted by
a regularization parameter. In this paper we propose two
techniques for selection of a varying regularization param-
eter minimizing the mean squared error for every pixel of
the image. The �rst algorithm uses the estimate of the
squared point-wise bias of the regularized inverse. The
second algorithm is based on direct multiple statistical hy-
pothesis testing for the estimates calculated with different
regularization parameters. The simulation results on im-
ages illustrate the ef�ciency of the proposed technique.

Introduction
A variety of image capturing principles can be modeled
by the integral z(x) =

R
X
v(x; t)y(t)dt; x; t 2 X � R2;

where v is a point-spread function (PSF) of the system, y
is an image intensity function, and z is an observed image.
A natural simpli�cation is that the PSF v is shift-invariant
which leads to the convolution operation in the observa-
tion model. We consider a discrete noisy approximation
of the problem so that the observation z is given in the
following form:

z(x) = (v ~ y)(x) + "(x); (1)

where " ~ " denotes the discrete convolution, the argu-
ment x is de�ned on the regular n1 � n2 lattice, x 2
X = f(x1; x2) : xi = 0; 1; :::; ni � 1; i = 1; 2g, and "
is a random noise. It is assumed that the noise is white
Gaussian with zero-mean and variance �2; "(x) s N(0;
�2):
In the 2D frequency domain for the circular convolu-

tion the model (1) takes a form:

Z(!) = V (!)Y (!) + "(!); (2)

where the notation Ff�g is used for the discrete Fourier
transform (DFT) Z(!) = Ffz(x)g, V (!) = Ffv(x)g;
Y (!) = Ffy(x)g; "(!) = Ff"(x)g, and ! 2 W; W =
f(!1; !2) : !i = ki=ni; ki = 0; 1; :::; ni � 1; i = 1; 2g, is
the normalized 2D discrete frequency.
The estimation of y from the observation z is a re-

moval of the degradation caused by a PSF. It is an inverse

problem. Usually this problem is ill-posed which results
in instability of the solution which, in particular, is very
sensitive with respect to the additive noise.
Stabilizing effects can be introduced by constraints

imposed on the solution. A general approach to this kind
of constrained estimation refers to the methods of Lagrange
multipliers and the Tikhonov regularization [1]. The regu-
larized (constrained) inverse (RI) �lter can be obtained as
a solution of the least square problem with a penalty term:

J = kZ � V Y k22 + r kY k
2
2 ; (3)

where r � 0 is a regularization parameter and k�k2 de-
notes Euclidean norm. Here, the �rst term kZ � V Y k22
evaluates the �delity of the model V Y to the available data
Z and the second term kY k22 bounds the power of this es-
timate. The regularization parameter r balances these two
terms in the criterion J . In (3), and further, we omit the
argument ! in the Fourier transforms. We obtain the esti-
mate of the image by minimizing (3):

byr(x) = F�1fbY g; bY = V �

jV j2 + r
Z; (4)

where the star (�) means the complex-conjugate variable.
A proper selection of the regularization parameter r in

(4) is a key point of the regularization technique overall.
There are numerous publications concerning this problem.
Roughly speaking there are two types of methods: with

a prior knowledge and without a prior knowledge about
the noise variance �2. The L-curve method, sometimes
also called the Tikhonov curve method, belongs to the
group of methods with no information on the value of �2
(e.g. Miller [2], and Tikhonov and Arsenin [1]). The tech-

nique uses a log� log plot with the log
Z � V bY 2

2
as an

abscise and log
bY 2

2
as an ordinate, with r as a parameter

along this curve. The transition between under- and over-
regularization corresponds to the �corner� of the L-curve
and the corresponding value of r is proposed as an optimal
value of the regularization parameter. Further, Hansen has
developed this idea in [3] where he has stipulated condi-
tions when the corner exists. The corner is de�ned as the
maximal curvature point of the log� log plot. Methods
for detection of this point can be seen in [4], [5].



Figure 1. Brief scheme of the regilarization parameter r
selection using the proposed techniques.

