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Part V: Multirate Filter Banks

« During the last two decades, filter banks have found various
applications in many areas, such as speech coding, scram-
bling, image compression, adaptive signal processing, and
transmission of several signals through the same channel.

* The main idea of using filter banks is the ability of the sys-
tem to separate in the frequency domain the signal under
consideration into two or more signals or to compose two or
more different signalsinto asingle signal.

When splitting the signal into two or more signals an analy-
sis-synthesis system is used, as shown on the next page in
the case where, for simplicity, only 4 sub-signals are used.

In the analysis bank, the signal is split with the aid of four
filters Hi(2) for k=0,1,2,3 into 4 bands of the same band-
widths and each sub-signal is decimated by afactor of 4.

* When splitting the signal into various frequency bands, the
signal characteristics are different in each band and the vari-
ous numbers of bits can be used for coding of the sub-
signals in the processing unit.

The processing unit corresponds to storing the signal into
the memory or transferring it through the channel.

The main god is to significantly reduce, with the aid of
proper coding schemes, the number of bits representing the
original signal for storing or transferring purposes.

Analysis-Synthesis Filter Bank
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Analysis-Synthesis Filter Bank

» The role of the filters in the synthesis part is to reconstruct
the original signal. In the case of the figure of the previous
page, thisis performed in two steps.

« Firgt, the 4 sub-signals at the output of the processing unit
are interpolated by a factor of 4 and filtered by 4 synthesis
filters F(2) for k=0,1,2,3.

« Second, the outputs of these four filters are added.

* The target is to design the overall system in such a manner
that, despite of a significantly reduced number of bits for
storing and transferring purposes, the reconstructed signal is
either the delayed version of the original signa or suffers
from a negligible lost of the information carried by the sub-
signals.

» There are two types of coding techniques, namely, lossy and
lossless codings. In the second case, it is possible to design
the overall system such that the output signal is simply a
delayed version of the input signal.

The coding techniques are not at al considered in this
course. In the sequel, we concentrate on the case where the
processing unit does not cause any errors for the sub-signals.

In the case of audio or speech signals, the goal is to design
the overall system together with coding such that our ear is
not able to notice the errors caused by reducing the number
of bits used for storing or transferring purposes.
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* In the cae of images, our eyes ®rve & “referees’, that is,

reduce the number of bits to represent the image to the limit
it is stisfadory to ou eyes. No more hits are needed!

* Depending on how many channels are used for the signal
separation, there ae two goups of filter banks: muilti-
channel or M-channel filter banks (M > 2) and two-channel
filter banks: M = 2.

* In the first group, the signdl is sparated into M different
channels andin the second goupinto two channels.

» We start with the two-channel case.

* Using a treestructure, two-channel filter banks can be used
for building M-channel filter banks in the case where M isa
power of two, as we shall seelater on.

* A more dfedive way of building M-channel filter banks is
to first design a prototype filter in a proper manner. The fil-
ters in the analysis and synthesis banks are then generated
with the dad dof this prototype filter by using a wsine modu-
lation a amodified DFT.

e Two-channel filter banks are very useful in generating ac-
tavefilter banks and dscrete-time wavelet banks.

* Inthese caes, the overall signd isfirst split i nto two bands.
After that, the lowpassfiltered signal is lit into two bands
and so on

* In the cae of discrete-time wavelet banks, the frequency
seledivity of thefiltersin the octave analysis-synthesis filter
banks is not so important due to their different applicaions.
There ae other properties that are more important, as will be
pointed ou later on.
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* When two or more different signals are composed into a

single signa, then a synthesis-analysis system is used, as
shown on the next page for the case of 4 signals.

* Thisisaso called atransmultiplexer.

« Inthis system, all the 4 signals are interpolated by afactor of
4 and filtered by 4 synthesisfilters F(z) for k =0,1,2,3.

» Then, the outputs are added to give a single signa with
sampling rate being 4 times that of the input signals.

» The next step isto transfer the signal through a channel.

« Finaly, in the analysis bank the origina signals are recon-
structed with the aid of 4 anaysis filters H(z) for
k=0,123.

» These signals have the original sampling rates due to the
decimation be afactor of 4.

« In the sequél, it is assumed that the channel is idedl. If not,
some compensation filters are needed in the synthesis bank.

« If the output signal in the analysis-synthesis system (without
coding) isjust a delayed version of the input signal, then for
the corresponding transmultiplexer the output signals (in the
case of theideal channel) are delayed versions of the inputs.

« Therefore, the design of a transmultiplexer can be converted
to the design of an analysis-synthesis filter bank.

* In the sequel, we concentrate only on designing analysis-
synthesis banks. If you are interested in transmultiplexers,
please read the textbook written by Prof. Fliege (see Page 7).

Synthesis- Analysis Filter Bank, Transmultiplexer

. y1(n)

Synthesis bank - Analysis bank
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Multirate Filter Banksto be Considered

* This part of the courseis divided into the following sub-
parts:

I. Part V.A: Two-Channel FIR Filter Banks
1. Part V.B: Two-Channel IIR Filter Banks
I11. Part V.C: Tree-Structured Filter Banks
V. Part V.E: Discrete-Time Wavelet banks
V. PartV.D: Octave Filter Banks

VI. Part. V.F: Cosine-Modulated Filter Banks




Part V.A: Two-Channel FIR Filter Banks

¢ A two-channd filter bank consists of the analysis and the
synthesis banks as well as the processing unit between these
two banks, as shown below.
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Figure 1. Two-channel filter bank
1. Analysisbank

* The analysis bank splits the input signal x[n] into lowpass
and highpass filtered channel signals xo[n] and xi[n] using a
lowpass-highpass filter pair with transfer functions Ho(2)
and Hq(2).

» The ztransforms of these signals are expressible in terms of
X(2), the z-transform of x[n], as
X (2)=H(2)X(z) for k=01 o)
* Then, the signals in both channels are down-sampled by a
factor of two by picking up every second sample, resulting
into two sub-band signal components vo[n] and vy[n].
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* The z-transforms of these components are given by

V@)= 5[ 2)e x, (-27] @
2 e 22 o e-oa

* If the input sampling rate is F, then the sampling rates of
Vo[n] and v4[n] are F /2.

* The corresponding relations between the Fourier transforms
are obtained by using the substitution z=e/?*/%in Eq. (1)
and z=e!?"(%/Djn Eq. (2) aswell astheidentity -1 =e!”

e Thisyields fork=0,1

Xk(ejZHfIFS):Hk(ejZm/FS)x(ejZHf/Fs) (33)

and

Vk(ej2nf /(|:S/2)):l[xk(ejznf/Fs)_F Xk(ej2n(f+FS/2)/FS)]. (3b)
2

* Ho(2) and H4(2) usually have the same transition band region

with the band edges located around f = F,/4 at
f=@Q-p)Fs/4and f =1+ p,)F,/4 with p; >0 and
P> >0, as shown in Figure 2(b).

* In order to give apictorial viewpoint of what is happening in
the frequency domain, Figure 2(a) shows the Fourier trans-
forms of an input signal x[n], whereas Figure 3 shows those
of the signals xo[Nn], X[ n], Vo[N], and v4[n].

1
Figure 2. (a) Fourier transform of an input signal x[n].
(b) Amplitude responses for Hy(2) and H,(7). (c) Amplitude
responsesfor Fo(2) and F4(2).
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Figure 3. Magnitudes of the Fourier transforms of the
signalsin thetwo-channel filter bank of Figure 1.
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« As shown in Figures 3(b) and 3(g), V,(e'Z*/ /2y for
k=0, 1 contains in the baseband [0, F / 4] two overlapping
frequency compo-
nents X k(ejszS)and Xk(ejzn(nFS/z)/FS)_

« This overlapping can, however, be totally or partialy elimi-
nated in the overall system of Figure 1 by properly relating
the transfer functions Ho(2), H1(2), Fo(2), and Fy(2) to each
other, aswill be seen later on.
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2. Processing Unit

* In the processing unit, the signals vo[n] and v[n] are com-
pressed and coded suitably for either transmission or storage
purposes.

* Before using the synthesis part, both channel signals are de-
coded.

* The resulting signals denoted by wg[n] and wy[n] in Figure 1
may differ from the original signals vo[n] and v4[n] due to
possible distortions caused by coding and quantization errors
aswell as channel impairments.

* In the sequél, it is supposed, for simplicity, that there are no
coding, quantization, or channel degradations, that is,
WolNn] = vo[n] and wy[n] = vy[n].
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3. Synthesis Bank

* The role of the synthesis bank is to approximately recon-
struct in threesteps the delayed version d the original signal
from the signal comporents wg[n] and w;[n].

« First, these signals are up-sampled by a fadtor of two by in-
serting zero-valued samples between the eisting samples
yielding two comporents ug[n] and uy[n] (seeFigure 1).