Galatsanos and Katsaggelos [6] propose a technique
for selection of the asymptotically optimal regularization
parameter provided that the variance of noise in (1) is
known. This approach is based on calculation of the deriva-
tive of the mean squared error (MSE) functional. Similar
idea is exploited by Nielamani et al. in [7] where the op-
timal invariant regularization parameter is found by mini-
mizing an upper bound of MSE calculated in the Fourier-
Wavelet domain. Wufan Chen et al. use in [8] the it-
erative constrained total least-square adaptive procedure,
and show its stability and convergence. The review of the
methods for invariant regularization parameter selection
can be found in [6] and [9].
Berger et al. in [10] propose to use a spatially varying

regularization parameter and describe a method based on
the local weighted standard deviation analyzing the differ-
ence signal of the estimate. Wu et al. in [11] choose both
the spatially adaptive regularization parameter and regu-
larization operator by estimation of the local noise vari-
ance and detecting edges in the image.
Also, review on the regularization parameter selection

methods in inverse problems can be found in [12].
In this paper we develop two methods based on min-

imization of the point-wise mean squared error. The �rst
algorithm is based on estimation of the squared point-wise
bias. The second algorithm is based on direct multiple
statistical hypothesis testing for the estimates calculated
with different regularization parameters. The intersection
of the con�dence interval (ICI) rule is used in this test-
ing [13], [14].
The structure of the paper is as follows. In Section

1 we propose two techniques for regularization parameter
selection. Results of simulations are given in Section 2,
and �nally conclusions are done.

1. SPATIALLY ADAPTIVE REGULARIZATION
TECHNIQUES

The MSE of the estimator ŷr (x) ; 8x 2 X; can be decom-
posed as a sum of the variance of the random component
and the squared bias (error of the deterministic compo-
nent):

MSE (r; x) = E
�
e2(x)

	
= bias2 (r; x)+ var (r) ; (5)

Figure 2. MSE, bias, and variance as a function of the
regularization parameter.

where e(x) = y(x)�ŷr(x):
According to the Parseval theorem the variance term

is computed as

var(r) =
�2

n1n2
kHV k22 , (6)

where HV = V �

jV j2+r : It is a monotonically decreasing
function of r with var (r)! 0 as r !1.
The bias term bias2 (r; x) depends on the unknown

true signal y(x) and calculated as bias2 (r; x) =

= ((y ~ hr) (x))2 ;where hr = F�1fHrg; Hr = r
jV j2+r .

Under quite mild assumptions on v and y for small r,
bias2 (r; x)! 0 as r ! 0, and for large r, bias2 (r; x)!
y2(x) as r !1. Assuming a monotonic increasing of the
bias as a function of r we arrive to the curves for the vari-
ance and the bias shown in Figure 2. In this case always
there is a unique minimum value of the MSE achieved at
r+(x) = argminr(MSE (r; x)).
Our goal is selection of the values of the regularization

parameter close to the optimal r+(x).
In general this optimal value is different for different x

as the bias depends on the estimated signal y(x). Thus, the
varying point-wise adaptive selection of the regularization
parameter has the point-wise optimization of the accuracy
of the image reconstruction as a main motivation. In Sec-
tion

1.1. Bias estimation approach

In this approach we evaluate the criterion (5) and use its
minimization for estimation of the optimal regularization
parameter r+(x). Provided a given value of �2 the vari-
ance var (r) in the criterion (5) can be easily calculated
for any r. The situation is much more dif�cult for the bias
as it is signal-dependent.

It can be veri�ed that E
n�
F �1 �Hr ZV 	�2o �

� �2

n1n2

Hr

V

2
2
= ((y ~ hr) (x))2. Inserting this expres-

sion for the squared bias in (5) we represent the criterion



Oracle Bias ICI Oracle
Test images invariant estimation rule varying
Cheese 128�128 5.90 6.44 6.80 9.19
Cameraman 256�256 5.61 5.88 6.14 8.72
Lena 256�256 6.16 6.31 6.47 9.17
Barbara 512�512 3.76 3.74 4.14 6.50
Boat 512�512 6.39 6.58 6.66 9.35

Table 1. ISNR values in dB for RI technique.

in the form

MSE(r; x) = E

(�
F�1

�
Hr
Z

V

��2)
+

+
�2

n1n2
kHV k22 �

�2

n1n2

HrV
2
2

:

Then a natural random and unbiased estimate of the crite-
rion is

MSE(r; x) '
�
F�1

�
Hr
Z

V

��2
+ (7)

+
�2

n1n2
kHV k22 �

�2

n1n2

HrV
2
2

;

where the right hand side can be calculated as it depends
only on the observed signal z.
However, it is not so simple as the inverse of V used

in (7) is quite similar to the original inverse problem in
(1)-(2) and we have here the same calculating dif�culties.
It is natural to replace this inverse by the regularized

inverse (4) and rewrite (7) as follows

MSE (r; x) '
�
F �1

�
Hr

V �Z

jV j2 + �

��2
+

�2

n1n2
kHV k22 �

�2

n1n2

Hr V �

jV j2 + �

2
2

: (8)