* Inthe wg[n] = vo[n] andw,[n] = v4[N] case, the z- and Fourier
transforms of these signals are expressble &

Uk(z)=Vk(22)=%[Xk(z)+Xk(—z)] for k=0,1 (4a)

and
Uk(ejan/FS):Vk(ejmf/Fs)

. . (4b)

_ %[Xk(eJZTLf /FS)+ Xk(eJer(f+F5/2)/F5) for k=01

» Simultaneously, the sampling rate is increased from Fg/2
to Fs aswell as the baseband from [0, F /4] to [0,F,/2].

* Therefore, ug[n] and u[n] contain in their basebands
[0, F4 /2], in addition to the frequency comporents of vo[n]
and vy[n] in their basebands [0, F, /4], the mmporents in
[Fo/4,F,/2], asill ustrated in Figures 3(c) and h).

« In the time domain, the relations between the u[n]’s and
xn]’sare given by

un] = x [n)/2+(=1)"x[n)/2 for k=01 (5
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» Here, xJn] is the desired unaliased signal component with
the ztransform being X(2), whereas (-1)"x[n] is the un-
wanted aliased signal component with the z-transform being
Xk(_Z).
» The second step involves processing Ug[n] and uy[n] by a
lowpass—highpass filter pair with transfer functions Fo(2)
and F4(2)

» The third step is to add the filtered signals, denoted by y[n]
and y;[n] in Figure 1, to yield the overall output y[n]. The z-
transform of y[n] isthus given by

Y(2) =Y1(2)+Y,(2) (62)
wherefor k=0, 1

1
% @=F @V )= R @x @+ R @Xi -2 o0
* The corresponding Fourier transform is expressible as
Y(ejznf/FS):Yo(ejznf/Fs)+Yl(ej2nf/F5) (73)
wherefor k=0, 1

Yk(eJ'ZHf/FS):%Fk(GJZHHFS )xk(ejzm/Fs)

1 ( jorf I F ) ( jon(f+F,12)/F ) (70)
+§Fk e s X \e s o).

» Therole of the synthesis filters with transfer functions Fo(2)
and F1(2) istwaofold.
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« First, itisdesired that Y(e'?® ') does not contain the Alias-Free Two-Channel FIR Filter Banks
j f+ j f+
terms Xo(ejzn( FS/Z)/FS) and Xl(ejzn( FS/Z)/FS)- « Combining Egs. (1) and (6) yields the following relation
« Thisisachieved if [see Figures 3(e) and 3(j)] between the z-transforms of the input and output signals of
Figure 1.

Fo(ej2nf I Fq )Xo(ejZH(f+F5/2)/FS)__:

_Fl(ej2nf/FS )Xl(ejZn(HFS/z)/FS)_

* Second, y[n] is desired to be approximately a delayed ver- 1
sion of x[n], that is, y[n] = x[n - K]. T(@) =[R2 + Hi (2R (2)] (8b)

» Thisisachieved if [see Figures 3(d) and 3(i)]

Fo(ejznf/Fs )XO(eJZm/F5)+ Fl(eerf/Fs )Xl(eJZm/Fs):

e—jme/FSx(ejan/Fs)

Y(2) =T(2)X(2)+ A(2)X (- 2) (8a)

where

and
1
A2)= S [Ho-2DR@ + Hi(-2R@]. (89
* In the above equation, X(-2) is the z-transform the undesired

aliased signal being related to the original input signal x[n]
in the time domain through (-1)" x[n] .

* In order to satisfy these requirements, the first condition is
that Fo(2) and F1(2) generate alowpass—highpass filter pair
having the same transition band region with the band edges

a f=(@1-p,)Fs/4and f =(1+p,)F,/4, asshownin * In the sequel, we concentrate on designing filter banks
Figure 2(c). where this term is absent, that is, A(Z) = 0. The most straight-
forward way of achieved thisisto select Fo(2) and F1(2) as

» Asshown in Figure 2(c), the main difference is that now,
because of interpolation, the amplitude responses should ap-
proximate two in the passhands. Furthermore, the edges Fo(z) = 2H,(- 2) (%)
have changed due to the fact Fo(2) [F1(2)] isrelated to Hy(2)

follows:

[Ho(2)] in the manner to be seen later on. and
« The exact simultaneous conditions for Ho(2), H1(2), Fo(2), Fi(z) = -2H,(- 2). (9b)
and F4(2) to satisfy the above-mentioned two conditions will « In this case, the input-output relation of Equation (8a) takes
be given next in the case where the filters are finite-impul se the following simplified form:
response (FIR) filters.
19 20
Y(2)=T(2)X(2) (10a) ] r2h[n]  for n even 120
= C
where =4 2h[n]  for n odd
T(2) = Ho(2H1(-2) = Hy(-2)H,(2) (10b) and
« Therestrictions of Eq. (9) convert the overall problem to de- f[n]= O-2hg[n] for n even (124)
signing the analysis filter pair. ! ho[n] ~ for n odd.

* In the sequel, we concentrate on the banks where both Ho(2)
and Hy(2) are transfer functions of FIR filters, that is, they
are of the following forms:

No
Ho(2)= 5 ho[n]z™ (11a)
n=0
and
Ny
Hy(z)= S hfn]z™". (11b)
n=0
« Correspondingly, due to Eq. (9), Fo(2) and Fy(2) are of the
forms:
Ny
Fo(2)=Y foln]z™ (12a)
n=0
and
No
F(z)=3 filn]z™, (120)
n=0

where
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Perfect-Reconstruction (PR) Two-Channel FIR Filter
Banks

The necessry condtions for the Perfed-reconstruction (PR)
property are given in the following theorem:

Theorem for the PR property: Consider the two-channel
filter bank shown in Figure 1 with wgn] =vgn] and
wy[n] = vy[n] and let Hy(2), Hi(2), Fo(2) and Fy(2) be given by
Egs. (11) and (12). Then, y[n] = x[n—K] with K oddif the im-
pulse-resporse efficients of

No+N;

E(2)=Ho(@H (-2 = 5 en]z™" (13
n=0
satisfy
e[n]: /2 for n=K
%) for nisoddandn # K.

« In order to proof this theorem, Equation (10b) is rewritten as

(14

22
» From Egs. (14) and (15), it then follows that the impulse-
response coefficients of T(Z) satisfy

. M for n=K
dol=dn+dnl=f; > "70 a9

yielding
T(2)=2". an

* There are two basic alternatives to achieve the PR property,
namely, K = (No+N;)/2 and K < (No+Ny)/2, as illustrated in
Figures 4(a) and 4(b), respectively.

* Inthefirst case, E(2) is an FIR filter transfer function with a
symmetric impulse response and the impulse-response value
occurring at the odd central point n=K is equal to 1/2,
whereas the other values occurring at odd values of n are

zero. Hence, E(2) is a transfer function of an FIR half-band
filter.

* In the second case, the impulse-response values at odd val-
ues of n are aso zero except for one odd value of n=K,

No+N
T(z)= Oi 1t[n] z7"=E(2)+[-E(-2)]= where the impul se response takes on the value of 1/2.
n=0 (159) » The K = (Ng+Ny)/2 case is attractive when the overall delay
_ NotMa ]+ dn)) 2" of K samples is tolerable, whereas the K < (Ng+N,)/2 case is
- Zo (eln n))z used for reducing the delay caused by the filter bank to the
"~ overall signal.
where
= +en] for n even 15
“Hn]  for nodd
23 24

Figure 4. Impulse responses for E(2), E(=2), and T(2) for
PR filter banks. (a) K = (Ng+N)/2. (b) K < (Ng+N,)/2.
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Nearly Perfect-Reconstruction (NPR) Two-Channel
FIR Filter Banks

* The frequency response between the input and ouput signal
for the dias-freebanksis expresshle &

Tle/?)= e ket (eiv), (183)
where
) No +Ny )
f(e'w): S tln]e O, (18b
n=0

« Here, t[n]=¢[n]+¢n] with the ¢n]'s n=0,1, -, Ng+N;
being the impulse-resporse wefficients of Hy(2)Hi(-2) and
the &n]'s being related to the €[n]’sacardingto Eq. (150).

* In the PR case, T(e'“)=1 so that there is no amplitude or
phase distortion. This is due to the fad that t[n] is norzero
only at n = K achieving the value of unity.

* Inthe nealy perfed-reconstruction (NPR) case, the impulse-
resporse values t[n] differ sightly from zero for n# K and
slightly from 1 for n = K so that there eists sme amplitude
distortion and plese distortion.

» As will be seen later on, the phase distortion takes place
only for K < (Ng+Np)/2. For K = (Ng+Ny)/2, t[2K —n]=t[n]
forn=0,1, -, K -1, making 'f(e‘w) ared-valued function.

» Asamatter of fad, T(2) as given by Equation (15a8) becomes
in this case atransfer function d a linea-phase filter of or-
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der 2K and 'f(ej“’) is the zero-phase frequency response of
thisfilter.

«In the above, the substitution z=e€'®, instead of
z=e!?'Fs 'isused for simplicity to express the frequency
response in terms of the angular frequency w = 2rf / F.

« In the sequel, in order to simplify the equations, the same
substitution will be used.
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Primary Transfer Functions under Consider ation

* In order to simply the synthesis of two-channel FIR filter
banks, we concentrate on designing the following transfer
functions:

&)= Y alrlz" = Ho(d)= Sl s

and
&)= 3 allz" = H-2)= 3 (I nfilz". s

* In the above, Gy(2) and Hy(2) are identical with go[n] = ho[N]
forn=0,1,---, No.

* For the filters with transfer functions G;(2) and Hy(2), the
frequency responses, the amplitude responses, and the im-
pulse-response  coefficients are  related  through
Gy(e'®) =Hy(e'™@) or Hy(e'®) = Gy(e! @) ; |Gy(e!®)|=
Hi@' )| or  [Hy(e'*)|=[Gy(e™ @), and guln]
= (=1)"hy[Nn] or hy[n] = (-1)"gy[Nn] for n=0,1,---, Ny, respec-
tively.

* Based on the these relations, G,(2) is a transfer function of a
lowpass filter with the amplitude response obtained from the
corresponding highpass filter with transfer function Hy(2)
reversing the frequency response using the substitution
mT-w- w
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e Figure 5 exemplifies the above relations in addition to

showing the constraints for Gy(2) and G4(2) to be stated in
the genera optimization problem to be considered later.

 The basic reason for taking the transfer functions Gy(z) and
Gi(2) as preliminary ones lies in the fact that both of them
are lowpass transfer functions, making the synthesis of two-
channel FIR filter banks more straightforward, as will be
seen later.

* Once Gy(2) and G4(2) have been designed, then the corre-
sponding impulse-response coefficients of Hy(2) and Hy(2)
are given by hon]=gyn] for n=0,1,-,No and
hy[n] = (-1)"g4[n] for n=0,1,---, Ny, respectively.

* In terms of Go(2) and G4(2), the overall transfer function is
given by

T(2)=Gy(2G1(2) - Go(-2)Gi(-2). (20)
» The perfect reconstruction implies now that the impulse-
response coefficients of

otNy

N
E(2)=Gy(2G(d = § ¢n]z™" (212)

n=0
satisfy for an odd integer K
/2 for n=K

= 2
e[n] Ep for nisoddandn# K. (210)

« Furthermore Ny+N; should be two times an odd integer.

28
Figure 5. Specifications for Go(2) and Gi(2) aswell asthe

relations between Ho(z) and Gy(2) and Hq(2) and G,(2).
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Two-Channel FIR Filter Banks Under Consideration

« We concentrate on the following alias-free two-channel FIR
filter banks:
1. NPR quadrature mirror filter banks: G1(2) = Go(2):
a) Go(2) isalinear-phase FIR filter and the overall delay
satisfies K = Ny,
b) Gy(2) isanonlinear-phase FIR filter and the overall
delay satisfies K < Ny,
2. PR orthogonal filter banks: G,(z) = z \°G,(z*) and
K= NO.
3. PR biorthogondl filter banks:
a) Gy(2) and G(2) are different linear-phase FIR filters
andK = (N0+N1)/2
b) Gy(2) and G,(2) are different nonlinear-phase FIR fil-
tersand K < (Ng+Ny)/2.
4. Generalized NPR filter banks:
a) Go(2) and G4(2) are different linear-phase FIR filters
andK = (N0+Nl)/2
b) Gy(2) and G,(2) are different nonlinear-phase FIR fil-
tersand K < (Ng+Ny)/2.
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General Optimization Problem:

Given the class of two-channdl filter banks, No, Ny, p{} and

P for k=0, 1, &, and &, as well as K, find the adjustable
coefficients of Gy(2) and Gy(2), as given by Equations (19a)
and (19b), to minimize

£ =max(g,, &), (22a)
where
g = I’ Gk(ej“’)‘zdw for k=0,1 (22b)
W
subject to
max ‘T(ej‘")—e‘““*"séa, (22¢)
w00, 7]
max ‘ ‘Gk(ej“’)‘ —1‘ <, for k=01 (22d)
oo, 0]
and

max (G [e!)|-18, for k=01 (229
oclofp o)
» Here, 0 = (1+ p{)m2 and ) = (1~ p{? )2 for k=
oland T(e?)=G,le")a(e/?)-Gyle!@*™)c,(e!@ ™)
is the frequency response for the overall system of Figure 1.
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Comment on the Stated Problem

« In the stated problem, the passband and stopband regions of
G(2) for k=0, Lare[0, w{] and [w{!, 7i. The edges have
been defined in terms of the positive quantities p() and
p) for k=0, 1 to make the passband edges [stopband
edges] lessthan [larger than] 772.

» The main objective is to minimize the maximum of the stop-

band energies of Go(2) and G,(2) subject to some constraints,
asillustrated in Figure 5.

* First, the maximum of the absolute value of the deviation
between the overall frequency response and a constant delay
of K samples has to stay in the overall frequency range
within the given limits +4..

« For the PR filter banks, this deviation is zero.

« Second, amplitude responses of both Gy(z) and G4(2) have to
stay in the passband within the given limits 1+4,.

« Third, the maximum allowable value for these amplitude re-
sponses in the transition bands is 1+4.

* As will be seen later, some of the constraints are automati-

cally satisfied for some of the above-mentioned types of
two-channel filter banks.
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How to Proceed for the Rest of the Description of
Two-Channel FIR Filter Banks

» A very comprehensive review onthe &isting and rew pro-
posed synthesis techniques can be foundin:

* R. Bregovi¢ and T. Saraméaki, “ Two-channel FIR filter
banks — A tutoria review and rew results,” in Proc. Second
Int. Workshop on Transforms and Filter Banks, Branden-
burg, Germany, March 1999 51 pages

* It aso shows how the general problem stated above can be
solved conveniently.

» Theformulasin the aticle aetoo complicated to gothrough
in this course. A copy isavail able!

* Inthe sequel, we concentrate on cefining the various types
of two-channel filter banks and on gving someill ustrative
examples.
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Qudrature Mirror Filter (OMF) Bankswith Linear-
Phase Subfilters

* For these filter banks,

G(2) = Gol2) = ﬁogo[n] @

where Np is odd and go[No—n] =go[n] for n=0,1,
-+, (No=1)/2.

» Hence, for the overal filter bank, there are only (No+1)/2
unknowns go[n] for n=0,1,--+, (No—1)/2.

« In this case the overall transfer function T(2) is given by
T(2) =[Go(2)]* - [Go (- 2)] . (24)

* The frequency response of the low-pass filter with the trans-
fer function Gy(2) is expressible as

Gole!?)= 1M/ 2G (w), (25a)
where
A (No-1)/2
Go(w)=2 Y gol(No ~1)/2-n]cos|(n+1/2)w]. (25b)
n=0

« The overal frequency response can be written as

34
Optimization Problem

« For QMF banks, T(w) cannot be made equal to unity (PR
solution) except for the triviad solution where
Go(2) = (1+21/2 that does not provide good attenuation
characteristics.

* The optimization problem can be stated as follows: Given an
odd integer Ny and p > 0 as well as &,, the maximum allow-
able reconstruction error, find the (No+1)/2 unknowns go[n]
of Go(2) to minimize

£= }[éo(w)] ?doo (27a)

Ws

subject to

max ‘[éo (w)] 24 [GO (w+ n)] ? —1‘ <J, (27b)
w0, 7]

where G, (w) is given by Equation (25b) and = (1+0) 772.

T[e1?)= e N (w) , (263)
where
. A 2 [a 2
T(w)= [Go(w)] +[Go(a)+rr)] . (26b)
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Comparisons Figure 6. Amplitude responses for the analysisfiltersin the

e For comparison purposes, we consider the designs of
Johnston that is areal pioneer work of great value.

* Given p, a, and Ny, the quantity to be minimized in
Johnston’s technique is given by
E = E +0E,, (28a)

where
E, = J’([éo (a))] 2+ [éo (w+ r[)] 2 —1)2 dw (280
and
E, = }[éo (w)] 2 dow (280)

with wg = (1+ p)m2.

e Two designs, namely, p =0.172, a=2, Ny=31, and
p =0.172, a =5, Ny =63, are compared with the proposed
designsin Figure 6. The stopband edge is thus ;= 0.586Tt

« For the proposed designs, &, is selected to be equal to the
maximum deviation of reconstruction error for Johnston’s
design. (6, = 3.23-10°° for thefirst design and &, = 7.03-10*
for the second design).