Here � is the regularization parameter in�uencing the ac-
curacy of the approximation of MSE (r; x) by the right-
hand side of (8).
The new regularization actually means that the bias

error calculated originally as bias (r; x) = F�1fHrY g is
replaced by F�1fHr jV j2

jV j2+�Y g. For small � this change
is not signi�cant for the bias and for the following calcu-
lations as it has been veri�ed by simulation.
Replacing the criterionMSE (r; x) by the estimate we

calculate the estimate of r+(x) as follows

r̂+(x) = argmin
r

"�
F �1

�
Hr

V �Z

jV j2 + �

��2
+

�2

n1n2
kHV k22 �

�2

n1n2

 HrV
�

jV j2 + �

2
2

#
. (9)

In practice the estimates byr(x) are calculated for the set
of regularization parameters r 2 R = fr1; r2; :::; rNg,

where r1 < r2 < ::: < rN . Using these N estimates the
minimization of criterion function (9) yields the value r̂+
for every pixel x.
In practice, it is implemented as follows. The esti-

mates byr(x) are calculated for a set of regularization pa-
rameters r 2 R = fr1; r2; :::; rNg according to (4) (Fig.1).
Using these N estimates, the minimization of criterion
function (9) yields the value r+ for every point x (block
�Criterion for r selection� in Fig.1). The �nal estimatebyr+(x)(x) is built using corresponding estimates.
1.2. ICI rule approach

In this approach selection of the regularization parameter
is based on comparison of the signal estimates calculated
with different values of the regularization parameter. The
ICI concept developed originally for the window size se-
lection in signal/image denoising is described in a num-
ber of publications [13], [14], [15]. It gives the window
size close to its ideal value minimizing the corresponding
MSE.
First, we wish to note that the ICI rule is applicable for

selection of the regularization parameter. Indeed, the out-
put byr(x) of the regularized inverse �lter is the estimate
of the signal y. As it is illustrated in Fig.2 the bias and
the variance of this estimate are increasing and decreas-
ing functions of the regularization parameter, respectively.
This behavior of the bias and the variance are the basic as-
sumptions used in derivation and justi�cation of the ICI
rule for the window size selection [15], [16]. It follows
that application of the ICI rule to the estimate byr(x) with
varying threshold parameter r(x) allows to �nd the value
of the regularization parameter close to the one minimiz-
ing the criterion (5).
The idea of the ICI rule is as follows. The estimatesbyr(x) are calculated for r 2 R. The adaptive parameter

r̂+ is de�ned as the largest of those r in R which esti-
mate does not differ signi�cantly from the estimates cor-
responding to the smaller values of r. This idea is imple-
mented as follows. We consider a sequence of con�dence
intervals

Ds =
�byrs(x)� �s�ŷrs (x); byrs(x) + �s�ŷrs (x)� ;

where s = 1; ::; N; �s > 0 is a parameter and �ŷrs (x)
is the standard deviation of the estimate byrs , calculated
according to (6) as �ŷrs (x) =

p
var(r). The ICI rule is

stated as follows: consider the intersection of the con�-
dence intervals Is =

Ts
i=1Di and let s

+ be the largest of



the indices s for which Is is non-empty. Then the adaptive
regularization parameter r+ is de�ned as r̂+ = rs+ and
the corresponding adaptive estimate is byr+ (x). This pro-
cedure is repeated for each x and, in this way, the adaptive
r+(x) is spatially varying.
In general, the ICI allows the maximum degree of

smoothing the estimate stopping before oversmoothing be-
gins [17].
The parameter �s is an important element of the algo-

rithm as it says when a difference between estimate devi-
ations is large or small. Too large value of this parameter
leads to signal oversmoothing and too small value leads
to undersmoothing. Usually the ICI rule is used with a
constant �s for all s intervals. Optimization of �s can be
produced from some heuristic and theoretical considera-
tions (e.g. [13], [14], [15], [18]). In this paper we use a
varying parameters �s with different values for the inter-
valsDs; s = 1; ::; N: It is worth to note that this set of the
parameters �s is �xed for all our experimental tests.