« As can be expected, the stop-band behaviors of the analysis
filtersin the proposed designs are significantly improved.

 Figures 7 and 8 give some more details for the proposed de-
sign with Ny = 63.

proposed designs (solid line) and in Johnston’s designs

(dot-dashed lin€).
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Figure 7. Amplitude responsesfor the analysisand Figure 8. Impulseresponsesfor the analysis and synthesis
synthesisfiltersfor the proposed design with No = 63. filtersaswell asthe overall reconstruction error for the
proposed design with Ng = 63.
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L ow-Delay OM F Bankswith Nonlinear-Phase
Subfilters

* For these filter banks,
No
1.Gy(2)=Gy(2)= S goln]z™", where No is an odd integer.
n=0

2.|Go(e'®)| approximates zero on [c, 7], where w=
(1+pgm2 with ps>0, and unity on [0, «}], where w, =
(1-pp) M2 with p, > 0.

3.T(2) = [Go(2)]? +[Go(—2)]? approximates the delay z ™ with
K isbeing an odd integer satisfying K < Nj.

« The main purpose is to achieve a higher stopband attenua
tion for the same overall delay at the expense of increased
filter orders.

 The impulse response of Gy(2) cannot be symmetric so that
al the impulse-response values gq[n] for n=0,1,---, Ny are
unknowns.

» The second difference compared to the linear-phase case is
that the overall distortion function is now given by

[GO (ejw)]z ‘[Go(ej(““”))]2 ik

* Itisdesired to make this function very small in the overall
baseband [0, 7.

« Thethird difference, due to the nonlinear-phase characteris-
tics, is that the performance of Gy(2) in the passband must be
controlled unlike for the linear-phase case.

‘T(ej‘*’)—e‘jK“" = . (29)

Optimization Problem

* The optimization problem can be stated as follows. Given an
odd order Ny, an odd integer K < No, ps, pp, 0, and &, find
the Not+1 unknown impulse-response coefficients go[n] of

Gy(2) = Zr'l"o go[n]z™" to minimize

& = }‘Go(ej“’)‘zdw (30a)
subject to
max [Go(ej‘")]2 - [Go(ej(“”"))]2 -e K@ <5 | (300)
w0, 7]
max HGO(eiw) —1‘ <3, (30¢)
w0, w, ]
and
max ‘Go(ej“)‘ -1< 3, (30d)
o.)D(wp, ws)

where w, = (1-pp) 772 and w = (1+p9) 172.
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Example Figure 9. Amplitude responsesfor the analysis and
. synthesisfiltersfor the proposed low-delay QM F bank
» We consider the case where ps=0,=0.172 (w=0.414m with No =63 and K =31 .
and « =0.586m), & =001, 8= 3.23-10° Ny=63, and ,
K - 31 HU(Z):GU(Z):GI(Z) (lowpass) and Hl(z):Gl(—z) (highpass)
0
* These are the same criteria as for the first linear-phase de- S 1 |
sign of Figure 6 with the exception that now the sub-filter f v 1 1
orders are increased from 31 to 63 while still achieving a 3507 A Dn, |
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Figure 10. Impulseresponsesfor the analysis and synthesis Orthogonal Filter Banks
filtersaswell asthe overall reconstruction error for the )
proposed low-delay QM F bank with Ny =63and K =31 . * For thesefilter banks,
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Figure 11. Relation between the impul se responses of Gy(2)

and G1(2).
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* This makes the impul se responses of Gy(2) and G;(2) time-
reversed versions of each other and the filter orders Ny and
N; equal.

* It iswell-known that filters having the time-reversed im-
pulse responses also possess the same amplitude responses,
that is, |Go(€'”)| = [Ga(e')I.

» Thisfact aso implies that the filter with transfer function
E(2) = Gy(2)G1(2) isalinear-phase FIR filter of order 2N,
and having an impulse response of even symmetry.

« Furthermore, the frequency response of thisfilter is ex-
pressible as

Ele'?)= e N?E(w), (32a)
where
A ; 2 ; 2
E(w)=Gq (e“")‘ = ‘Gl(e“”)‘ . (32b)
 This fact means that the zero-phase frequency response
E(w) is non-negative.

« On the other hand, if E(2) has a zero on the unit circle, then
it is a double zero, making it separable into two filters hav-
ing the same amplitude response and having the time-
reversed impulse responses.

« Therefore, the following two conditions are required for E(2)
for being factorizable into Gy(2) and Gy(2) giving an or-
thogonal filter bank:

46
1.E(2) isof theform E(z) = Zi':ge[n] z™", where N is odd,
e[No] =2/2, and e[Ngx 2r] =0forr=1,2,---, (No—1)/2, that
is, E(2) isahaf-band filter of order 2N,.

2.The zero-phase frequency response of E(2) is non-negative.
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Mimax Design

* Based on the &owe fads, a two-channd orthogoral filter
bank for the given odd ader N, and for the stopband edge
ws= (1+p)M2 with p> 0 can be acomplished as described
in Part 1l of this course (Part Il.F: Half-Band FIR Filters,
Pages 234 —245.

e Themain dfferences are the following:

1.ReplaceM by N.

2. ReplaceT(2) by Go(2).

3.ReplaceR(2) by G4(2).
» The amplitude resporses of the resulting filters are orthogo-

nal and exhibit an equiripple performance in bah the stop-
band and passhand.

e The basic fadorization results in minimum-phase ad
maximum-phase transfer functions Gy(2) and G,(2).

* By sharing the off-the-unit-circle zeos of E(2) between
Go(2) and G4(2) in a proper manner, mixed-phase filters can
be generated with arather linea-phase response in the pass-
band.
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L east-Squar ed Designs

* In this case optimization is required and the problem can be
stated as follows: Given an odd order Ng and p > 0, find the

impul se-response coefficients of Gy(z) = 3 1% go[nlz "to
minimize

£ = }‘Go(ej“’)‘zdw : (33a)
where
ws =(1+p)/2 (33b)

subject to the condition that the product of the transfer func-

tions Go(z) = Zr’:lfo go[nlz™" and G,(2)= Z:ﬁo 9o[No —nz™
is alinear-phase half-band filter of order 2N.
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Examples

* p=0.172 isused for determining the edges of the filtersin
the two-channel filter bank under the consideration.

« The stopband edge of Gy(2) is thus located at
w, = (1+p)ri2 = 0.58671T

» Asexamples, Figure 12 compares the minimax and the least-
squared designsin the Ny = 31 and N, = 63 cases, respec-
tively.

 As can be expected, the attenuations provided by the least-
squared filters are lower near the stopband edges, but be-
come higher for frequencies further away from the edge fre-
guencies.

 Figures 13 and 14 show more details in the Ny = 63 case.

 Notice the extremely small passband ripples in the passband
regions with passband edges being located at w= (1 - p) 172
= 0.414mrand w= (1 + p)72 = 0.5867T.

Figure 12. Amplitude responses for the analysisfilters
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designed in the least mean-square sense (solid line) and in

the minimax sense (dot-dashed lin€).
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Figure 13. Amplituderesponses for the analysis and
synthesisfiltersfor the example PR orthogonal filter
bankswith N = 63. The solid and dasheslinesarefor the
least-squared and minimax designs, respectively.
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Figure 14. Impulseresponses for the analysis and synthesis

filters. Thefirst and second figures arefor the least-

sguared and minimax designs, respectively.

Impulse responses for Ho(z), Hl(z), FO(Z), Fl(z)

= 05 T T T T T T
o
S ol
[ 010 %0 e"%e%%s
§ T e
o
I o5 L L L L L L
10 20 30 40 50 60
W o0s T T T T T .
& !
¢ .._.._u..n‘.f. ‘ﬁ l r‘,
o
0% 10 20 30 40 50 60
1 T T T T T TT
\Eov —"-_n..ﬂ.‘.?. “T ?O‘.
1 i i i i i i
0 10 20 30 40 50 60
1 T T T T T T
T o T o SR ST I oo
- o»;l ‘o 03 60"00%%s!
= i i i i i i
0 10 20 30 40 50 60
nin samples
Impulse responses for Ho(z), Hl(z). Fo(z), Fl(z)
< 05 T T T T
& e
i oe® 070 90, 00,400¢000
S L et
c)
T o5 i i i i i i
0 10 20 30 40 50 60
¥ o0s T T T T T T
‘li _..--"....Q.‘.?. ‘” l L"
o
I'-LO.S I I I I I I
0 10 20 30 40 50 60
1 T T T T T
. - i
S o0 -..n.‘.?. “? %o,
1 i i i i i i
0 10 20 30 40 50 60
1 T T T T T T
) .T” P v e e,
oo L l IOl '0s%%00'
1 i i i i i i
0 10 20 30 40 50 60
nin samples




53
PR Biorthogonal Filter Bankswith Linear-Phase
Subfilters

. N, —
« For thesefilter banks, Gy(2) = ¥, % go[n] 2™ and
G (2)= Z:io g,[n] 2" satisfy the following conditions:

1. The impulse responses of Gy(2) and G1(2) possess an even
symmetry, that is, go[No —n] = gg[n] for n=0,1,---, Ng and
Gi[N: —n] = g4[n] for n=0,1,---, Ny.

2. The sum of thefilter orders Ny and N; istwo times an odd
integer, that is, Ny + N; = 2K with K being an odd integer.

3. E(2) = Gy(2)G41(2) isahaf-band FIR filter of order Ng + N;.

* There exist only the following two cases to meet these con-
ditions:
e TypeA: Ny and N; are odd integers and their sumistwo
times an odd integer K.
e TypeB: Ny and N; are even integers and their sum istwo
times an odd integer K.

« In both cases, the overall filter bank delay is an odd integer
given by K = (N, + Ny)/2.

* For both Type A and B, the frequency responses of Gy(2) f(5):1
k=0, 1 areexpressible as
Gk(ejw):e_jmklzék(w) (349)
where
SZ(NE)/Z 9k [(N ~1)/2-n][cod(n+1/2)w]]
0 1o for TypeA

6(@)= N 2425 gl s2-rlfoodnal] e
O n=1

O for TypeB.
0 yp

B

* The optimization of PR biorthogonal banksis very compli-
cated due to the fact that Go(2) and G,(2) are different trans-
fer functions.

* They are only connected together through the fact that
Go(2)G4(2) should be alinear-phase half-band filter.
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Optimization Problem:

For both Types A and B, we state the problem in the following
form: Given the filter type, No, Ny, p{?and p*) for k=0, 1,

and &, find the adjustable coefficients of Gg(2) and G,(2), to
minimize

£ =max(gy, &), (35a)
where
g = I[é" )] °dw  for k=01, (35b)
k)
subject to
max | Go(w)Gy (@) + Gy (1T~ w) Gy (T~ w) -1/ = 0, (350)
w0, 7]

max | G(w)-1/<5, for k=01, (35
wD[O,w(pk)]

max ék(a))—ls 0, for k=01 (35€)
aclof ol

* Here, w{Y = (1+ p{?)m2 and ¥ = (1- p{}) )72 for k=
0land Gy(w)G,(w) + G, (- w)G, (7T - w) the zero-phase
frequency response for the overall system of Figure 1.

* For the PR case, this should be identical equal to unity in the
overal frequency band.
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Example
* This example emphasi zes the importance of the optimization

problem formulation in order to achieve PR linear-phase
biorthogonal banks with good selectivity properties.

» Asexamples we consider the design of filtersin the Ny =
N; =31 case and in the No = N =63 case for p{)=p{ =
0.172fork=0,1.

* The resulting passband and stopband edges for both Gy(2)
and G,(2) are thus located at «, = 0.414rand w; = 0.58677
respectively.

* In both cases, two problem formulations have been used.

* In thefirst formulation, the error function under considera-
tion is given (Vaidyanathan and Nguen) by

E= w:i[fow)]zdw + wi[fl(w)] “do

RO @)

+ ji [éo(w)—l]zdw+wf [61(w) -1]° dw.
w=0 w=0

(36)

* For the second formulation, the proposed formulation is
used with &, = 0.17 (a 3-dB peak-to-peak passband ripple).

* Figure 15 shows that the second problem formulation results
in analysis filters having significantly higher stopband at-
tenuations.
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* Figures 16 and 17 show more details for the proposed design
with Ny = N; =63. For this design there is atoo large over-
shoot in the transition band.

* Thisis because the transition band behavior was not under
consideration when optimizing the filter bank.

» The overal reconstruction error is extremely small (zero in
theory) and is not shown in the figures.
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Figure 15. Amplitude responses for the analysisfilters

designed using the proposed technigue (solid line) and the

the technique of Vaidyanathan and Nguen(dot-dashed

0
N
o

Amplitude in dB
A
o

’\I‘:

mmf\m/\

o

0.15 0.2 0.25 0.3 0.35 0.4 0.45 05

Normalized frequency (w/(21))

N,=N,=63

Amplitude in dB

GTSTRYET KON

Ny »/\r\nmm

il

0.15 0.2 0.25 0.3 0.35 0.45 05

Normalized frequency (w/(2m))

59
Figure 16. Amplitude responses for the analysis and
synthesisfiltersfor the example biorthogonal PR filter
bank with NQ = Nl =63.
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Figure 17. Impulseresponses for the analysis and synthesis
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Problem of selecting the order s of Gy(2) and G1(2)

« As mentioned above, the overal delay K is related to the
subfilter orders Ny and N; by K = (Np + Ny)/2.

* The same delay is obtained by different selections of
No and N; and it is desired to find the selection minimizing
the maximum of the stopband energies of the two subfilters.

¢ As an example, we consider the case where K =31 and
p{9=p) =0.172fork=0,1.

» The resulting passband and stopband edges for both Gy(2)
and G,(2) arethus w, = 0.414mand w; = 0.5867T

e For K=31, the desired delay is obtained by selecting
No andN;asNg =31 -landN; =31+ forl=0,1,---,30.

» Three groups of filters have been optimized to minimize the
maximum of the stopband energies of Gy(2) and G4(2).

* For these groups, the passband ripples are 0.01, 0.05, and
0.1, respectively.

« For each group, Ny variesfrom 17 to 31 and N; = 62 — Nq.

« Some of the properties of the optimized filter banks are
summarized in Figure 18.

» The upper part shows for the three different values of the
passband ripple the maximum of the stopband energies of
Go(2) and G1(2).

 Thelower part, in turn, shows the attenuations of both Gy(2)
and G(2) at the frequency point where the first stopband
maximum occurs.
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Figure 18. Dependences of the stopband behaviors of Gy(2)
and G4(2) on Ny and the passband ripple 8,[d, = 0.1(x),
0.05(0), 0.01(0)] for PR biorthogonal filter bankswith K
= ( NQ + Nl)/2 =31

8,=0.1(x), 0.05(0), 0.01(*) : G (solic), G, (dot-dashed)
10 T T T T T T T

e

Stop band energy
=
o
T

Atenuation in dB

i i i i i i i
16 18 20 22 24 26 28 30 32
Filter order N

* Note that the atenuation d Gy(2) and Gy(2) are diff erent.

* Therefore, there aetwo curves, the first one mrrespondng
to Gy(2) and the second oreto G4(2).

» Thereisan error onthe top d thefigure: delete ‘ Gy (solid),
Gy (solidy'.
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« Two interesting observations can be made.

« First, the stopband behaviors of the two subfilters depends
strongly on the given passband ripple.

« If the allowed ripple is higher, filters with improved stop-
band performances are achieved.

« Second, it is not straightforward to find the value of Ny that
gives the best stopband performances for the two subfilters.

« Furthermore, the best value of Ny depends on the given al-
lowable passband ripple.

* For ,=0.1, §,=0.05, and &, = 0.01, the best results are
achieved by Ny = 20 and N; = 42; Ng = 27 and N, = 35; and
No = 22 and N; = 40, respectively.

 Therefore, the filter ordersto give the desired overall delay

with the minimized stopband energy can be found only by
going through all possible order combinations.
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L ow-Delay PR Biorthogonal Filter Bankswith
Nonlinear -Phase Subfilters

 For thesefilter banks, Gy (2) = 3 1 g[n]z™ and
G,(2)= z::‘;o g[n] 2" satisfy the following conditions:

1. The impulse responses of Gy(2) and G4(2) are not symmet-
ric.

2. The impulse response of
E(2) = Gy(2)Gi(2) = z:jg Nign] 27" satisfies

/2 for n=K
= 3
e[n] %) for nisoddandn # K, @)

where K is an odd integer with K < (Ng + Ny)/2.

» An example for an impulse response of E(2) is shown in
Figure 4(b) of Page 23.

* The second condition implies that the overall transfer func-
tion between the output and input is T(2) = 2" with K less
than (Np + N;)/2 and the sum of the orders must be two
times an odd integer L.

* Sincethe overall system delay isless than half the sum of
thefilter orders, the impulse responses of Gy(2) and G4(2)
cannot pOSsess an even symmetry.