2. SIMULATIONS

The results are obtained by the Monte-Carlo simulation
(100 runs) for the following test images: Cameraman of
the size 256�256 (Fig.3a), Lena 256�256,
Barbara 512�512, Boat 512�512, and Cheese 128�128.
Cheese is a black-and-white image with two regions of
constant values of the image intensity.
The blur is de�ned as the 9�9 boxcar point-spread

function (mean �lter). The level of the Gaussian noise
is calculated as the blurred signal-to-noise ratio (BSNR)

BSNR=10 log10

0@ 1
�2

v ~ y� 1

n1n2

X
x2X

(v ~ y)(x)

2

2

1A
equal to 40 dB in our experiments.
A selection of the set R = fr1; r2; :::; rNg of the

regularization parameter values is a special problem as it
should cover an interval including the optimal value. In
general, these optimal value depends on the image, the
point-spread function and the noise level. The following
construction de�nes the set R in the manner universally
applicable for variety of scenarios:

ri = � i �
n1n2�

2 kv(x)k21P
f jZ(f)j

2 � �2n1n2
; i = 1; :::; 5; (10)

where � 2 f1:3; 2:3; 6:3; 9:6; 30g and kv(x)k21 =
= (
P

x jv(x)j)2. It is employed for all test images used in
our simulation experiments and similar to implementation
proposed in [7].
The criterion used to evaluate the performance of the

proposed techniques is improved signal-to-noise ratio
(ISNR): ISNR = 10 log10

�
ky�zk22
ky�byk22

�
dB:

The results of statistical Monte Carlo experiments are
presented in Table 1. The �rst column gives the names
of the test images. The third and the forth columns gives
ISNR values obtained by the bias estimation (9) and by

the ICI rule, respectively. The parameter � in (9) is set to
be 0:001.
We compare these results with the reference ideal (or-

acle) results which correspond to minimization of MSE by
selection of the optimal invariant (single r for all x) and
the optimal varying (optimal r for each x) regularization
parameter assuming that the true image y is known. The
column �Oracle invariant� of Table 1 contains the values
of ISNR obtained using the optimal invariant regulariza-
tion parameter rinv = argminr2R

P
x(y(x) � byr(x))2:

The column �Oracle varying� contains the values of ISNR
obtained using the varying regularization parameter
rvar(x) = argminr2R (y(x)� byr(x))2.
The set of threshold parameters �s used in the ICI rule

is f0:86; 0:5; 0:28; 0:29; 1:1g : The results given in the
table allow the following conclusions. First of all, the both
adaptive estimates show the results which are better than
those obtained by the oracle invariant estimate. i.e. the es-
timates with the varying adaptive regularization parameter
work better that the ideal estimate with the best possible
selection of the invariant regularization parameter. Com-
parison of the criterion minimization method versus the
ICI rule is in favor of the latter for all test images.
However, we can see that the varying oracle estimates

demonstrate much better performance in comparison with
all other estimates. A difference in performance of this
approach versus the estimate with the invariant oracle se-
lection con�rms a general motivation of this paper to im-
prove the estimation by using the varying regularization
parameter. In the same time the results obtained by the
adaptive regularization parameter estimates are quite far
from the varying oracle ones. It says that there are re-
sources for further improvement of the adaptive varying
regularization parameter algorithms.
Visually the effects of point-wise regularization are

demonstrated in Fig.3c,d, where the results ofMonte-Carlo
modeling are shown for the blurred Cameraman image
(Fig.3b). These images show the mean values of the reg-
ularization parameters for different pixels of the Camera-
man image. The varying oracle values of the regulariza-
tion parameter rvar are small near edges while larger val-
ues correspond to the smoother areas of the image (Fig.3c).
The mean values of the varying adaptive regularization
parameter selected by the ICI rule are shown in Fig.3d.
Comparing the images Fig.3c and Fig.3d we note their
similarity. In particular, the ICI rule gives smaller values
of the regularization parameter near the edges and larger
for smoother areas as the oracle estimator does. The adap-
tive values of the regularization parameter accurately de-
lineate the edges of the image similarly to Fig.3c.

3. CONCLUSIONS

Two novel approaches for spatially adaptive selection of
the regularization parameter for deconvolution problems
were proposed in this paper. The �rst algorithm is based
on the bias estimation and MSE minimization for every
point of an image. The second one uses the statistical ICI
rule. The algorithm based on the ICI rule demonstrated



a) c)

b) d)

Figure 3. Results obtained by Monte-Carlo (100 runs) silmulations: a) true Cameraman test image; b) Cameraman
test image blurred with 9x9 boxcar PSF and noisy (white Gaussian noise) with BSNR=40dB. c) values of the varying
oracle regularization parameters; d) varying regularization parameters obtained by the ICI rule.

better performance than the algorithm using the bias es-
timate. Comparison of the proposed adaptive techniques'
versus the optimal (oracle) invariant selection technique
for various images showed that the proposed techniques
performs better than the estimate with the best possible
invariant regularization parameter.
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