* The high number of unknowns (altogether Ny+N;+2) and the
PR condition with the delay less than half the sum of the
filter orders makes the synthesis of the overall system very
nonlinear and complicated.
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Optimization Problem:

Given No, Ny, p0and p{ for k=0, 1, and &, as well as K,
find the adjustabl e coefficients of Gy(2) and G;(2) to minimize

£ =max(gy, &), (38a)
where
& = } Gk(ej“’)‘ do for k=01 (38b)
Wl
subject to
max ‘T(ej‘*’)—e'jK“ ‘ =0, (380)
w[0,7]

max ‘ ‘Gk(ej“’)‘ —1‘ <é, for k=01 (38
wD[O,wE,k)]
and
max ‘Gk (e"“’)‘ -1<5, for k=01 (389
aclof. o)
Here, w( = (1+ p{?)m2 andw{ = (1~ p{) )2 for k= 0,1
and Te)=G,le')a,(e)-G,le!@ )G, (1@ ) isthe
frequency response for the overall system of Figure 1. In the

PR case it should be equal to e X in the overall frequency
range.
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Examples

* It isdesired to design low-delay PR biorthogonal filter banks
for K =31, §=0.01, andp{) =p = 0.172for k=0,1.

* The passband and stopband edges for both Gy(2) and G,(2)
arethus located at «j, = 0.4147and w, = 0.5867T

* Figure 19 compares the optimized low-delay PR filter banks
with the biorthogonal filter bank with linear phase subfilters
of orders N; = Ng =31 inthe N; = Ny = 33, N; = Ny = 45, and
N; = Ny = 63 cases.

» As can be expected, the stopband attenuations of the analy-
sisfiltersin the low-delay filter banks increase when the fil-
ter orders areincreased.

* Figures 20 and 21 show more details for the proposed design
with No = N; =45.
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Figure 19. Comparisons between low-delay biorthogonal
filter s banks (solid lines) in the K=31 case with the linear -
phase biorthogonal case (dot-dashed lines).
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Figure 20. Amplitude responses for the analysis and
synthesisfiltersfor the example low-delay biorthogonal
PR filter bank with Ng=N; =45.

Ho(z)=GO(z) (lowpass) and Hl(z)=Gl(fz) (highpass)
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Figure 21. Impulseresponses for the analysis and synthesis
filters.

Impulse responses for Ho(z), Hl(z), Fo(z), Fl(z)
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NPR Biorthogonal Filter Bankswith Linear-Phase
Subfilters

. N, —
« For thesefilter banks, Go(2) = 1% do[n] 2™ and
G,(2)= z:lio g,[n] 2" satisfy the following conditions:

1. The impulse responses of Gy(2) and G;(2) possess an even
symmetry, that is, go[Ng — n] = go[n] for n=0,1,---, No and
01[N; —n] = gy[n] for n=0,1,---, N;.

2.The sum of thefilter orders Ny and N; istwo times an odd
integer, that is, Ny + N; = 2K with K being an odd integer.

3.E(2) =Gy(2)G,(2) = z:jgNl dn]z "is nearly a half-band
FIR filter of order Ng + Ny, that is, itsimpul se-response co-

efficients satisfy
@1/2 for n=K
efn]= .
for nisoddandn# K,

whereK = (NO + Nl)/2

» The main difference compared to the corresponding PR case
considered earlier is that now the overall transfer function
T(2) approximates the delay term 2™ and there is some am-
plitude distortion.

* The optimization problem is also the same except that the
condition of Eq. (35c¢) is replaced by

(39)

max | Go(w)G, () +Go (M~ w)G, (M- w) ~1| < &, (40)
wi[o,7]

where &, is the allowable amplitude distortion.
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Examples

» Several NPR biorthogonal two-channel filter banks with lin-
ear-phase subfilters of orders N; = Ny = 31 have been opti-

mized for p})=p{ =0.172fork=0,1.

* The passband and stopband edges for both Gy(2) and G(2)
are thus located at ¢, = 0.414mand a = 0.5867T

* These filters have been optimized for various values of the
reconstruction error ¢, and for three values of the passband
ripple, namely, & = 0.1, & = 0.01, and &, = 0.001.

« Figure 22 shows the amplitude responses of the analysis fil-
tersinthe &, = 0.1 case for &, = 0.00001 and o, = 0.001.
Also, the overall amplitude distortions are shown in the fig-
ure.

* Figures 23 and 24 show more detailsin the 4, = 0.001 case.

« Figure 25 illustrates the dependence of the stopband be-
haviors of Gy(2) and G4(2) on the reconstruction error and
the passband ripple.

« Itisinteresting to observe that the stopband behaviors of the
two subfilters become almost the same for the reconstruction
errors smaller than 107,

* On the other hand, when the passhand rippleisincreased,
the stopband attenuations increase significantly.

* Itisalso interesting to observe that for large allowable re-
construction errors, the filter attenuations increase and the
dependence on the passband ripple decreases.
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Figure 22. Biorthogonal NPR linear-phase filter banks
with _small reconstruction _error _for N;=Ng=31 and
9, =0.1. The solid and dot-dashed lines give the amplitude
responses of analysis filters and the reconstruction errors
for 8, =0.001 and &, = 0.00001, respectively.
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Figure 23. Amplitude responses for the analysis and
synthesisfiltersfor the example NPR biorthogonal filter
bank with linear -phase subfilters.

Ho(z):GQ(z) (lowpass) and Hl(z):Gl(—z) (highpass)
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Figure 24. Impulseresponses for the analysis and synthesis
filtersaswell asthe overall reconstruction error for the
example NPR biorthogonal filter bank .
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Figure 25. Dependences of the stopband behaviors of Gy(2)
and G,(2) on the reconstruction error 4, and the passband
ripple 8, [4,=0.1(x), 0.01(0), 0.001(D] for NPR linear-
phase biorthogonal filter bankswith No =N, = 31.

8,20.1(x), 0.05(0), 0.01() : G(solic), G, (dot-dashed)
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» The upper part shows in each case the maximum of the
stopband energies of Go(2) and G1(2).

« Thelower part, in turn, shows the attenuations of both Gy(2)
and G4(2) at the frequency point where the first stopband
maximum OcCurs.

* Since these attenuation values are different for Gy(2) and
Ga1(2), two curves are given in each case.

* Notice the same error asin Figure 18.
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L ow-Delay NPR Biorthogonal Filter Bankswith

Nonlinear -Phase Subfilters

 For thesefilter banks, Gy (2) = 3 1 g[n]z™ and
G,(2)= z::‘;o g[n] 2" satisfy the following conditions:

1. The impulse responses of Gy(2) and G4(2) are not symmet-
ric.

2.The sum of the filter orders Ny and N; is two times an odd
integer.

3. The impulse response of
E(2) = Go(2)Gy(2) = ¥ b2 ™ dn] 2" satisfies

[@/2 for n=K

=0, (o nisoddandn# K, (41)

whereK < (No + Nl)/2
* The difference compared to the corresponding low-delay PR

case is again that now T(2) approximates the delay term 2 ©
and there is some amplitude and phase distortion.

» The optimization problem is aso the same except that the
condition of Eq. (38c) is replaced by
max ‘ G, (ejw)Gl(ejw)_ Go(ej(w+n))Gl(ej(w+n))_e—ij ‘
wofo,7] (42)
<90,,

where &, is the allowabl e distortion.
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Example

» Several NPR low-delay biorthogonal two-channel filter
banks with nonlinear-phase subfilters of orders N; = Ny = 31
have been designed for K = 31 and for various reconstruc-
tion errors.

« Likein earlier examples, the passband and stopband edges
for both Gy(2) and G(2) are again located at w, = 0.4147rand
s = 0.586717 respectively.

« Since N; = Np = K = 31, the resulting filter banks are auto-
matically NPR orthogonal banks provided that the allowable
passband ripple in the optimization is large enough.

« Figure 26 shows the amplitude responses of the analysis fil-
tersinthe &, = 0.1 case for &, = 0.00001 and &, = 0.001.
Also, the overall amplitude distortions are shown in the fig-
ure.

« Figure 27 illustrates the dependence of the stopband behav-
iors of Gy(2) and G4(2) on the reconstruction error.

* It isinteresting to notice that the filter attenuations are al-
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Figure 27. Orthogonal NPR filter bankswith small
reconstruction error for N; = Ng=K=31and §,=0.1. The
solid and dot-dashed lines give the amplitude responses of
analysisfiltersand the reconstruction errorsfor d, = 0.001
and ¢, = 0.00001, respectively.
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Figure 27. Dependences of the stopband behavior s of Gy(2)
and Gy(2) on thereconstruction error d, for NPR orthogo-
nal filter bankswith No =N, = 31.

8,=0.1(x), 0.01(0), 0.001(*) : G(solid), G, (dot-dashed)
10 T T T T T T

Stop band energy
=
o
T
1

Atenuation in dB

49 i i i i i i
107 10" 10° 10° 107 10" 0™
Filter bank distortion Sa

» The upper part showsin each case the maximum of the
stopband energies of Gy(2) and G1(2).

« Thelower part, in turn, shows the attenuations of both Gy(2)
and G(2) at the frequency point where the first stopband
maximum occurs. In this case the attenuation are the same
for both Gy(2) and G4(2).

* Notice the same error asin Figures 18 and 25.

Another example

» Several NPR low-delay biorthogonal two-channel filter
banks with nonlinear-phase subfilters have been designed
for the overall delay K = 31 and for various reconstruction
errors and passband ripples.

* The passhand and stopband edges for Go(2) and G4(2) are the
same asin earlier examples.

» Two different subfilter orders are considered, namely,
No =N; =33 and No = N; = 63.

* Figure 28 shows in these two cases amplitude characteristics

of the analysis filters and the reconstruction errors for &, =
0.01 and &, = 10",

* Figures 29 and 30 illustrate the dependence of the stopband
behaviors of Gy(2) and G1(2) on the reconstruction error and
the passband ripple for N; = Ng = 33 and N; = Ny = 63, re-
spectively.
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Figure 28. L ow-delay filter banksfor K =31, §,=0.01, and
8, =10°. The solid and dot-dashed lines give the amplitude
responses of analysisfilters and the reconstruction errors
for N; = Ng =63 and N; = Ng = 31, respectively.
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Figure 29. Dependences of the stopband behaviors of Gy(2)
and G4(2) on thereconstruction error d,_and the passband
ripple &, [§,=0.1(x), 0.01(0), 0.001(0)] for NPR nonlinear -
phase biorthogonal filter bankswith Ng = N; =33 for
K=231.
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* The upper part showsin each case the maximum of the
stopband energies of Go(2) and G4(2).

 The lower part, in turn, shows the attenuations of both Gy(2)
and G4(2) at the frequency point where the first stopband
maximum occurs.

* Since these attenuation values are different for Gy(z) and

G1(2), two curves are given in each case. Notice the same er-
ror asin Figures 18, 25, and 27.
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Figure 30. Dependences of the stopband behavior s of Gy(2)
and G,(2) on thereconstruction error 8, and the passband
ripple 8, [, =0.1(x), 0.01(0), 0.001(0}] for NPR nonlinear -
phase biorthogonal filter bankswith Ng= N, =63 for
K=31.
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« The comments given after Figure 29 are also valid after Page
30.
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Comments

* The practical implementation issues have been totally omit-
ted in this pile of lecture notes.
* They will be added in the next version.

« If thereisaneed to know about aternative implementation
form, please contact the lecturer.

* He hasaso plenty of FORTRAN and MATLAB files.

» Thereason for such along pile of lecture notes on two-
channel FIR filter banks is due to the fact that Robert Bre-
govi¢ and the lecturer have written the tutorial article
mentioned on Page 7.

» Many thanks to Robert in helping in prepapring Part V.A.
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Part V.B: Two-Channd |IR Filter Banks

* This part shows how to generate two-channel IIR filter
banks using half-band IR filters.

* These filters were considered earlier in details in Part 11,
namely, Part 11.G: Half-Band IR Filters (Pages 246-266 in
Part I1).

* There are also other types of two-channel IR filter banks.

¢ If there is some interest, please contact the lecturer. He is
ableto give some extra material.

* |t should be pointed out that there is one project going on at
the Signa Processing Laboratory regarding these filter
banks. The results will appear in the next version of this pile
of lecture notes.

« We concentrate on the following two topics:

I.  Two-Channel IIR Filter Banks with Phase Distortion.
These banks are generated directly by using half-band
IR filters.
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Two-Channel |IR Filter Bankswith Phase Distortion

PROCESSING
UNIT

Analysis bank Synthesis bank

Figure 1. Two-channel filter bank.

* The above figure shows again a two-channel filter bank con-
sisting of analysis and synthesis parts as well as the proc-
ng unit.

* |t is again assumed that the processing unit causes no distor-
tion, that is, wo[n] = Vo[n] and wy[N] = v4[N].

» We recall that the relation between the z-transforms of the
input and output signals of Figure 1 is given by

Y(2)=T@X(2)+ A2)X(-2). (12)
I1. Perfect-Reconstruction Two-Channel 1IR Filter Banks.
These banks are generated by using both causal and where
anti-causal half-band IR filters.
1
(@)= [Ho(dF(2) + Hi(2)R(2)] (1b)
and
1
A2)=S[Ho-aR @+ Hi-2R@]. (9
87 88
 Weselect H,(z) and H,(z) to be a power-complementary Equation (1) takes the following form:
lowpass—highpass half-band IIR filter pair. Y(2)=T(2)X(2), (4q)
* In this case (see Part 11.G: Half-Band | IR Filters, Pages 246- where
266 in Part 11, for details), -
(2)= ))l &)+ Al e X
Hy(z)=(1/2 z° )+ z2 Az (2a)
° fo A * Since A,(z?) and A, (z?) are allpassfilters, the overall fre-
and quency response is expressible, after some manipulations, as
Ho(2)= (W 2)|A (22 )+ 22 A (22 (2) Tlelo)=e#@, (59)
with Where
Ko al® +271 K (0) g
M@= =55 (2c) w) = (2K + 2K, + - 2tan K sin(2e)
ka11+a 0zt 9(e) = ~(2Ko + 2K, + 1 kzl +a? sin(2w) )
5
and K A-a® sin(2w)
K gl + 27 ) k212tan +a® sin(2w)
= [ S 2d = k
A(2) o (2d)

being allpass filters of orders K, and K;, respectively.

* The overdll filter order is 2(K, + K;) +1 and it is required
that Ky = K; or Ky =K; +1.

* Selecting

Fo(2)=2H,(-2)=2H,(2) = Ab(zz)_ Z_lpl(ZzJ (39
and

F(z) = —2H,(- 2) = —2H,(2) = _AO(ZZ)+ Z_lAi(ZZJ (3b)

* Hence, the amplitude responseisidentically equal to zero
and the input-output relation suffers only from a phase dis-
tortion.

* Thisdistortion istolerable in audio applications provided
that the distortion is not too large.

* Figure 2 shows implementations for the overall system.

* The second one using the commutative models is the most
efficient one.
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* The third implementation is obtained assuming the outputs
of the processing unit areidentical to theinputsand it is re-
moved.

* Then, by rearranging the terms, we arrive at this structure.

* |n this structure, the input-output relation isredrawn in a
form corresponding to the input-output relation as given by
Equation (4).

Figure 2. Efficient | mplementationsfor a Two-
Channel Filter Bank Based on the Use of
Conventional Causal Half-Band | IR Filters.
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Example: &, = 0.586mand the Minimum Stopband
Attenuation isat |least 80 dB

* Here, the stopband edge is €leded to be wx = 0.586rin or-
der to make the omparison d the resulting benk with ealier
two-channel FIR filter bank designs posshle.

* The given criteria ae met by

3 al((O) +71

A (2)=TT

k=11+ a‘go)z_l
and

2 50 -1
A@)=n2

k:11+ al((l) Z_l ,

where a{® =0.059868,a!” =0.424962.a{" =0.874343
a? =0.217298and af =0.645857

* Thisisaspedal lowpass-highpesselli ptic filter pair of order
11 designed by aroutine written by Renfors and Saraméki.

¢ Thefollowing threepages ill ustrate the charaderistics of the
resulting owerall two-channel Il R filter bank.

* |t shoud be pointed ou that the goproximately linea-phase
half-band filters are not considered here. The main reasonis
that they also cause some phase distortion for the overall
transfer function espedally in the transition kand region.
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Amplituderesponses for the analysis and synthesisfilters
in an example two-channel |IR filter bank

Ho(z) and Fo(z)/2: lowpass designs; H1(z) and Fl(z)lz: highpass designs
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Pole-zero plotsfor the analysis and synthesisfiltersin an
example two-channel | IR filter bank

Pole-zero plot for HO(z) and FO(Z)
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Responsesfor the input-output transfer function of an

example two-channd 11R filter bank
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Two-Channel 1IR Filter Bankswithout Phase
Distortion
* \We sdlect
Ho(2)= 1/ 2) A (22)+ 2*A (22 (63

Hi(2)=Ho(-2)= W 2)A (22)- A 2), (@)
Fo(2)=2Ho(z7%)= A22)+ A (272), (60)

and
F.(2)=2H,(z%)= Az 2)-2Al272). (6d)
* Substituting these into Equation (1) yields
Y(2)= X2 . @

* Looksideal! Figure 3 showsimplementations for the overall
filter bank. Thefirst oneisthe actual implementation and
the second one is an equivalent structure (not used for im-
plementation purposes).

* The main problem in the proposed implementation is that
both Fy(z)and F,(2) are anti-causal filters.

* For finite length signals (like images), there are several ways
of implementing the filter bank using the corresponding
causdl filters. Implementations are also possible for infinite
length signals.
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* The explanation of these implementation formsis out the
scope of these lecture notes. If you interested in these forms,
contact the lecturer.

* |t should be pointed out that in these implementations, there
isaneed to produce atime-reversed version of the input data
before and after filtering.

* Thisintroduces an extradelay. Delay-free systems cannot be
implemented!
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Figure 3. Implementationsfor a Two-Channel Filter
Bank Based on the Use of Causal and Anti-Causal
Half-Band | IR Filters.
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Part V.C: Tree-Structured Filter Banks

* When generating a tree-structured filter bank, we start with a
two-channel filter bank as shown in Figure 1(a). For this
bank, the analysis and synthesis filters are denoted by

HEY (2, HY (), F (2), and F(2).

* The next step isto remove the processing unit in Figure 1(a)
and produce y$? (n) [y ()] from x§P (n) [x® (n)] using a
two-channel filter bank as shown in Figure 1(b). For this
bank, the analysis and synthesis filters are denoted by
HP(2), H?(2), F?(2), and F (2).

* Thisgives atwo-level tree-structured filter bank shownin
Figure 1(c).

* Thethree-level tree-structured filter bank shown in Figure 2
is obtained by removing the processing unit in Figure 1(c)
and producing y{? (n) from x{? (n) for k =0,1,2,3 using a
two-channel filter bank with the analysis and synthesis fil -
tersbeing H P (2), H® (2), F® (2), and FP (2).
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Figure 1. Generation of a Two-L evel Tree-Structured
Filter Bank.
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Figure2. Three-Level Tree-Structured Filter Bank.
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Analysis of the Perfor mance of the Tree-Structured
Filter Bank

* In order to analyze the performance of the three-level tree-
structure filter bank of Figure 2, it isredrawn into the
equivalent form shown in Figure 3.

* Hence, it corresponds to an analysis-synthesis bank with 8
channels.

* A four-level bank can be generated by removing the proc-
essing unit and producing w'> (n) from v{? (n) for
k=0,1---,7 using atwo-channel filter bank with the analy-
sisand synthesisfiltersbeing H{"” (2), H{? (2), F{* (2),
and F¥(2).

¢ |n this case, the number of channelsis 16.

* In general for aM-level tree-structured filter bank, the num-
ber of channelsis 2.

* Next an example will be given illustrating how to select the
building-block two-channel filter banks.
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Figure 3. Equivalent Structurefor the Three-L evel
Tree-Structured Filter Bank of Fiqure 2.
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Example

* |t isdesired to generate an analysis-synthesis filter bank with
8 channels by using athree-level tree-structured filter bank.

* Therequired transition bandwidth and the attenuation are
0.051tand 60 dB, respectively.

* This bank is constructed by using the following analysis and
synthesisfiltersfor k =1,2,3:

HP@)=W2aP )+ a0 2). aa)
HO ()= AR (2)+ 271AX (2)], @)

F (z)= A (22 )— 2 AM (22) , (1c)
and
F9(2)=-A (22 )+ 21 (22) (1d)
with
Kék) a(O) +Z—l
()= *° (1)
o ( ) !:Il 1+ ai(fj) 2t
and
K a(1) +71
A= ()

i 1+aljz
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¢ Hence, |IR two-channd filter banks considered in Part V.B
are used.

* The desired overall performanceis achieved by designing
the first, second, and third two-channel filter bank in such a
way that the stopband edges for the lowpass analysis filter
arelocated at ws = 0.5251, w = 0.5511, and wx = 0.671, re-
spectively.

* Note that for thefirst filter, the transition bandwidth is the
specified one.

* For the second and third ones, they are two and four times
the specified one, respectively.

* For all the building-block two-channel filter banks, the re-
quired attenuation is the specified one, that is, 60 dB.

* For thefirst filter bank, K§¥ =K =3, a9 =0.086411,
al) =0.522945, af) =0.849610 , a) =0.293502,
ay) =0.711961 , and &%) = 0.952906 .
* For the second filter bank, K{? =3, K{? =2,
aj) =0.082947 , &) =0.519644 , af} =0.910331,
ay) =0.285641, aS =0.729135 .

* For the third filter bank, K¥ =K =2, af) =0.079866,
ay) =0.545324 , af) = 0.28382 , and aff) = 0.834411.
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* Figures 4 and 5 show the responses for the analysis and
synthesisfiltersin the three building-block two-channel IR
filter banks.

* Figure 6 shows the amplitude responses between the input
x(n) and v (n) for k=0,1,---,7(see Figures 2 and 3). The
numbers in the figure indicate the corresponding response.

* The responses between w, (n) for k =0,1,---,7and the out-
put y(n) are the same with the exception that they are multi-
plied by eight.

* Figure 7 shows how the fifth bank can be generated accord-
ing to the equivalent structure of Figure 3.

* The input-output tranfer function is given by
T(2)=2"AP (2 )W (2 )P (2 W2 (2 WP (2 A0 2). @

* Figure 8 shows various responses for this transfer function.
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Figure 5. Amplitude responses for the analysis and
synthesisfiltersin thethird building block.
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Figure 4. Amplitude responses for the analysis and
synthesisfiltersin thefirst and second building blocks.
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Figure 6. Amplitude responses for theresulting filters
between theinput x(n)_and v, (n)_for k=0,1,---,7.The
numbersin thefigureindicate the corresponding

I €SPONSES.
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Figure 7. Generation of thefifth bank accordingto the Figure 8. Responsesfor theinput-output transfer function
equivalent structure of Figure 3. of an exampletree-structured IR filter bank
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0 ‘ ‘ ‘ ‘ ‘ ‘ : . : . ; : : :
e
0 £ o0
3 )
-10f i 3-2r
! S
20} ; S
t < g}
o 30 :
= } 8 0im  02n  03m  04n  05m  06m  07m  08n1  09m  m
é -40f i Angular frequency w
E]
2 _gol 1
£ 50 ‘ E 0
£ S SN
< 60| ) 4 B
oo 2 -20
AN A e A\ T
AN A1 (LT Ak \ bl
8041/ \ oy I \ ! :_407 B
I . it |
i ‘\A [ w \ \J \‘ o S
oopt Lo e & -o0f
i o i i i i i i i L
100 i i ; 1\ Ll ; i Al 0im  02m  03n  04n  05n  06m  07m  08m  0On  m
0.1m 02 0.3m 0.41t 05m  0.6m  0.7m 0.81 0.91t i Angular frequency w
Angular frequency w N X
1) )27 11(3) 4 Responses for the input-output transfer function T(z)
HO@HAAHD ") 200 : : : : ; , ,
1 1 ] i)
10 . . . =
€
©
0 [
£
1o g
o}
°
-20t e
<4
- o i i i i i i ; ; ;
g %0 0 Oim 02t 03m  04n  05n  O6m  O7n 08t  0on  m
E _s0} Angular frequency w
g 80
£ sof 3
£ 70
-60 [ ﬁ
60
—70} >
S50l
-80 °
$ a0l
©
o0 &
o 30, L L L L L i i i
; ; ; i ; ; ; ; ; 0 0.1m 0.2m 0.3m 0.41 0.5m 0.6m 0.71 0.81 0.91 s
100, 0lm 02m 03m 04m  05m 0.6m 0.7m  08m 091 i Angular frequency ®
Angular frequency w
-
111 112

Part V.C: Discrete-Time Wavelet Banks

* The theory behind wavelets is very mathematical and com-
plicated especially in the case of continuous-time wavelets.

* This part shows what are discrete-time wavelet banks and
how to generate them easily from specia two-channel filter
banks.

* The filter bank approach for explaining the wavelet theory is
for engineers easier to understand and makes the theory very
compact.

* In the end of this pile, some connections to continuous-time
wavelets are shown.

* Therefore, we proceed in the opposite manner: mathemati-
cians start with continuous-time wavelets and use them for
generating discrete-time wavelet banks

* We start with the discrete-time wavel et banks and show how
to generate continuous-time wavelets based on the use of
multilevel wavelet banks.

* We are not considering in details the applications. It would
be atopic of another course!

* Hopefully, this part helps the reader to somehow understand
the wavelet theory especially when applied to processing
discrete-time signals. After reading this pile, the reader is
encouraged to look at the MATLAB Wavelet Toolbox man-
ual. Good luck!

Organization of ThisPile of L ecture Notes

* We oncentrate on the foll owing topics:

I. Generation o wavelet banks based onthe use of sev-
era copies of the same two-channel filter bank

1. Orthogordal (paraunitary ) FIR wavelet banks derived
from maximally-flat half-band FIR filters

[11. Biorthogoral FIR wavelet banks derived from maxi-
mally-flat half-band FIR filters

V. Generdlized athogoral FIR wavelet banks

V. Generdized hiorthogoral FIR wavelet banks

V1. How to measure the “goodress’ of wavelet banks
VII. Comments




